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PREFACE 


Within  a  comparatively  short  time,  the  algebra  requirement 
for  admission  to  many  of  our  Colleges  and  Schools  of  Science 
has  been  much  increased  in  both  thoroughness  of  preparation 
and  amount  of  subject-matter.  This  increase  has  made  neces- 
sary the  rearrangement  and  extension  of  elementary  algebra, 
and  it  is  for  this  reason  that  the  present  revision  of  Hall  and 
Knight's  Elementary  Algebra  has  been  undertaken. 

The  marked  success  of  the  work,  and  the  hearty  endorse- 
ment by  many  of  our  ablest  educators  of  the  treatment  of  the 
subject  as  therein  presented,  warrant  the  belief  that  the  pres- 
ent edition,  with  its  additional  subject-matter,  will  be  found  a 
desirable  arrangement  and  satisfactory  treatment  of  every*part 
of  the  subject  required  for  admission  to  any  of  our  Colleges  or 
Schools  of  Technology. 

Many  changes  in  the  original  chapters  have  been  made, 
among  which  we  would  call  attention  to  the  following:  A 
proof,  by  mathematical  induction,  of  the  binomial  theorem  for 
positive  integral  index  has  been  added  to  Chapter  xxxix. ;  a 
method  of  finding  a  factor  that  will  rationalize  any  binomial 
surd  follows  the  treatment  of  binomial  quadratic  surds ;  Chap- 
ter XLii.  has  been  re-written  in  part,  and  appears  as  a  chapter 
on  equations  in  quadratic  form  ;  and  the  chapter  on  logarithms 
has  been  enlarged  by  the  addition  of  a  four-place  table  of 
logarithms  with  explanation  of  its  use. 

Chapters  xxi.,  xxv.,  xxx.,  xxxiii.,  xxxviii.,  xlii.,  xliii., 
XLiv.,  XLV.,  XL VI.,  XL VII.,  xLix.,  and  L.  treat  of  portions  of  the 
subject  that  have  not  appeared  in  former  editions.     A  chapter 
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on  General  Theory  of  Equations  is  not  usually  found  in  an 
Elementary  Algebra,  but  properly  finds  here  a  place  in  accord- 
ance with  the  purpose  of  the  present  revision;  and  its  in- 
troduction makes  the  work  available  for  use  in  college  classes. 
Carefully  selected  exercises  are  given  with  each  chapter,  and 
at  the  end  of  the  work  a  large  miscellaneous  collection  will  be 
found. 

The  Higher  Algebra  of  Messrs.  Hall  and  Knight  has  been 
drawn  upon,  and  the  w^orks  of  Todhunter,  Chrystal,  and 
DeMorgan  consulted  in  preparing  the  new  chapters. 

I  gratefully  acknowledge  my  indebtedness  to  Prof.  J.  Burkitt 
Webb  of  the  Stevens  Institute  of  Technology  both  for  contri- 
butions of  subject-matter,  and  valuable  suggestions  as  to 
methods  of  treatment.  My  thanks  are  also  due  to  Prof.  W.  H. 
Bristol,  of  the  same  institution,  for  suggestions  as  to  the 
arrangement  of  the  chapter  on  General  Theory  of  Equations. 

FRANK  L.  SEVENOAK. 
June,  1895. 
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ALGEBEA. 

CHAPTER   I. 

Definitions.    Substitutions. 


1.  Algebra  treats  of  quantities  as  in  Arithmetic,  but  with 
greater  generality ;  for  while  the  quantities  used  in  arithmetical 
processes  are  denoted  by  figures  which  have  one  single  definite 
value,  algebraical  quantities  are  denoted  by  symhoh  which  may 
have  any  value  we  choose  to  assign  to  them. 

The  symbols  employed  are  letters,  usually  those  of  our  own 
alphabet ;  and,  though  there  is  no  restriction  as  to  the  numerical 
values  a  symbol  may  represent,  it  is  understood  that  in  the  same 
piece  of  work  it  keeps  the  same  value  throughout.  Thus,  when 
we  say  "let  a=l,'*  we  do  not  mean  that  a  must  have  the  value 
1  always,  but  only  in  the  particular  example  we  are  considering. 
Moreover,  we  may  operate  with  symbols  without  assigning  to 
them  any  particular  numerical  value  at  all;  indeed  it  is  with 
such  operations  that  Algebra  is  chiefly  concerned. 

"We  begin  with  the  definitions  of  Algebra,  premising  that  the 
usual  symbols  of  operation  +,  — ,  x,  -r-,  (  ),  will  have  the 
same  meanings  as  in  Arithmetic. 

2.  An  algebraical  expression  is  a  collection  of  symbols ; 
it  may  consist  of  one  or  more  terms,  which  are  separated  from 
each  other  by  the  signs  +  and  - .  Thus  7a + 56  -  3c  -  x  +  2y  is 
an  expression  consisting  of  five  terms. 

Note.    When  no  sign  precedes  a  term  the  sign  +  is  understood. 

3.  Expressions  are  either  simple  or  compound.  A  timple 
expression  consists  of  one  term,  as  5a.    A  compound  expression 
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consists  of  two  or  more  terms.  Compound  expressions  may  be 
further  distinguishwi.  Thus  an  expression  of  two  terms,  as 
3a  -  2b,  is  called  a  binomial  expression ;  one  of  three  terms,  as 
2a-36  +  c,  a  trinomial;  one  of  more  than  three  terms  a  multi- 
nomial. 

4.  When  two  or  more  quantities  are  multiplied  together  the 
result  is  called  the  product.  One  important  difference  between 
the  notation  of  Arithmetic  and  Algebra  should  be  here  remarked. 
In  Arithmetic  the  product  of  2  and  3  is  written  2  x  3,  whereas 
in  Algebra  the  product  of  a  and  b  may  be  written  in  any  of 
the  forms  ax 6,  a. 6,  or  ab.  The  form  ab  is  the  most  usual. 
Thus,  if  a=2,  6=3,  the  product  a6=ax 6=2x3=6;  but  in 
Arithmetic  23  means  "twenty-three,"  or  2  x  10  +  3. 

5.  Each  of  the  quantities  multiplied  together  to  form  a  pro- 
duct is  called  a  factor  of  the  product.  Thus  5,  a,  b  are  the 
factors  of  the  product  5ab, 

6.  "When  one  of  the  factors  of  an  expression  is  a  numerical 
quantity,  it  is  called  the  coefficient  of  the  remaining  factors.  Thus, 
in  the  expression  5a6,  5  is  the  coefficient.  But  the  word  co- 
efficient is  also  used  in  a  wider  sense,  and  it  is  sometimes  con- 
venient to  consider  any  factor,  or  factors,  of  a  product  as  the 
coefficient  of  the  remaining  factors.  Thus,  in  the  product  6a6c, 
6a  may  be  appropriately  called  the  coefficient  of  be.  A  coefficient 
which  is  not  merely  numerical  is  sometimes  called  a  literal 
coefficient. 

Note.  "When  the  coefficient  is  unity  it  is  usually  omitted.  Thus 
we  do  not  write  lo,  but  simply  o. 

7.  If  a  quantity  be  multiplied  by  itself  any  number  of  times, 
the  product  is  called  a  power  of  that  quantity,  and  is  expressed 
by  writing  the  number  of  factors  to  the  right  of  the  quantity 
and  above  it.     Thus 

a  X  a  is  called  the  second  power  of  a,  and  is  written  a*; 

axaxa third  power  of  a,  a^; 

and  so  on. 

The  number  which  expresses  the  power  of  any  quantity  is 
called  its  index  or  exponent.  Thus  2,  5,  7  are  respectively 
the  indices  of  a*,  a^,  a^. 

Note,  a'  is  usually  read  **a  squared";  a'  is  read  "a  cubed"; 
a*  is  read  '*  a  to  the  fourth" ;  and  so  on. 

When  the  index  is  unity  it  is  omitted.  Thus  we  do  not  write  a\ 
but  simply  a. 
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8.  The  beginner  must  be  careful  to  diatinguisli  between 
coefficient  and  index,  ,  .  '  ^ 

Example  1.    If  a =4, 

3a  =  3xa  =  3x4  =  12; 
but  a'  =  axaxa=4x  4x4  =  64. 

Example  2.     If  5=5, 

46«=4x  6x6  =  4x5x6  =  100; 
whereas  26^=2  x6x6x6x6  =  2x5x6x6x  5  =  1250. 

Example  3.    If  a  =  6,  a: =7,  then 

I  ax=%  X a X a;  =  f  x 6  x  7  =  70. 

Note.  Fractional  coeflBcients  which  are  greater  than  unity  are 
usually  kept  in  the  form  of  improper  fractions. 

Example  4.    If  a =4,  a;  =1  find  the  value  of  5x^, 
6a:«=5xx«=5xl*=5xl  =  6. 

Note.  In  the  last  example  1* =1x1x1x1  =  1.  Similarly  every 
power  of  1  is  1. 

EXAMPLES  L  a. 

If  a=7,  hr^2f  c=l,  x  =  6,  y--3,  find  the  value  of 

1.     14^7.  2.    a^.            3.    Sax.            4.    a\           5.    6&y. 

6.    b\  7.     36'^.           8.     2xa.            9.     Gc\        10.     4f. 

11.    Tc^.  12.    96*. 

If  a  =  8,  6=5,  c=4,  07  =  1,  y  =  3,  find  the  value  of 

13.    3c2.           14.    7y3.  15.    5a6.         16.    9j:y.        17.    863. 

18.    ar'.           19.    ors.  20.    7/.         21.    c.           22.    ft*'. 

23.    r-            24.    47*.  25.    y*.           26.    a*.          27.    5*. 

28.  a*. 

If  a  =  5,  6=1,  c=6,  x=4,  find  the  value  of 

29.  J:p*.         30.    T^c^;        31.     |<i^.        32.     ,^^^0^.       33.    3* 
34.    S*^.  35.    8».  36.    7*.  37.    ^jocx.     38.    i6c:f. 

39.    S<^^.         40.    ^. 

9.  When  several  different  quantities  are  multiplied  together 
a  notation  similar  to  that  of  Art.  7  is  adopted.  Thus  aahhbocddd 
is  written  a^b*c(P.  And  conversely  7a^c(P  has  the  same  meaning 
as7xaxaxaxcxfl?xfl?. 
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10.  Each  of  the  letters  composing  a  term  is  called  a  dimen- 
sion of  the  term,  and  the  number  of  letters  involved  is  called 
the  degree  of  the  term.  Thus  the  product  abc  is  said  to  be  of 
three  dimermons,  or  of  the  third  decree;  and  a^  is  said  to  be  of 
Jive  dimermons,  or  of  the  fifth  degree, 

A  numerical  coefficient  is  not  coimted.  Thus  Sa^ft^  and  a^l^ 
are  each  of  seven  dimensions,  or  of  the  seventh  degree. 

11.  But  it  is  sometimes  useful  to  speak  of  the  dimensions 
of  an  expression  with  regard  to  any  one  of  the  letters  it  involves. 
For  instance,  the  expression  ^a^h%  which  is  of  eight  dimensions, 
may  be  said  to  be  of  three  dimensions  in  a,  of  four  dimensions 
in  o,  and  of  one  dimension  in  c, 

12.  A  compound  expression  is  said  to  be  homogeneous  when 
all  its  terms  are  of  the  same  degree.  Thus  8a«— a*62+9a&6  jg  ^ 
homogeneous  expression  of  six  dimensions,  or  of  the  sixth  degree, 

13.  In  dealing  with  algebraical  expressions,  where  the  letters 
denote  numerical  quantities,  we  may  make  use  of  the  prin- 
ciples with  which  the  student  is  familiar  in  Arithmetic.  Thus 
ab  and  ha  each  denote  the  product  of  the  two  quantities  repre- 
sented by  the  letters  a  and  o,  and  have  therefore  the  same  value. 
Again,  the  expressions  ahc,  ach,  hoc,  hca,  cab,  cha  have  the  same 
value,  each  denoting  the  product  of  the  three  quantities  a,  h,  c.  It 
is  immaterial  in  what  order  the  factors  of  a  product  are  written; 
it  is  usual,  however,  to  arrange  them  in  alphabetical  order. 

Example  1.     If  aj=6,  y=3,  find  the  value  of  4x^2/'. 

=4x25x27 
=2700.    . 

Example  2.    If  a = 4,  6  =  9,  as = 6,  find  the  value  of  ^^^ . 

8ba;«^8x9x6g 
27a8""   27x4» 
8  X  9  X  36 


^   27x64 

=  f 
=  14. 


14.  If  one  factor  of  a  product  is  equal  to  0,  the  whole  product 
must  be  equal  to  0,  whatever  valttes  the  other  factors  may  have, 
A  factor  0  is  sometimes  called  a  "  zero  factor." 
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Example  1.    If  x=0,  then  al^xy^=Q,  whatever  be  the  values  of 
a,  6,  y. 

Example  2.    If  c=0,  then  ah'<^=0,  whatever  values  a,  6  may 
have. 


EXAMPLES  I  b. 

If  a=7,  6=2,  c=0,  ;p=5,  y=3,  find  the  value  of 
1.    4a^.        2.    a86.        3.    862y.        4.    3a:y2,        5^    jjs^^ 
6.    ^6^2.       7.    1^.      8.    a^c.         9.    a^c^^.       10.    Sxh/, 
U.    /a«^'a:.  12,    }^. 

If  a=2,  6=3,  c=l,  jt>=0,  j=4,  r=6,  find  the  value  of 

10     3aV         ,.     8a62                 5^3^        -^      4cr«        ,„  „  ,. 

^3-    -86--        1^     V'        ^^'    ^^"-       ^^'      9^^-       ^^-  ^      • 

18.    46a*-.       19.     ~.         20.    ba^(f.      21.    ^.     22.  3«2*. 


^ar'  '      —       Ir 

64r«  •     ^'      32'      ""     g^* 


23.    2^a«.        24.    0*6^.        25.    '^\     26.    %t.      27.    ?^ 
28.     J. 

15.  Definition.  The  square  root  of  any  proposed  expression 
is  that  quantity  whose  square,  or  second  power,  is  equal  to  the 
given  expression.  Thus  the  square  root  of  81  is  9,  because  9*= 81. 

The  square  root  of  a  is  denoted  by  i/a,  or  more  simply  Ja, 

Similarly  the  cube,  fourth,  fifth,  &c.,  root  of  any  expression 
is  that  quantity  whose  third,  fourth,  fifth,  &c.,  power  is  equal  to 
the  given  expression. 

The  roots  are  denoted  by  the  symbols  4^,  ^',  if,  &*c. 

Examples,    >J'27 = 3 ;  because  3» = 27. 
i/32=2;  because  2«= 32. 
The  symbol  V  is  sometimes  called  the  radical  sign. 

Example  1.    Find  the  value  of  5V(6a^6*c)>  when  o=3,  6=1,  c=8. 
6  V(6a'6*c) = 6  X  V(6  X  3»  X 1*  X  8) 
=5xV(6x27x8) 
=5xV1296 
=  6x86 
=  180. 
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Example  2.    Find  the  value  of   .  /  (  ^ )  i  when  a  =  9,  6 = 3,  a; = 6. 

V   \SxV~"  V  \8x6V 
3 //9x81\ 
-  V   \8  X  125  J 

» //9x9x9\ 
"  V  \    1000    J 
_9 
"10* 

EXAMPLES  I.  c. 

If  a=8,  c=0,  i:=9,  j?=4,  y=l,  find  the  value  of 
1.    V(2a).  2.    V(>&a?).  3.    J(2ax). 

4.    V(2a^.  5.    v'(3^).  6.    ^(oo^s). 

7.'    4/(8:1^).  8.    i/(<^).  '     9.    2a;V(2ay). 

10.     by^{4Jcx),        11.     3c  V(^^).  12.     2^V(4/). 

If  a =4,  6  =  1,  cs=2,  <i*=9,  ^=5,  y==8,  find  the  value  of 
21.    V(8ac).  22.    6^(463).  23.    1  J{f>dx). 

24.    V(o«y).  25.     y(^,).         26.     ^(3^). 

33.    Vrf«.  34.    ^r*  35.    V6^.  36.    ^c^. 


3//568\ 
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16.  In  working  examples  the  student  should  paj  attention 
to  the  following  hints ; 

1.  It  should  be  clearly  brought  out  how  each  step  follows 
•from  the  one  before  it ;  for  this  purpose  short  verbal  explana- 
tions are  often  necessary. 

2.  The  sign  "=*  should  never  be  used  except  to  connect 
quantities  which  are  equal.  Beginners  should  be  particularly 
careful  not  to  employ  the  sign  of  equality  in  any  vague  and 
inexact  sense. 

3.  Unless  the  expressions  are  very  short  the  signs  of  equality 
in  the  several  steps  of  the  work  should  be  placed  one  under  the 
other. 

4.  In  all  work  too  much  importance  cannot  be  attached  to 
neatness  of  style  and  arrangement.  The  beginner  should  re- 
member that  neatness  is  in  itself  conducive  to  accuracy. 

Example  1.    Find  the  value  of  ^ab  -  7x*  -  fay' + 263,  when 
a=6,  6=4,  aj=3,  y  =  2. 
TV6-7««-{ay«  +  26»=A.5.4-7.3«-{.6.22  +  2.4» 
=6-63-46  +  128 
=26. 

Example  2.     Find  the  value  of  |a:*  -  a^y + 7a6a:  -  ^y\  when 
0=6,6=0,  a;=7,y  =  l. 
far«-aV  +  7a6a;-|y»={.7«-6M  +  0-f.l» 
=29f-26-24 

Note.  In  the  last  example  the  zero  term  does  not  affeot  the 
result. 

Example  8.    When  jp = 9,  r = 6,  i = 4,  find  the  value  of 


\m 


+  V(6i'  +  8r+l)-3^. 


2x86 


=1x1+8-2 

=65 
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EXAMPLES  I.  d. 

If  a  =  2,  6=3,  c  =  l,  c?=0,  find  the  numerical  value  of 

1.  ea+bb-Sc+Qd.  2.     3a-46+6c+5c;. 

3.  5a+3c-26+6fl?.  4.     ah-^-bc  +  ca-da, 

5.  6ah-^d+2da-'5cb  +  2db.         6.     ahc+bcd+cda+dah. 

7.  Sabc-2bcd  +  2cda-4dah,  8.     2bc+3cd-4da+6cd>, 

9.  Sbcd+5cda-7dab+abc.  10.     a2+62_|.^^^ 

11.  2a2+363-4c*.  12.     a*+6*-c<. 

If  a=l,  &=2,  c=3,  ci?=0,  find  the  numerical  value  of 

13.  a3+63+c3+flP.  14,     ib(^-a^--b^-^ab^c. 

15.  3a6c-62c_6a3. 

16.  2a2+2i2+2c2+2c/2  _  2bc  -  2cd-2da  -  2ab. 

17.  <^+iad^-3a^+b^d, 

18.  a2+262+2c2+G?2^2a6+266'+?cd 

19.  2c2 + 2a2 + 262  _  4^5  4.  Cafta^. 

20.  13a2  +  ^c*+20a6-  16a(?-  166a 

21.  6a6  -  5ac2  -  2a + J6*  -  3(^+  Jc^. 

22.  a2-c2  +  62-flP+2a6-2cd 

^23.     2a6-|63+3ac-2(;-c?+^V^.        24.     1256*c-9cf5+3a6c8cf. 

If  a=8,  6  =  6,  c==l,  :r=9,  y=4,  find  the  value  of 
25.     ^a-ib^+yK  26.     J^^a^-??-^^-. 


CHAPTER  II. 

Negative  Quantities.    Addition  of  Like  Terms. 

17.  In  his  arithmetical  work  the  student  has  been  accus- 
tomed to  deal  with  numerical  quantities  connected  by  the  signs 
+  and  -  ;  and  in  finding  the  value  of  an  expression  such  as 
^4 +  '' 3  ~  ^4+^  ~*  ^i  ^®  understands  that  the  quantities  to  which 
the  sign  +  is  prefixed  are  additivej  and  those  to  which  the  sign 
—  is  prefixed  are  suhtractive,  while  the  first  quantity,  If ,  to  which 
no  sign  is  prefixed,  is  counted  among  the  additive  terms.  The 
same  notions  prevail  in  Algebra;  thus  in  using  the  expression 
7a +  35 -4c -2c?  we  understand  the  symbols  7a  and  36  to  be 
additive,  while  4c  and  2d  are  subtractive. 

18.  But  in  Arithmetic  the  sum  of  the  additive  terms  is 
always  greater  than  the  sum  of  the  subtractive  terms ;  and  if 
the  reverse  were  the  case  the  result  would  have  no  arithmetical 
meaning.  In  Algebra,  however,  not  only  may  the  sum  of  the 
subtractive  terms  exceed  that  of  the  additive,  but  a  subtractive 
term  may  stand  alone,  and  yet  have  a  meaning  quite  intelligible. 

And  so  it  is  usual  to  divide  all  algebraical  quantities  into 
positive  anantities  and  negative  atiantities,  according  as  they 
are  expressed  with  the  sign  +  or  the  sign  - ;  and  this  is  quite 
irrespective  of  any  actual  process  of  addition  and  subtraction. 

This  idea  may  be  made  clearer  by  one  or  two  simple  illustra- 
tions. 

I.  Suppose  a  man  were  to  gain  $100  and  then  lose  $70,  his 
total  gain  would  be  $30.  But  if  he  first  gains  $70  and  then 
loses  $100  the  result  of  his  trading  is  a  loss  of  $30. 

The  corresponding  algebraical  statements  would  be 
$100 -$70  =+$30, 
$70  -$100= -$30, 
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and  the  negative  quantity  in  the  second  case  is  interpreted  as  a 
debt,  that  is,  a  sum  of  money  opposite  in  character  to  the  positive 
quantity,  or  gain,  in  the  first  case;  in  fact  it  may  be  said  to 
possess  a  subtractive  quality  which  would  produce  its  effect 
on  a  future  transaction,  or  perhaps  wholly  counteract  a  future 
gain. 

II.  Suppose  a  man  were  to  walk  along  a  straight  road  100 
yards  forwards  and  then  70  yards  backwards,  his  distance  from 
the  starting-point  would  be  30  yards.  But  if  he  first  walks  70 
yards  forwards  and  then  100  yards  backwards  his  distance  from 
the  starting-point  would  be  30  yards,  but  on  the  opposite  side  of 
it.    As  before  we  have 

100  yards-   70  yards  =-f- 30  yards, 
70  yards  - 100  yards «  -  30  yards, 
and  here  we  see  that  the  negative  sign  may  be  taken  as  indicating 
a  reversal  of  direction. 

Many  other  illustrations  might  be  chosen ;  but  it  will  be  suffi- 
cient here  to  remind  the  student  that  some  consistent  interpre- 
tation can  always  be  given,  when  necessary,  to  the  negative 
quantities  he  may  meet  with.  In  applying  the  rules  we  are 
about  to  give  for  the  addition  and  subtraction  of  algebraical 
quantities,  it  is  not  necessary  to  recur  constantly  to  the  nature 
and  meaning  of  the  quantities  employed,  whether  positive  or 
negative,  though  it  will  be  found  by  experience  that  these  rules 
wiU  always  be  justified  when  any  of  the  symbolical  results  of 
Algebra  are  interpreted  into  the  language  of  conmion  life. 

19.  Definition.  When  terms  do  not  differ,  or  when  they 
differ  only  in  their  numerical  coefficients,  they  are  called  like, 
otherwise  they  are  called  unlike.  Thus  3a,  7a ;  ba%  2a^b ;  3a*62, 
-  4a^62  are  pairs  of  like  terms ;  and  4a,  36 ;  7d^,  9a^b  are  pairs  of 
unlike  terms. 

Rules  for  Addition  of  Like  Terms. 
Rule  I.     The  sum  of  a  number  of  like  terms  is  a  like  term. 
Rule  II.     Jfall  the  terms  are  positive,  add  the  coefficients. 

Example.    8a  +  9a  =  17a. 

The  truth  of  this  will  be  recognised  by  the  beginner  when  he 
remembers  that  8  lbs.  added  to  9  lbs.  gives  17  lbs., 
and  so  8a  +  9a = 17a. 

Similarly  8a+9a  +  a  +  2a  +  7a=:27a. 
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Rule  III.  If  all  the  terms  are  negative^  add  the  coejicients 
numerically  and  prefix  the  minus  sign  to  the  sum. 

Example.    The  sum  of  -  3ie,  -  6a?,  -  7a;,  -  a;  is  -  IGac. 

For  a  sum  of  money  diminished  successively  by  $3,  $5,  $7  and 
$1  is  diminished  altogether  by  $16. 

Rule  IV.  If  the  terms  are  not  all  of  the  sam^  sig^i,  add  to- 
gether separately  the  coefficients  of  all  the  positive  terms  and  the 
coefficients  of  cul  the  negative  terTns;  the  difference  of  these  two 
restUts,  preceded  by  the  sign  of  the  greater,  wiUgive  the  coefficient  of 
the  sum  required. 

Example  1.  The  sum  of  17a;  and  —8a;  is  9a;,  for  the  difference  of 
17  and  8  is  9,  and  the  greater  is  positive. 

Example  2.     To  find  the  sum  of  8a,  -  9a,  -  a,  da,  4a,  -  11a,  a. 
The  sum  of  the  coejfficients  of  the  positive  terms  is  16, 

negative  21. 

The  difference  of  these  is  5,  and  the  sign  of  the  greater  is  negative; 
hence  the  required  sum  is  -  5a. 

We  need  not  however  adhere  strictly  to  this  rule,  for  since 
terms  may  be  added  or  subtracted  in  any  order,  we  may  choose 
the  order  we  find  most  convenient. 

Note.  The  sum  of  two  quantities  numerically  equal  but  with 
opposite  signs  is  zero.     Thus  the  sum  of  5a  and  -  5a  is  0. 

Example  3.     Find  the  sum  of  Ja,  3a,  -  ^a,  -  2a. 

The  sum  =3|a-2^ 

=  14a 

=  §a. 


T!TAMPT.T!a  IL 

Find  the  sum  of 

L     5a,  Va,  11a,  a,  23a.  2.  4^?,  x,  3x,  *lx,  9x, 

3.     lb,  106,  116,  96,  26.  4.  6c,  8c,  2c,  15c,  19c,  100c,  c. 

5.     -3jr,  -bx,  -Hj:,  -^Ix,  6.  -56,  -66,  -116,  -186. 

7.     -Sy,  -7y,  -y,  -2y,  -4y.     8.  -c,  -2c,  -50c,  -13c. 

9.     -116,  -56.  -36,  -6.  10.  6x,  -x,  -3a?,  2^,  -x, 

11.    26y,  -lly,  -15y,  y,  -Sy,  2y. 
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12.  5/,  -9/,  -3/,  21/,  -30/.        13.     25,  -3«,  «,  -«,  -5a,  6s. 

14.  7y,  -lly,  16y,  -3y,  -2y. 

15.  5^,  -7a*,  -2^7,  7j7,  2a;,  -5a?. 

16.  7a6,  -3a6,  -5a6,  2a6,  a&. 
Find  the  value  of 

17.  -  9.r2+ 110^2  +  3072  -  4j^.  18.     3a2a7  -  18a2^+a2x 
19.  3a»-7a3-8a»+2a3-lla».     20.     Aar^-ba^^-Soj^-lai^. 

21.  4a262_a262_  7^2^,2+ 5^252  _a252. 

22.  -9or*-4o^-12a?*+13ar*-7ar*. 

23.  7a6cc?  - 1  labcd  -  Alahcd + 2a6cG?. 

24.  io?-Jo.-+a7+§o;.  25.    fa+fa-Ja. 

26.  -bb+lh-lh  +  2h-^h+lh, 

27.  -5o?2-2a72-2a;2  +  ^^.2+^j;2+Uo;2. 

28.  -a6-ia6-^a6-Ja&  — ^fi+aft+^jjoft. 

29.  lx-lx+^x-2x-\-lla!-lx+x, 

30.  -fo72-Jo72— Ja,-2-Jaj«-a^. 


CHAPTER  III. 

Simple  Brackets.    Addition. 

20.  "When  a  number  of  arithmetical  quantities  are  connected 
together  by  the  signs  +  and  — ,  the  value  of  the  result  is  the 
same  in  whatever  order  the  terms  are  taken.  This  also  holds  in 
the  case  of  algebraical  quantities. 

Thus  a-b+cia  equivalent  to  a+c-6,  for  in  the  first  of  the 
two  expressions  b  is  taken  from  a,  and  c  added  to  the  result ;  in 
the  second  c  is  added  to  a,  and  b  taken  from  the  result.  Similar 
reasoning  applies  to  all  algebraical  expressions.  Hence  we  may 
write  the  terms  of  an  expression  in  any  order  we  please. 

Thus  it  appears  that  the  expression  a  —  b  may  be  written  in 
the  equivalent  form  —  6+a. 

To  illustrate  this  we  may  suppose,  as  in  Art.  18,  that  a 
represents  a  gain  of  a  dollars,  and  —6a  loss  of  b  dollars :  it  is 
clearly  immaterial  whether  the  gain  precedes  the  loss,  or  the  loss 
precedes  the  gain. 

21.  A  bracket  (  )  indicates  that  the  terms  enclosed  within 
it  are  to  be  considered  as  one  quantity.  The  full  use  of  brackets 
will  be  considered  in  Chap.  vii. ;  here  we  shall  deal  only  with 
the  simpler  cases. 

8 +  (13 +5)  means  that  13  and  5  are  to  be  added  and  their 
sum  added  to  8.  It  is  clear  that  13  and  5  may  be  added 
separately  or  together  without  altering  the  result. 

Thus  8+(13+5)  =  8  +  13+5=26. 

Similarly  a  +  (6+c)  means  that  the  sum  of  b  and  c  is  to  be 
added  to  a. 

Thus  a  +  (6+c)=a+6+c. 
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8  +  (13  —  5)  means  that  to  8  we  are  to  add  the  excess  of  13  over 
5 ;  now  if  we  add  13  to  8  we  have  added  5  too  much,  and  must 
therefore  take  5  from  the  resvdt. 

Thus  8+(13-6)=8+13-5  =  16. 

SiTmlarly  a  +  ib-c)  means  that  to  a  we  are  to  add  b,  diminished 
bye. 

Thus  a+{b-c)=^a+h-c (1). 

In  like  manner, 

a+6-c+(c?-6-/)  =  a  +  &-r+fl?-p-/ (2). 

Conversely, 

a+b-c+d-e-f=^a+b-c+{d-e-f) (3). 

Again,   a  — 6+c=a+c  — 6,                                         [Art.  20.] 
= the  sum  of  a  and  c  —  6, 
=the  sum  of  a  and  -  6h-c,            [Art,  20.] 
therefore  a-b+c=a+{-b+c)   , (4). 

By  considering  the  results  (1),  (2),  (3),  (4)  we  are  led  to  the 
following  rule : 

Rule.  When  an  expression  within  brackets  is  preceded  by  the 
sign  +,  the  brackets  can  be  removed  without  making  any  dhange  in 
the  expression. 

Conversely  :  Any  part  of  an  expression  may  be  enclosed  within 
brackets  and  the  sign  +  prefixed^  the  sign  of  every  term  within  the 
brackets  remaining  unaltered. 

Thus  the  expression  a  —  6+c  — </+e  may  be  written  in  any  of 
the  following  ways, 

a  +  (-&+c-fl?+e), 

a-6+(c-c?+e), 

a-6+c+(-G?+e). 

22.     The  expression  a-(6+c)  means  that  from  a  we  are  to 
take  the  sum  of  b  and  c.     The  result  will  be  the  same  whether 
b  and  c  are  subtracted  separately  or  in  one  simi.     Thus 
a-(6+c)  =  a~6-c. 

Again,  a-(b-c)  means  that  from  a  we  are  to  subtract  the 
excess  of  b  over  c.  If  from  a  we  take  b  we  get  a  -  & ;  but  by  so 
doing  we  shall  have  taken  away  c  too  much,  and  must  therefore 
add  c  to  a  -  6.     Thus 

a-(6-c)=a-5+c. 
In  like  manner, 

a-6-(c-c?-«)=a-6— c+c?+e. 
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Accordingly  the  following  rule  may  be  enunciated: 

Rule.  When  an  expression  within  brackets  is  preceded  by  the 
sign  — ,  the  brackets  may  be  removed  if  the  sign  of  every  term  loithin 
the  brackets  be  changed. 

Conversely :  Any  part-  of  an  expression  may  be  enclosed  within 
brackets  and  the  sign  —  prefixed^  provided  the  sign  of  every  term 
within  the  brackets  be  changed. 

Thus  the  expression  a-b-^-c+d  —  e  may  be  written  in  any  of 
the  following  ways, 

a  — (  +  6  — c— c?+e), 
a  — 6  — (— c-rf+e), 
a— 6+c-(— c?+c). 

Addition. 

23.  When  two  or  more  like  terms  are  to  be  added  together  we 
have  seen  that  they  may  be  collected  and  the  result  expressed  as 
a  single  like  term.  If,  nowever,  the  terms  are  unlike  they  can- 
not be  collected.     Thus  we  write  the  sum  of  a  and  b  in  the  form 

Also,  by  the  rules  for  removing  brackets,  a  +  (~M=s=a-ft; 
that  is,  the  sum  of  a  and  -  6  is  written  in  the  form  a  -  6. 

Example  1.    Find  the  Bum  of  a;,  x^,  a^. 

Since  different  powers  of  the  same  letter  are  unlike  terms,  the  sum 
isos+x^+ar*. 

This  expression  cannot  be  abridged. 

Example  2.     The  sum  of  x,  -a;*,   -ar*,  a:*  is  a; -a;--ar*  + jc*. 
Example  3.    Find  the  sum  of  3a  -  56  +  2c  and  2a  +  36  -  c. 
The  result  may  be  written    3a  -  66  +  2c  +  (2a + 36  -  c) 

=  3a-66  +  2c  +  2a  +  36-c 

=3a  +  2a-56  +  36  +  2c-c 

=  6a~264-c, 
by  collecting  the  like  terms. 

The  operation  is  more  conveniently  performed  as  follows : 

3a -56  + 2c 

2a  +  36-   c 

6a^  26+   c. 

Rule.  Arrange  the  expressions  in  lines  so  that  the  like  terms 
may  be  in  the  same  vertical  columns:  then  add  each  column 
beginning  with  that  on  the  left. 
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Example.    Find  the  sum  of  3a -76  + 2c;  6a- 6  + 5c;  -^a  +  Si-Sc. 

3a-76  +  2c 

6a-   6  + 6c 

-4a  +  3ft-8c 

6a -56—  c 

24.  From  the  foregoing  Examples  it  will  be  observed  that  in 
Algebra  the  word  sum  is  used  in  a  wider  sense  than  in  Arith- 
metic. Thus,  in  the  language  of  Arithmetic,  a  —  b  signifies  that 
5  is  to  be  subtracted  from  a,  and  bears  that  meaning  only ;  but 
in  Algebra  it  is  also  taken  to  mean  the  sum  of  the  two  quantities 
a  and  —6  without  any  regard  to  the  relative  magnitudes  of  a 
and  b. 

When  quantities  are  connected  by  the  signs  +  and  — ,  the 
resulting  expression  is  called  their  algebraical  BUm. 
Thus  lla-27a+13a=-3a 

states  that  the  algebraical  sum  of  11a,  —27a,  and  13a  is  equal 
to  -3a. 


EXAMPLES  m.   a. 

Find  the  sum  of 

1.  a+26-3c;  -3a+6  +  2c;  2a-36+c. 

2.  3a+26-c;    -a+36  +  2c;  2a-6+3c. 

4.  -^  +  2y+32:;  3a?-y+22;  2x  +  3i/-2. 

5.  4a  +  36+5c;   -2a+36-8c;  a-b  +  c. 

6.  -15a-196-18c;  14a+156  +  8c;  a  +  56  +  9c. 

7.  25a-156+c;  13a-106+4c;  a  +  206-c. 

8.  -16a-106  +  5c;  lOa+56+c;  6a+56-c. 

9.  baa:-*Jbi/-\-cz;  ax  +  2br/-c2;   —Zax  +  ^by+^cz, 

10.  20p+q-r\  p-20j+r;  p-^-q-^Or. 

Add  together  the  following  expressions : 

11.  -5a6+66<?-7ca;  8a5-46c  +  3ca;   -2ab-2bc-{-4ca. 

12.  15a5-276c-6ca;  14a6-186c+10ca;   -49a6+456c-3ca. 

13.  bab  +  bc~3ca;  ab  —  bc  +  ca;  —ab  +  bc'\-2ca. 

14.  pq+qr-rp;   -pq  +  qr+rp;  pq-qr  +  rp. 
16.    ^+y+^;  2x+3i/-2z;  3x-4y  +  z. 
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16.  2a-36  +  c;  15a-216-8c;  •3a  +  246+7c. 

17.  4ry— 9y«  +  2^J7;  —  25^+24y«-«a?;  23ary— 15y«+2;i?. 

18.  17a6— 136c+8ca;   — 5a6+96c-7ca;  2ab-*7bc-ca, 

19.  47^-63y+2;;  -25^+l5y-a?;   -22;F+48y+15«. 

20.  23a-176-2c;   -9a  +  156+7c;  -13a+36-4<j. 

25.  In  adding  together  several  algebraical  expressions  con- 
taining terms  with  diflferent  powers  of  the  same  letter,  it  will 
be  found  convenient  to  arrange  all  the  expressions  in  descending 
or  ascending  powers  of  that  letter. 

Example  1.    Add  together  3r»  +  7  -  Sa:^ ;  2a?»  -  8  -  9x ;  4aj  -  2x8  +  ^, 

3a?»-6a:*         +7 
2r»-9x-8 
-2jr'+3x3+4aj 


ix?  -6a?- 1. 

The  result  is  in  descending  powers  otx. 
Example  2.    Add  together 

3o6«-263+o»;  6a«6 - oJ' - 3a» ;  8a»+668;  Wh-2a^+ah\ 

-26»  +  3a63  +  a» 

-  a6'+  6a'&-3a« 

6fi»  +8a5 

a&3+  9a96-2a3 


363  +  3o6'«  +  14a26  +  4a». 


In  this  example  the  student  should  notice  that  the  result  is  ex- 
pressed according  to  descending  powers  of  &,  and  ascending  powers 
of  a. 


PITAMPT.-RR  TTT,    b. 

Find  the  sum  of 

1.  2a6+3ca+6a5c;  -5a6  +  26c— 5a5<j;  3a6-26<j-3<3a. 

2.  2a;2-2a:y  +  3y2;  Ay^+bxy-^x^;  x^-2xy-^y\ 

3.  3a2-7a6-462;   -6a2+9a6-352;  4a2+a6+562. 

4.  x^-^-xy—y^'y  —z^+yz+y^;   -x^+xz+z^, 

5.  -a;8„3<cy  +  3y2.  3272+407-5^2;  ^2  +  ^+^2, 
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6.  ar^-a^  +  x-l]  2jr«-2jp  +  2;  -Zx^-^^x+l. 

7.  2a^-ar2-^;  4j;3+8.r2+7.r;   -Ga^-Or^+jr. 

8.  9ar*-7a?+5;   -14j^+15j:-6;  200^-40^-17. 

9.  10j^^+5a?  +  8;  ar»-4x2-6;  2:f3-2j?-3. 
10.  a'-a6+6<3;  a6+5'-oo;  ca-ftc+c'. 

IL  5a»-3c3+cPj  63-2a3+3cP;  46''»-2a»-3a'». 

12.  Ga^-Zx+l;  2x^+a;+G;  ^-7jj»+2ji:-4. 

13.  a'-a2+3a;  3a'+4a2+8a;  5a'-6a2-lla. 

14.  4;8+y2-2^3^;  22* - 3j^2 _ 4^^ .  2a^-2z^-3.vz. 

15.  ar*-2y'+x;  y3-2x3-^y;  .r2+2y2_^+yi. 

16.  JT^+Za^y+Sxf;    -3j72y-.  60:3^2-078.  ar2y+4o:y2, 

17.  a^  +  bab^+b*;  ft'^-lOaft^-a';  5a52-253+2a26. 

18.  or*-4or*j^-5o^y3;  3or*y+2ory-6xy*;  3o;^  +  Oory* -y* 

19.  a3-4a26  +  6a5c;  a^ft-lOaftc+c^;  b^+Za^b+abc 

20.  Jr3_4^2y^6jyy2.  2o;2y__ 3^2 4.2^3.  ^3+3.^^4^2, 

Add  together  the  following  expressions : 

21.  ia-56;   -a+g6;  |a-6. 

22.  -Ja-i6;    -§a  +  |6;   -2a-6. 

23.  -2a+|c;   -ja-26;  §6-3c. 

24.  -^«^o-yc;  2a-36;  ^-c. 

25.  §^2^Jo:y-Jy«;    -ar2-gory+2y2;  So?2-o^-j/. 

26.  3a2-|a5~J62;    -fa2+2a6-^62;   -^aS-aft+ft^. 

27.  g^-J^  +  fty^   -|^HlJo;:^'-y«:  ^.r^-o^+Jy^. 

28.  -io^+5ao?8- Ja*j7;  oT^-a^ajra+^a^o;;    -^or^+ja^o?. 

29.  §^2_  J^^_  7^2.    g^y+l.By2.     _  1^2  +  4^2. 

30.  ia8-2a26-|63.  3a26-|a6»+263;  -faS+aft^+^&s. 


CHAPTER  IV. 

Subtraction. 

26.  The  simplest  cases  of  Subtraction  have  already  come 
under  the  head  of  addition  of  like  terms,  of  which  some  are 
negative.    [Art.  19.] 

Thus  5a-3a=     2a, 

3a-7a=  -4a, 

-3a-6a=-9a. 

Also,  by  the  rule  for  removing  brackets  [Art.  -22.], 

3a-(-8a)  =  3a  +  8a 
=  lla, 
and  -3a-(-8a)= -3a  +  8a 

=5a. 

Subtraction  of  Unlike  Terms. 

27.  The  method  is  shown  in  the  following  example. 
Example,    Subtract  3a — 26 — c  from  4a — 36 + 5c. 

The  result  of  subtraction=4a— 36  +  6c— (3a— 26— c) 
=4a-36+6c-3a+26+c 
=4a-3a-36+26+5c+c 
=a-6+6c. 

It  is,  however,  more  convenient  to  arrange  the  work  as  follows, 
the  signs  of  all  the  terms  in  the  lower  line  being  changed. 

4a-36-f5c 

-3a+26+  c 

hy  addition  a-b+6c 
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Rule.  Change  the  sign  of  every  term  in  the  expression  to  he 
suhiractedf  and  add  to  the  other  expression. 

Note.  It  is  not  necessary  that  in  the  expression  to  be  snbtracted 
the  signs  should  be  actually  changed;  the  operation  of  changing  signs 
ought  to  be  performed  mentally. 

Example  1.    From  5aj'+a;y-3y*  take  205*  +  Say  -  7y'. 
5x»+  «y-3y» 
2ag'-f8ay-7y» 
a^^7iy  +  4y». 

Example  2.    Subtract  2a:*  -  3x'  +  Tar  -  8  from  ar* — 2a:'  -  9a5 + 4. 
ar*-2x»  -fe+4 

2a:*  -3a:«-f7a;-8 

-a:*-2a:8  +  3a;a-i6a;  +  12..       •     .     -,       .. 


1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 

11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 


EXAMPLES  IV.  a. 

Subtract 
4a-36+c  from  2a-36-c. 
a— 36  + 5c  from  4a— 86  +  c. 
2.^-8^+2  from  15^+ lOjy- I82;. 
15a-276  +  8c  from  10a  +  36  +  4c. 
-\Ox-\Ay  +  \bz  from  x—y-z. 
-Wab+Qcd  from  ^\0hc-\-ab-4cd, 
4a  -  36  +  15c  from  25a  -  166  -  18c. 
-16a;-18y-152  from   -5x+8y4-7-?. 
ab  +  cd-ac-hd  from  db  +  cd  +  ac  +  bd. 
—  ab  +  cd—ac  +  bd  from  ab  —  cd+ao  —  bd. 


From 
3a6  +  5a£-4ac-66c?  take  3a6  +  6cc?-3ac-56d 
yz  —  zx  +  xy  take   —xy+yz-zx. 
-2^~a;2_3^  +  2  take  x^-x-\-l. 
-8x^y+l5xy^  +  l0xyz  take  4x^-6xy^-6xyz. 
Ja  — 6+Jc  take  Ja  +  i6  — ^. 
\x+y-z  take  ^x-^y-lz. 
-a -36  take  fa  +  J6— ^. 

i^-^y-^^^  take  -i^+fy-A'8'- 

-lx-%U-^z  take  gx-ly-i/^. 
-i^+Sy-i  take  J^-fy-J. 
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EXAMPLES  IV.  b. 

!From 

1.  ^y:-byz-\-%zx  take   -Axy  +  ^yz-lOzx. 

2.  -d^^+Voa^y  +  \^xf  take  Aa^y^+lx^y-^xf. 

3.  -  8  +  6a6  +  a262  take  4  -  3a&  -  5aW 

4.  a26c+62ca  +  c2a6  take  Sa^ftc  -  S^^ca  -  4c2a5. 

5.  -  7a26 + 8a62 + cd  take  Sa^ft  -  Voi^ + 6cc?. 

6.  -8jFV  +  5a^2_  <ps^2  take  ^>x^y-bxf  +  a^K 

7.  10a262+15a62  +  8a26  take  -10a262+i5a&2-8a26. 

8.  4j72_3x  +  2  take  -5A'2  +  6a;-7. 

9.  :p3  + 11^+4  take  8^-5^-3. 

10.  -  8a2ar2+ 5j;2  + 15  take  9«2^  -  &p2  -  5. 

Subtract 

11.  a^  —  a^-\-x-{-\  from  ^  +  a;2_^+l^ 

12.  2xy^-2xh/  +  x^-f  from  ^+3a?^+3a7y8+3^. 

13.  6'  +  c3  -  2a6c  from  a3+ &3  -  3a6c. 

14.  7j?y2-y3^3^2^  +  5<p3   frOjH   3<p3^7^_3^2_yS. 

15.  ^+5  +  ^-3d;3  from  bx^ - %a^ - 2a^ +1 , 

16.  a3 + 63  +  c3  -  3a6<?  from  laho  -  3a3 + 5^3  _  c^. 

17.  l-.a7  +  a;*-^-a?3  from  a^-\  +  x-x^. 

18.  7a*-8a2  +  3a6  +  a  from  a2-5a3-7  +  7a^ 

19.  10a26+8a62  _  ^a^^z  _  2>4  from  ba^h  -  6a6*  -  7a»6». 

20.  a'-63+8a62_7a26  from  - 8a62  +  I6a26  +  2>s^ 

From 

21.  \x^  —  ^xy  —  '3^2  take  -  f  ^2  +  ^y — y2^ 

22.  §a2-#a-l  take  -§a2  +  a-i. 

23.  J^-iJ7  + 1  take  Ja- - 1  +ia?2. 

24.  |^-§aj7  take  ^-ix^-iax. 

25.  i:^-J^2_^2  take  i^2y-|y2_j-^2, 

26.  la^-Zax^-^a^x  take  Ja2:r+ia3-5aa?2. 

28.    We  shall  close  this  chapter  with  an  exercise  containing 
miscellaneous  examples  of  Addition  and  Subtraction. 
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EXAMPLES  IV.  c. 

1.  To  the  sum  of  2a -36 -2c  and  26 -a  +  7c  add  the  sum 
of  a  -  4c+ 76  and  c  -  66. 

2.  From  Sj;?*  +  ar  -  1   take  the  sum  of  2x^6  +  7ar*  and 
ar8  +  4-2r»  +  ^. 

3.  Subtract  3a - 7a' + 5a*  from  the  sum  of  2  + 8a* -a'  and 
2a?-3a2  +  a-2. 

4.  Subtract  5a?*+3a?-l   from  22^,  and  add  the  result  to 
3^+3a?-l. 

5.  Add  the  sum  of  2y  -  3y*  and  1  -  5^*  to  the  remainder 
left  when  1  -  2y2+y  is  subtracted  from  5^. 

6.  Take  a^-y^  from  ^xy  -  4y*,  and  add  the  remainder  to  the 
sum  of  4ry-^-3y2  and  2x2+6/. 

7.  Find  the  simi  of  6a  -  76+ c  and  36  -  9a,  and  subtract  the 
result  from  c  -  46. 

8.  Add  together  3a;r*-7a:  +  6  and  2^:^  +  60?— 3,  and  diminish 
the  result  by  32f*  +  2. 

9.  What  expression  must  be  added  to  5^  -  7  j: + 2  to  produce 
7a:*-!? 

10.  What  expression  must  be  added  to  4x'-  3a;r*+2  to  pro- 
duce ^3^  +  7a7  -  6 1 

11.  What  expression  must  be  subtracted  from  3a  -  66  +  c  so 
as  to  leave  2a  -  4o  +  c  ? 

12.  What  expression  must  be  subtracted  fix)m  9a:*+llj:-  6 
so  as  to  leave  6a?*-  17ar+3  ? 

13.  From  what  expression  must   lla*-6a6-76c  be  sub- 
tracted so  as  to  give  for  remainder  6a* + 7a6+76c  % 

14.  From  what  expression  must  3a6 + 66c  -  6ca  be  subtracted 
so  as  to  leave  a  remainder  6ca  -  66c  % 

15.  To  what  expression  must  707*  -  dr*  -  5a?  be  added  so  as 
to  make  90?*  -  6a?  -  7a^^  ? 

16.  To  what  expression  must  6a6  -  ll6c  -  7ca  be  added  so  as 
to  produce  zero  ? 

17.  If  3a?* -7a: +2   be  subtracted  from  zero,  what  will   be 
the  result  % 

18.  Subtract  3a;*  -  7a?  + 1  from  2a:^  -  6a;  -  3,  then  subtract  the 
difference  from  zero,  and  add  this  last  result  to  20,-*  -  2ar*  -  4. 

19.  Subtract  3a?*  -  6a?+ 1  from  unity,  and  add  6a:*  -  6a;  to  the 
result. 


CHAPTER   V. 

Multiplication. 

Multiplication  op  Simple  Expressions. 

29.  When  there  is  no  sign  between  symbols  or  expressions, 
it  is  understood  that  the  symbols  or  expressions  are  to  be  multi- 
plied  together.    Thus 

ab^axb. 
3a5^3xax6. 

(^+y)  («+ft)  is  the  product  of  ^-f  y  and  a+b. 

In  Algebra,  as  in  Arithmetic,  the  product  is  the  same  in  what- 
ever order  the  factors  are  written.    [Art,  13.] 

Exam^Uf  2axd2>=2xax3x5 

=2x3xax& 

30.  Since,  by  definition,  o^=aaa, 
and  a^^oooaa; 

Again,  5a*=5aa, 

.'.     5a2  X  7aS= 5  X  7  X  aaaaa 
=:35a«. 

31.  When  the  expressions  to  be  multiplied  together  contain 
powers  of  different  letters,  a  similar  method  is  used. 

Example,    5a'&^  x  Sa*ha^ = 5aaa5&  x  Bcuibxxx 
=40a»6V. 
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KoTE.  The  beginner  must  be  careful  to  observe  that  in  this  pro- 
cess of  multiplication  the  indices  of  one  letter  cannot  combine  in  any 
way  with  those  of  another.  Thus  the  expression  ^Oa^b^sfi  admits  of 
no  further  simplification. 

32.  The  general  rule  may  now  be  given : 

Rule.  To  multiply  two  simple  expresdonB  together,  multiply 
their  coefficients,  and  add  the  indices  of  the  like  letters. 

The  rule  may  be  extended  to  cases  where  more  than  two 
expressions  are  to  be  multiplied  together. 

Example  1.  x*xo^xxfi=a^^xsfi 

Example  2.     Bx^y^xBy'z^  xSxz*=120x^y^z*, 
Note.     The  product  of  three  or  more  expressions  is  called  the 
continued  product. 

Multiplication  of  a  Compound  Expression  by  a 
Simple  Expression. 

33.  The  symbol  4wi  means/otir  times  m,  that  is,  m + m + wi + »i« 

So  . .  I0m^m+m+m+ taking  ten  terms. 

Similarly  am  means  that  m  is  to  be  taken  a  times;  that  is 

am=m+m+m-^»i 

the  niunber  of  terms  being  a. 

Again,    {a+b)m^m+m+m+  taken  a+6  times 

^(m+'m+m-h taken  a  times), 

together  with  (m +m +m+ taken  b  times) 

=am+bm (1). 

Also  (a-b)m^m+m+m+  tak^n  a  -  6  times 

=  (m+^+m+ taken  a  times), 

diminished  by  {m+m+m+ taken  b  times) 

=^am-bm (2). 

Similarly  (a-b-\-c)m^am-bm+cm. 

34.  Rule.  To  multiply  a  compound  expression  by  a  single 
factor,  multiply  each  term  of  the  expression  separately  by  thai  factor. 

Examples.. . 

(1)  3(2a+86-4(;)  =  6o+9ft-12c. 

(2)  (4x«-7j/-8zS)x3xy«=12j;5y»-21xy«-24xy«z». 

(3)  (|a-  ?6-c)x-;a6«=la«^a-TW'-{«6-«- 
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Multiply  together 

1. 

8«*  and  Var*. 

2. 

4a'  and  5a®. 

3. 

7ab  and  Sa'i^. 

4. 

6^'  and  Sjf^, 

5. 

8a»6  and  6«. 

6. 

2dbc  and  Sac*. 

7. 

2a»6»  and  SaSf. 

8. 

5a^&  and  2a. 

9. 

4a«6»  and  Va«. 

10. 

6a*63  and  ^«. 

IL 

«y  and  6a*«*. 

12. 

a2xj  and  an/z. 

13. 

3a<6'«s  and  5a«6«., 

14. 

4a3&r  and  Tft^j;*. 

15. 

Sce^j;  and  Sap. 

16. 

5a;3y3  and  6a V. 

17. 

2x^  and  ««/. 

18. 

^a^aihf'  and  a^^^^ 

19. 

aJ+6c  and  a'6. 

20. 

5a6-76j;  and  4a26.tr\ 

U 

5«+3y  and  2**. 

22. 

a2+62-c2  and  a^h. 

23. 

6c+«a-oi  and  abc 

24. 

6a2+362-2c3  and  4a26c». 

25. 

6a^y+xy^-7jfi)/^  and  3^. 

26. 

&r*-6j;^+7jFy'  and 

sxy. 

27. 

6a?'6(j-7oi«c'  and  a^t*.     28. 

8a263_  162^3  and  iaJ*. 
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Multiplication  op  Compound  Expressions. 
35.    If  in  Art.  33  we  write  c+t?  for  m  in  (1),  we  have 

^{o-{'d)a+{c+d)h            [Art.  13.], 
^ao+ad'k-hc+hd  (3). 

Again,  from  (2) 

(a- 6)  (c+<i)=a  (c+(f)  -  ft  (c+cO 

^ao+ad'-(bc+hd) 
^ac+ad-bc-hd  (4). 

Similarly,  by  writing  c-d  for  m  in  (1), 

(a+b)(c-d)=a(c-d)+b{c-d) 
=^{c  —  d)a+{c—d)b 
=^ac—ad+bc  —  bd (6). 
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Also,  from  (2) 

(a-6)(c-c?)=a(c-c?)-5(c-c0 
=  (c-d)a-(c-d)b 
==ac  —  ad—{bc-bd) 

^ac~ad-hc+bd  (6). 

These  results  axe  very  important. 

If  we  consider  each  term  on  the  right-hand  side  of  (6),  and 
the  way  in  which  it  arises,  we  find  that 

-6x  -d=+bd. 
—  bx  +c=  -6c 
+a  X  -d—  —ad. 

These  results  enable  us  to  state  what  is  known  as  the  Bule 
of  Signs  in  multiplication. 

Rule  of  Signs.  The  product  of  two  terms  with  like  si^n* 
%8  positive  ;  the  prodiict  of  two  terms  with  unlike  signs  is  negative, 

36.  The  rule  of  signs,  and  especially  the  use  of  the  negative 
multiplier,  will  probably  present  some  difficulty  to  the  beginner. 
Perhaps  the  following  numerical  instances  may  be  useful  in  illus- 
trating the  interpretation  that  may  be  given  to  multiplication 
by  a  negative  quantity. 

-3x+4=-3x4 

=  -  3  taken  four  times 
=  -3-3-3-3 
=  -12. 

+3x  -4  would  thus  seem  to  mean  that  +3  is  to  be  taken  -4 
times ;  this  is  at  present  without  meaning,  but  we  can  easily  give 
to  it  an  interpretation  which  will  be  intelligible,  and  in  harmony 
with  what  precedes.  We  have  illustrated  the  diffijrence  between 
+4  and  -4,  by  supposing  that  +4  represents  a  line  of  4  imits 
measured  in  one  direction,  and  -4  a  line  of  length  4  units 
measured  in  the  opposite  direction ;  so  that,  with  reference  to 
each  other,  each  of  the  signs  +  and  —  may  be  supposed  to 
indicate  a  reversal  of  direction.  Hence  3x  -4  may  be  taken 
as  indicating  that  3  is  to  be  taken  4  times,  and  further  that 
the  direction  of  the  line  which  represents  the  product  is  to  be 
reversed. 
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Now  3  taken  4  times  gives  + 12 ;  and  from  this  by  changing 
the  sign,  which  corresponds  to  a  reversal  of  direction,  we  get  —  1% 

Thus  3x-4=-12. 

Similarly  -3x  -4  indicates  that  -3  is  to  be  taken  4  times, 
and  the  sign  changed;  the  first  operation  gives  -12,  and  the 
second  +12, 

Thus  -3x-4=+12, 

37.  "We  may  here  remark  that  we  can  give  what  meaning  we 
like  to  any  new  symbol  or  operation,  provided  that  we  always 
employ  such  meaning,  and  that  the  meaning  is  not  inconsistent 
with  the  fundamental  principles  of  our  subject.  Multiplication 
by  a  negative  quantity  is  a  case  in  point ;  and  the  meaning  we  have 
attached  to  the  operation  is  to  proceed  just  as  if  the  multiplier 
were  positive,  and  then  change  the  sign  of  the  product, 

38.  To  familiarize  the  beginner  with  the  principles  we  have 
just  explained  we  add  a  few  examples  in  substitutions  where  some 
of  the  symbols  denote  negative  quantities. 

ExampUl.    If  a=-4,  a8=(-4)»=-4x  -4x  -4= -64. 

Example  2.    If  a=  - 1,  6=8,  c=  -2,  find  the  value  of  -Aa*hc\ 

-3a*6c»=:-3x(-l)*x3x(-2)» 
=  -3xlx3x(-8) 
=  72. 

EXAMPLES  V.  b. 

If  a=  -2,  6=3,  c=s  -1,  a?=»  -6,  y='4,  find  the  value  of 

1.    3a«6.                2.    8a6c«.                 3.     -5c».  4.  Ba^c*. 

5.    4c3y.                6.    3a«c.                  7.     -I^c^.  8.  2a^<^. 

9.     -7a^bc,         10.     -2a*6^.  11.     -4a2c*.  12.  3c»a?». 

13.    6a^a^.             14.     -7c<^.  15.     -Saa^,  16.  4o6^. 

17.     -5a262c3.       18,     -7a3c3.  19.    Rd^a^.  20.  7a^<*. 

If  a=  -4,  6=  -3,  c==  - 1,  /=0,  a?=4,  y=l,  find  the  value  of 

21.  3a2+6^-4cy.  22.    2a62-36c2+2/2r. 

23.  /a2-263-ca;3.  24.    day-bb^x-^c^, 

25.  2aS-363+7c/.  26.    36V-462/-6c*d7. 

27.  2V(ac)-3V(^)+V(6V).     28.     ^^{acx)-2^{h^)-6^(<^i/), 

29.  7V(a2a;)-3V(6V)+5V(/2^). 

30,  3cV(36c)-5V(4c2^)-2c3^V(36c«). 


"°  ALOEBRA« 

39.    The  following  examples  further  illustrate  the  rule  of  signs 
and  the  law  of  indices. 

Example  1.     4a«6x  -3a<6»  =  -12o«6». 

Example  2.     -Sab^x  -alr^=5a^b^. 

Example  3.     Find  the  continued  product  of  8a*6,  -  2a»6«,  -  ab*. 
3a«ftx -2a36«=-6a«6», 
and  -6a«6»x  -a6*=6a«6'. 

Example  4.    (6a»  -  6a»6  -  4a6«)  x  -  3o68 = _  i8a<6»  +  15a»6*  +  12a96». 

EXAMPLES  V.  c. 

Multiply  together 

1.  CUP  and  -3aa?.  2.  -2a6^  and  -7a&.r. 

3.  a26  and  -aft^.  4.  6^  and  —  lO^ry. 

5.  -aftcG?  and  -Sa^b^c^d^,      6.  ^2  and  -ba^z. 

7.  3^+4^2  and  -12.ry2r.        8.  a6-5c  and  a^ftc^^ 

9.  -a;-^-z  and  -3^?.         10.  a^-h^+c^  and  a6c, 

11.  -a6+6c-ca  and -a6c.    12.  -2a26-4a62  and  -7a'6«. 

13.  5:r2y-6a7y2+8a;y  and  3a?y. 

14.  -7^-5a?y3  and  -80:^. 

15.  -5anfh+3an/z^-Sa;hfz  and  ^2;. 

16.  ,  ^^yh^-%xyz  and   -12:f^2^. 

17.  -  13a;y2  _  15^5^  and  -  7^. 

18.  Sary-j-lO^r^y^  gjjd   -xyz, 

19.  a6c  -  a^&c  -  aft^c  and  -aftc. 

20.  -o^hc-k-l^ca-i^ah  and   -aft. 

Find  the  product  of 

21.  2a-36+4c  and  -|a.         22.    3^-2y-4  and  -\x. 
23.    la-\h-c  and  go^."  24.    ^a2a;2_^^^  ^nd  -Sa^o?. 

25.  -  ^a2i?2  and  -U^+aa;- 1^2. 

26.  -|^  and  -3^2+1^.       27.     -f^2  and  -Ja;8+2y«. 
28.     -f^y3  and|.r3-fy^ 

40.     The  complete  rule  for  multiplying  together  two  com- 
pound expressions  may  now  be  given. 
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BuLE.  MvUMy  each  term  of  the  firist  expression  hy  each 
term  of  the  seconcL  When  the  terms  mtitiplied  together  have  like 
signs,  jprefix  to  the  product  the  sign  +,  when  unlike  prefix  -. 

Example  1.    Multiply  «+ 8  by  a; +7. 
The  product  =  («+ 8)  x  (« + 7) 

=a:*+8aj+7a:+66 

=a:«  +  15a;+56. 

The  operation  is  more  oonveniently  arranged  as  follows : 
a?  +  8 

J?  +  7 

+  7a:  +  56 


by  addition  x*+15x+56. 

Note.  We  begin  on  the  left  and  work  to  the  right,  placing  the 
second  result  one  place  to  the  right,  so  that  like  terms  may  stand  in 
the  same  yertical  column. 

Example  2.    Multiply  2x  -  3y  by  4a;  -  7y. 
2«  -8y 

8«>-12ajy 

•-14asy  +  21ya 
by  addition  8a:*  -  26ay + 21yK 


EXAMPLES  V.  d. 


Find  the  product  of 

1. 

x-{-b  and  ^+10. 

2. 

a?+5  and  x-h. 

3. 

x-1  and  a?- 10. 

4. 

a? -7  and  ^+10. 

5. 

^+7  and  a?- 10. 

6. 

a7+7  and  a;+10. 

7. 

.r+6  and  a? -6. 

8. 

^+8  and  a; -4. 

9. 

^-12  and  ^-1. 

10. 

a;+12  and  a?-l. 

11. 

x-\b  and  a:+15. 

12. 

a?- 15  and   -a7+3. 

13. 

-a?-2  and  -^-3. 

14. 

—  a74-7  and  a?-7. 

15. 

-^+5  and  -ar-5. 

16. 

a? -13  and  a;+14. 

17. 

a?- 17  and  a?+18. 

18. 

^+19  and  a: -20. 

19. 

-a:- 16  and   -a;+16. 

20. 

-a7+21  and  a?-21. 

21. 

2a7-3  and  ^+8. 

22. 

2.r+3  and  a?- 8 
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23. 

x-b  and  2*-l. 

24. 

2a?- 5  and  .r-1. 

25. 

3ar-5  and  2a?+7. 

26. 

3a?+5  and  2ar-7. 

27. 

5j?-6  and  2j?+3. 

28. 

5x+6  and  2.r-3. 

29. 

a3?-5y  and  3j?+5y. 

30. 

Zx-hy  and  3a? -5y. 

31. 

a-25  and  a+35. 

32. 

«-7fr  and  a+86. 

33. 

3a-66  and  a-85. 

34. 

a-96  and  a+55. 

35. 

^+a  and  x-b. 

36. 

x-a  and  a?+6. 

37. 

J? -2a  and  ar+35. 

38. 

ax-hy  and  a.r+6y. 

39. 

xy-cib  and  xy-\-db. 

40. 

2/>gr-3r  and  2pq+3r, 

41.    When  the  expressions  to  be  multiplied  together  contain 
more  than  two  terms,  a  similar  method  may  be  employed. 

Example.    Find  the  product  of  2a'  -  3o6  +  46'  and  -  5a^  +  Sab+ 4bK 

2a«-  3a&+46« 
-5a«+  3a6  +  46» 
-10a<+15a36-20o26« 

+  6a86-   9a«6«  +  12a6» 

8a26«-12a6»  +  166* 


-  10a* + 21o»6  -  21a26«  + 166*. 

42.  If  multiplier  and  multiplicand  are  not  arranged  according 
to  powers  ascending  or  descending  of  some  common  letter,  a  re- 
arrangement will  be  foimd  convenient. 

Example,     Multiply  2x2  -  2*  +  2x^  -  3yz + jcy  by  a:  -  y  +  22r. 

2x*+  xy  +2xz-3yz-z^ 

X  --_y    +2z 
%?  +~  x»y+~l^22  -  3xyz  -  X2« 

-2xV  -2xyz  -.a;y2  +  3y2^^.y.2 

4x'z+ 2a:yz  + 4xe» -^yz'^  -  Z^ 

2x5  -   x*y  +  Gx^z  -  ^z + 3x2*  -  xy*  +  3y«z  -  5yz«  -  22'. 

43.  When  the  coefl&cients  are  fractional  we  use  the  ordinary 
process  of  Multiplication,  combining  the  fractional  coefl&cients  by 
the  rules  of  Arithmetic. 

Example.    Multiply  \a^  -^ah  +  fft^  by  \a  +  \h. 
W-   \ab  +|6« 

\a^-   Ja26  +  |a62 
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EXAMPLES  V.  e. 

Multiply  together 

1,  a+h+c  &nd  a+b-c.  2.    a-2b+o  and  a+2b-c 

3.  a^-ab+b^  and  a^+ab+b^ 

^  .r2+3y2  and  ^+4y.  5.    a^-2a!^+S  and  ^+2. 

6.  :p*-.r2y2+2^  and  a^+f.       7.    ^H-^y+y^  and  x-y 

8.  a2-2GW7+4r2  and  a2+2aa?+4a?2. 

9.  16a*+12a5+962  and  4a-36. 

10.  a^a;-cux!^+ai^-a^  and  ^f+o. 

11.  ^2_j.^_2  and  x^+x-6, 

12.  2^-3a;2+2a?  and  2^+3a?+2. 

13.  -a^+a*b-a^b^  and  -a-6. 
11  ^-7.r+5  and  :r2_2a?+3. 

15.  a^+2a^b+2ab^  and  a2_2a5  +  262. 

16.  4^+6^+9y2  and  2a7-3y. 

17.  a^-Zxy-y^  and  -.^+icy+y'. 

18.  63_^252_|.^3  and  a3+a262+63. 

19.  a^-2xy-\-y^  and  ^+2jcy+y2. 

20.  ab+cd+ac+bd  and  a6+cfl?-<wj-5G?. 

21.  -3a262+4a63+15a36  and^5a^b^+ah^--3b\ 

22.  27^-36cM;2_|_48a2^,_(34flt3  and  3a? + 4a. 

23.  a2-5a6-62  and  a2+5a6+62. 

24.  ^2_.^+^4.y2_|_y+i  and  a;+y-l. 

25.  a2  +  62+c2-6c-ca-a6  and  a+b+c. 

26.  -^+y*+^2+^-^  and  ^+y. 

27.  ^I2_>p0y2+<py_j;^yj+y8  and  ^+^2. 

28.  3a2+2a+2a3+l+a*  and  a2_2a+l. 

29.  -aa^+3aa;y^-9ay*  and  -a^-3a/. 

30.  -2^y+y*  +  3:F2y2+^_2a;3^  and  ^2+2.^^+^2^ 

31.  ia2+Ja+J  and  ia-J.        32.    ia;2_2a;+f  and  J^+J. 

33.  §^+^y+|/  and  J^-iy. 

34.  3j^-ar-|a2  and  |^-iflw?+Ja2. 

35.  |:f2_2-j;_|  and  ia?2+§.v-|. 

36.  |flw?  +  §a;2  +  ja2  and  |a2+|^-|aa7. 
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44.  Although  the  result  of  multiplying  together  two  binomial 
factors,  such  as  4? +  8  and  j?-7,  can  always  be  obtained  by  the 
methods  already  explained,  it  is  of  the  utmost  importance  that 
the  student  should  soon  learn  to  write  down  the  product  rapidly 
by  inspection. 

This  is  done  by  observing  in  what  way  the  coefficients  of  the 
terms  in  the  product  arise,  and  noticing  that  they  result  from 
the  combination  of  the  numerical  coefficients  in  the  two  bi- 
nomials which  are  multiplied  together;  thus 

(^+8)  (^+7)=Jp"+8ar+7a?+56 

«j;>  +  16a?+56. 
(a?-8)(4f-7)=jp»-8a?-7^  +  56 

=«»-15a?+66. 
(a?+8)(^-7)=a;»+&r-74f-56 

(a?  -  8)  (or  +  7)  =JP»  -  8a?+ 7a:  -  56 

In  each  of  these  results  we  notice  that : 

1.  The  product  consists  of  three  terms. 

2.  The  first  term  is  the  product  of  the  first  terms  of  the  two 
binomial  expressions. 

3.  The  third  term  is  the  product  of  the  second  terms  of  the 
two  binomial  expressiona 

4.  The  middle  term  has  for  its  coefficient  the  sum  of  the 
nimierical  quantities  (taken  with  their  proper  signs)  in  the  seoond 
terms  of  the  two  binomial  expressions. 

The  intermediate  step  in  the  work  may  be  omitted,  and-  the 
products  written  down  at  once,  as  in  the  following  examples  : 

(j7+2)(a?+3)=:  078  +  507+6. 

(a?-3)(or+4)=-ar2+a;-12. 

(o:+6)(o?-9)=or»-3a?-54. 

(o?-4y)(o7- 10y)=jp"- 14o?y+40y« 

(ar-6y)(o;+4y)=ar2-2a;y-24y2. 

By  an  easy  extension  of  these  principles  we  may  write  down 
the  product  of  any  two  binomials. 

Thus  (2x  +  37/)(a;-i/)  =  2a^+3x7f-2a;y-3tf^ 

=  2a;r2_|.^_3y2, 

(ap-4y)(2a7+y)=aF2-8o:y+3ow-4y« 
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45,  These  examples  will  be  siifficient,  but  there  are  two 
cases  to  which  it  is  desirable  to  direct  the  student's  attention 
before  leaving  this  part  of  the  subject :  their  full  importance  will 
be  developed  in  later  chapters. 

Case  I.        (^+4)(^-4)=^  +  4:F--4a?-16 
=0^-16. 
(24?+5y)(2a?-5y)=4a;2+10^-10^-25/ 
=4^-25/. 

Case  II.  Gt?+3)2=(a?+3)(^  +  3) 

(3a;-4y)2=(3^-4j^)  (3^-4y) 

= 9^  -  12^y  - 12^  +  16y« 
=  9j;2_  24^7^  +  16/. 


IL&AMPLES  V.  f. 

Write  dovm.  the  values  of  the  following  products  ; 

1. 

(x+8)(x-5). 

2. 

(:r+6)(:>;-l). 

3. 

(ar-3)(*+10). 

4. 

{x-\){x+b). 

5. 

{x+1){x-Q). 

6. 

{x-\Q){x-&). 

7. 

,{x-A){x+\\). 

8. 

(x-2)(^+4). 

9. 

{x+2)(,x-2). 

10. 

(a-l)(a+l). 

IL 

(a+9)(a-5). 

12. 

(a-3)(a+12). 

13. 

(a-8)(a+4). 

14. 

(a-8)(a+8). 

15. 

(a-6)(a+13). 

16. 

(a+3)(a+3). 

17. 

(a- 11)  (a +  11). 

18. 

(a-8)(a-8). 

19. 

(,x-3a){x+2a). 

20. 

(ar+6a)(x-5a). 

2L 

(x+3a)lx-3a). 

22. 

(x+4y)(x-2^). 

23. 

{x+1y){x-1y). 

24. 

{x-Zy){x-Zy). 

25. 

(a  +  36)(a+36). 

26. 

(a-56)(a+105). 

27. 

(o- 96)  (a -86). 

28. 

(2x-5)(«+2). 

29. 

(2x-5)(*-2). 

30. 

{2v+Z){x-Z). 

31. 

(3a;-l)(*+l). 

32. 

(2x+5)(aj;-l). 

33. 

(3«+7)(2t-3). 

34. 

(4x-3)  (20^+3). 

35. 

(3x+8)(ar-8). 

36. 

(2x-5)(2r-5). 

37. 

(Zx-Zy){Zx+y). 

38. 

(ar+2y)(3x+2y). 

39. 

(2x+7y)(2*-5y). 

40. 

(5ar+3<l)(5jr-3a) 

41. 

{2x-ba){x+f>a). 

42. 

(ac+a)  (2«+a). 

CHAPTER  VL 
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46.  Thb  object  of  division  is  to  find  out  the  quantity,  called 
the  quotient,  by  which  the  dlTisor  must  be  multiplied  so  as  to 
produce  the  dividend. 

Division  is  thus  the  inverse  of  multiplication. 

The  above  statement  may  be  briefly  written 

quotient  x  divisor = dividend, 

or  dividend -5- divisor = quotient. 

It  is  sometimes  better  to  express  this  last  result  as  a  frac- 
tion; thus 

dividend  ..     . 

"^7—. =  quotient. 

divisor      ^ 

Division  of  Simple  Expressions. 

Example  1.    Since  the  product  of  4  and  x  is  4x,  it  follows  that 
when  4x  is  divided  by  x  the  quotient  is  4, 
or  otherwise,  4a5  -f-  x = 4. 

^          ,    o      »»  n     ^  •     27a"     27aaaaa    «       ,  .       , 

Example  2.    27a*  ^  9*  ='qnr  ~  ~"q =3aa,  by  removing  from 

the  divisor  and  dividend  the  factors  common  to  both,  jast  as  in 
Arithmetdo. 

Therefore  27o»  -?-  9a» = So^. 

Example  8.    a6a'6'c'4-7a6V=— ^-^-, 

=5a^e. 

47.  Rule.  To  divide  one  simple  expression  by  another,  divide 
the  coefficient  of  the  dividend  by  that  of  the  divisor ,  and  subtract  the 
index  of  any  letter  in  the  divisor  from  the  index  of  that  letter  in 
the  dividend. 
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Example  4.     84o«a'-5-12a^=7o«-*x'-i 

Example  6.     77aVy*-^7aa;V=ll«^. 

NoTK.     If  we  apply  the  rule  to  divide  any  power  of  a  letter  by  the 
same  power  of  the  letter  we  are  led  to  a  curious  conclusion. 


Thus,  by  the  rule 

a'-r-o"=a'-»=o®; 

but  also 

a8-5-a»=^3     =1, 

.-.  a»=l. 

This  result  will  appear  somewhat  strange  to  the  beginner,  but  its 
full  significance  will  be  explained  in  Chapter  zxxi. 

.48.     It  is   easy  to  prove  that  the  rule  of  signs  holds  for 
division. 

Th«s  a6-5-«=?*  =  »-^=6. 

a        a 

_   h^    _  -gft     ax -6_     , 

a  a      ~      * 

,                 ah       —ax  -h        . 
ab-, —  a=- —  = =  —  0. 

—  a  —a 

—  aJ)      —axh. 
—  ab-^  -a  = = =0. 

—  a         —a 

Henoe  in  division  as  well  as  multiplication 
liJce  signs  produce  + , 
unlike  signs  prodtice  — . 

Examples,     (1)     6a5  4-  2a = 36. 

{2)-15xy-r-Bx=-6y. 

(3)-21a«6»-j--7o«6«=36. 

(4)    45a«6V-^-9a»&c2=_5a8Ja.3. 

Division  of  a  Compound  Expression  by  a  Simple 
Expression. 

49.    Rule.     To  divide  a  compound  expression  by  a  single 
factor^  divide  each  term  separately/  by  thaifa^or. 
This  follows  at  once  from  Ai*t.  34. 

Examples,     (1)     (9x-12y  +  32)-r— 3  =  -3aj+4y-2. 

(2)  (36aS6«  -  24a«6«  -  2Qa^h^)^ia%  =  9a6  -  C6*  -  5aV>. 

(3)  (2a:»-5«y+|x2y3)^-ia:=-4a!  +  10y-3x/. 
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EXAMPLES  VI.  a. 


] 

Divide 

1. 

3a;3  by  ^. 

2. 

27^  by  -9j;3. 

3. 

-35^  by  1x^. 

4. 

ahai^  by  —cm?. 

5. 

otV  by  a^. 

6. 

a*a;3  by  —a^a^. 

7. 

4a262c3  by  aft^c^. 

8. 

I2a^b^<fi  by  -3a*6«c. 

9. 

-a^(P  by  -ac3. 

10. 

154:6yV  by  5j^y222. 

11. 

-16a;^8  by   -4jFy2. 

12. 

-48a»  by  -Sa'. 

13. 

35aiiby  7a^ 

14. 

63a768cs  by  ga'^t^c^. 

15. 

7a26c  by  -la^bc. 

16. 

28a463  by   -4a^b. 

17. 

166^^  by  -2^. 

18. 

-5(ya;3  by  -5.^3^. 

19. 

a^-2xy  by  ^. 

20. 

a;3_3a?2+^  by  a?. 

2L 

:i^-7:F*+4ar*  by  ^. 

22. 

10j77-ac«+3a;*  by  j^. 

23. 

15a;5_25a?*  by   -5^. 

24. 

27^-36^  by  9jr5. 

25. 

-24:p«-32a?*  by   -&c3. 

26. 

34ar3y2_.51^y3  by  l7ay. 

27. 

a2-a5-ac  by   -a. 

28. 

a^-a^b-a^b^  by  a*. 

29. 

ar3-9jr2y- 12:^3^2  ^y   -3a;. 

30. 

4a:y-8:p3y2+6^  by   -2^y. 

31. 

-2a^+^-Qac  by  -§a. 

32. 

i^y-ar3y*by   -|a;^2. 

33. 

-f^+S^+^:?^  by   -|.t7. 

34. 

-2a6a;3_|_|flf*d?*  by  Ja^^. 

Division  of  Compound  Expressions. 

60.     To  divide  one  compound  expression  by  another. 

Rule.    1.     Arrange  divisor  and  dividend  in  ascending  or 
descending  powers  of  some  common  letter, 

2.  Divide  the  term  on  the  left  of  the  dividend  by  the  term 
on  the  left  of  the  divisor,  and  put  the  resvlt  in  the  quotient, 

3.  Multiply  the  whole  divisor  by  this  quotient^  and  put  the 
product  under  the  divide^id, 

4.  Subtract  and  bring  down  from  the  dividend  as  many  terms 
as  may  be  necessary. 

Repeat  these  operations  till  all  the  terms  from  the  dividend  are 
brought  down. 
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Example  1.    Divide  ar*-f  lla!  +  30by  as  +  G. 

Arrange  the  work  thus: 

«+6>»^■lla5-^30^^ 

divide  s*,  the  first  term  of  the  dividend,  by  a;,  the  first  term  of  the 
divisor;  the  quotient  is  x.  Multiply  the  whx)le  divisor  by  »,  and  put 
the  product  01^+ 6iB  under  the  dividend.    We  then  have 

by  subtraction  5a; + 80. 

On  repeating  the  process  above  explained  we  find  that  the  next 
term  in  the  quotient  is  +  5. 

The  entire  operation  is  more  compactly  written  as  follows ; 

a5 + 6^a;3  +  lias + 30  (^a  +  6 
g'-f  6a; 

6aj  +  30 
6a;H-30 


The  reason  for  the  rule  is  this :  the  dividend  mav  be  divided 
into  as  many  parts  as  may  be  convenient,  and  the  complete 
quotient  is  found  b^  taking  the  sum  of  all  the  partial  quotients. 
Thus  a^-\-\\X'{-ZOi»  divided  by  the  above  process  into  two  parts, 
namely  ^+ 6a,  and  5d;+30,  and  each  of  these  is  divided  by  07+6; 
thus  we  obtain  the  complete  quotient  ^+5. 

Example  2.     Divide  24a:«  -  66ay + 21y«  by  8x  -  3y. 

Sac  -  3y^  24««  -  65xy  +  21y»  ^^3aJ  -  7y 
24^^-   9a?y 

-66a:y  +  21y> 
-66j:y  +  21y« 


EXAMPLES  VI.  b. 

Divide 

1.    ^+3ar+2  by  ;r+L  2.  ^2-7^7+12  by  a? -3. 

3.    «2'-lla+30  by  a-5.  4.  a^- 49a +600  by  a -25. 

5.    Zx^-ir\Ox-\-^  by  x+2,  6,  20^2+11:^+5  by  2^+1. 

7.     5^+ll:c+2  by  x+2.  8.  2a'2+17a7+21  by  2^+a 

9.    5jp2+x6j?  +  3  by  ^7+3.  10.  3j72+34a;+ll  by  3a7+l. 

VL    4a;«+2ai?+15  by  4a?+3.  12.  Qa^-lx-Z  by  2a?-3. 
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13.  ara+:F-14by^-2. 

14.  3x^-x-14hyx+2, 

15.  6a;«  -  31a?+ 35  by  ar  -  7. 

16.  4a^  +  a;-l4hya;  +  2. 

17.  12a«  -  Vflw?  -  1SLf2  by  3a  -  4f. 

18.  15a»+  17ar- 4^3  by  3a+4i?. 

19.  12aa  -  Hoc  -  36c2  by  4a  -  9c. 

20.  9a2+6a<j-35ca  by  3a+7c. 

21.  6ar2-4:ty-45y2  by  10a7-9y. 

22.  -  4j:y  -  15y2 + 96:^2  by  12:p  -  5y. 

23.  7a;3_,_9gar2^  2ar  by  7x -  2. 

24.  100a:3_ar_i3j,2by  3+25a:. 

25.  27ar3+9^-ar-10by3:p-2. 

26.  16a3 - 46a2+39a -  9  by  8a- 3. 

27.  15+3a-7a2-4a3  by  5-4a. 

28.  16-9aF+2iar2-216jF3+81j74by2-ar. 

51.     The  process  of  Art.  50  is  applicable  to  cases  in  which 
the  divisor  consists  of  more  than  two  terms. 

Example,     Divide  6aH^  -  a:* + 4a:'  -  6x'  -  a;  - 15  by  2ar'  -  a:  +  3. 

2x8-a;+3)6ar»-   a:*+4x»-5xa-a;-15(3a:8  +  a;»-2a;-6 
6jr^-3x^+9a:» 

2x4-6ar»-   5x« 

-4x8-   8a;2-   a; 
-4x»+  23?^- 6a; 

-10^3  + 6a; -15 

-10a;2  +  6a;-15 


52.     Sometimes  it  will  be  found  convenient  to  arrange  the 
expressions  in  ascendingr  powers  of  some  common  letter. 

Example,    Divide  2a^  + 10  -  16a  -  39a' + 16a*  by  2  -  4a  -  5aK 

2-4a-6aV10-16a-39a«  +  2a»  +  16a*(^5  +  2<»-3a« 
10-20a-25oa 

4a-14a^+   2a« 
4a-   Sa'-lOgS 

-  6a2  +  12a8+16a* 

-  6a«+12a8  +  15a* 
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53.     We  add  a  few  harder  cases  worked  out  in  full. 
1,     Divide  «*+4a*  by  a^  +  2ica+2a*. 

g*  +  2ae»a  +  2ae^o' 
-2a:So-2a?aa 


2a:-a*  +  4xa*  +  4a* 
2ar»a»  +  4ga»4-4a* 

Example  2.    Divide  a»  +  6»  +  c*-3a^  by  a+h+c 


abc 

aJt^- 

2dbc 

'   abc—ac^ 

aV'- 

•   abc+cu^-h^o 

.  abe         -l^c-Jx? 

Note.  In  the  above  example  the  dividend  and  successive  re- 
mainders are  arranged  in  descending  powers  of  o. 

The  result  of  this  division  is  very  important  and  will  be  referred 
to  later. 

64.  When  the. coefficients  are  fractional  the  ordinary  process 
may  still  be  employed. 

Example,    Divide  ^a^ + -f^xy^ + yVy'  ^7  J^  +  i^ • 

lx^-^\xhf 

-  ^x-y+^xy* 

\xy^+^^ 

In  the  examples  given*hitherto  the  divisor  has  been  exactly 
contained  in  the  dividend.  When  the  division  is  not  exact  the 
work  should  be  carried  on  until  the  remainder  is  of  lower  dimen- 
sions [Art.  10]  than  the  divisor. 
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EXAMPLES  VI.  c. 

Divide 

1.  j;S-^-9ar-12by^+at-+3. 

2.  2y3-3/-Gy-lb7  2/-5y-l. 

3.  6m3-m2-14m  +  3b7  3m2  +  4m-l. 

4.  6a«-13a*+4a3+3a2  by  3a^-2a^-a, 

6.  a*-a3-8a2+12a-9  by  a2+2a-3. 

7.  a*+6a3+13a2+12a+4  by  a2+3a+2. 

8.  2^-^+4^+7a'+1  by  a:2_^+3, 

9.  J75_5j4+9^_6jJ!_^^_,_2bya;2^3x  +  2. 

10.  J75-4^+3a73+3:F2_3<p  +  2  by  a^-a;-2. 

11.  30^+ll^-82a;2^5^  +  3  by  2^-4+3^. 

12.  30^^+9 -7ly3+28y*-35y2  by  4y2-i3y+6. 

13.  Gk^-l6k^+4k^+7i^~U  +  2hySl'^-k+l, 

14.  15  +  2m*-31m  +  9m2+4m3+w6by  3-2m-m2. 

15.  2a^»-8a?  +  a:*^-12~7.r2bya72-|.2-3i^ 

16.  :p«-2jF*-4a:3  +  19a;2by^-7^+5. 

17.  192-:tr*+128:F+4a;2-8a73by  IG-a^. 

18.  14a7*+45a%  +  78a;^H45.ryS+14/  by  2A-2+5jiy  +  Vy2. 

19.  x^-.v^+j^^^-a^  +  a^-2/^hy  ar^-j^-t/. 

20.  .  JT'^  +  cT^-^y^  +  JT^  — 2j:y2_j_y3  by  j;2^^^_y2^ 

21.  a«-&9bya3-&3.  22.    or^-/ by  072+^^+^2. 

23.  ^5^  -  2^1*  -  Vj^y  -  70,712 4.  i4<py  by  0;  -  2/. 

24.  a'*  +  3a26+63_l  +  3a62bya  +  &-l. 

25.  0:8-y8bya73+dr2y  +  xjr2  +  y3.  26.     ai2  -  612  by  a2  -  52. 

27.  ai2+2a«6«+6i2bya*+2a262+&4. 

28.  l-a^-Sx^-eaa;hy  \-a-2x. 
Find  the  quotient  of 

29.  \a^  -  |a2o7  +  ^^aa^  -  21  a^  by  ^a  -  3jr. 

30.  ^a^-iW+i^r^-sVbyJa-i. 
3L  ia2c3+Tha6byJa2+iac. 

32.  ^4-|a3-J.a2+Ja+V^by|a2_|_«. 

33.  3ar2+iy2+|_4<^2^_(j^+i^by  6o?-Jy-J. 

34.  Aa'^-ifiaa^^byla-lx 
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55.     The  following  examples  in  division  may  be  easily  verified; 
they  are  of  great  importance  and  should  be  (sarefuUy  noticed. 

and  so  on ;  the  divisor  being  a;-y,  the  terms  in  the  quotient  all 
pontive^  and  the  index  in  the  dividend  either  odd  or  even, 

L  x-vy  ^ 

and  so  on;  the  divisor  being  ^+y,  the  terms  in  the  quotient 
cUtematdy  positive  and  negative^  and  the  index  in  the  dividend 
always  odd, 

— r--  =  x-y, 
x-^y  ^' 

IIL    1  ~^|*=^-^+^/-y^, 

x+y 

and  80  on;  the  divisor  being  0;+;/,  the  terms  in  the  quotient 
alternately  positive  and  negative,  and  the  index  in  the  dividend 
always  even, 

IV.  The  expressions  ^+y^  x^-k-y^^afi+T^.,,  (where  the 
index  is  everi^  and  the  terms  both  positive)  are  tiever  divisible  by 
x+yorx-y 

All  these  different  cases  may  be  more  concisely  stated  as 
follows : 

(1)  ^  -y"  is  divisible  by  ^  -y  if  w  be  any  whole  number. 

(2)  jf^+y^is  divisible  by  ^  +  y  if  n  be  any  odd  whole  number. 

(3)  sf*  -  y"  is  divisible  by  ;r  +y  if  n  be  any  even  whole  number. 

(4)  4^+y"  is  never  divisible  by  x+y  or  x-y,  when  w  is  an 
even  whole  number. 
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CHAPTER   VII. 

Removal  and  Insertion  of  Bbackets. 

66.  We  frequently  find  it  necessary  to  enclose  within  brackets 
part  of  an  expression  already  enclosed  within  brackets.  For 
this  purpose  it  is  usual  to  employ  brackets  of  different  forms. 
The  brackets  in  common  use  are  (  )t  {  }i  [  ]>  Sometimes  a  line 
called  a  *'  vinculum "  is  drawn  over  the  symbols  to  be  connected; 
thus  a-b^+c  is  used  with  the  same  meaning  as  a-'(b+c\  and 
hence  a-b+c==a-h-c, 

57.  To  remove  brackets  it  is  usually  best  to  begin  with  the 
inside  pair,  and  in  dealing  with  each  pair  in  succession  we  apply 
the  rules  already  given  in  Arts.  21,  22. 

Example  1.     Simplify,  by  removing  brackets,  the  expression 

a-26-[4a-66-{3a-c+(5a-26-8tt-c  +  26)}]. 
Bemoving  the  brackets  one  by  one,  we  have 

o-26-[4o-66-  {3a-c  +  (5a-26-3a  +  c-26)}]  . 
=  a-26-[4a-66-{3o-c+  6a-26-3a  +  c-26}] 
=a-26-[4a-66-   Sa+e-  5a+26  +  3a-c+36] 
=a-26-4a+66+   3a-c+  5a-26-8a+c-26 
=2a,  by  collecting  like  terms. 

Example  2.     Simplify  the  expression 

-[-2a!- {3y-(2a;-8y)  +  (8ac-2y)}+2a!]. 

The  expression  =-[- 2a;  -  {3y  -  2a; + Sy  +  Sob  -  2|^}  +  2a;] 
=  -[-2a;-3y  +  2a;-3y-8a;  +  2y  +  2a;] 
=2a;  +  3y-2a;+3y  +  8a:-2y-2a; 
=«+4y. 
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EXAMPLES  Vn.  a. 

Simplify  by  removing  brackets 

1.  a-(6-c)+a+(6-c)+6-(c+a). 

2.  a-[6+{a-(6+a)}]. 

3.  a -[2a -{36 -(4c -2a)}]. 

4.  {a-(6-c)}+{6-(<?-a)}-{c-(a-6)}. 

5.  2a-(56+[3c-a])-(5a-[6+o]). 

6.  -{-[-(a-S^)]}. 

7.  -[a-{6-(o-a)}]-[6-{c-(a-6)}]. 

8.  -(-(-(-^)))-(-(-y)). 

9.  ~[-{-(6+o-a)}]+[-{-(o+a-6)}]. 

10.  -5a;-[3y-{2a?-(2y-^)}]. 

11.  -(-(-a))-(-(-(-^))). 

12.  3a-[a+6-{a+6+c-(a+6+c+c0}]. 

13.  -2a-[3^+{3o-(4y+3:r+2a)}]. 

14.  3j;-[5y-{6«-(4ar-7y)}]. 

15.  -[5a;-(lly-3x)]-[5y-(3^-6y)]. 

16.  -  [15:i;  -  {14y  -  (15^ + 12y)  -  (IOj?  - 152;)}]. 

17.  8^-{16y-[3^-(12y-a?)-8y]+^}. 

18.  -[.Ji?-{2-|-(^-«)-(-?-d:)-«}-j?]. 

19.  -[a+{a-(a-^)-(a+^)-a}-a]. 

20.  -[a-{a+(d;-a)-(a?-a)-a}-2a]. 

58.  A  coefficient  placed  before  any  bracket  indicates  that 
everjr  term  of  the  expression  within  the  bracket  is  to  be  multi- 
plied by  that  coefficient. 

KoTE.     The  line  between  the  numerator  and  denominator  of  a 

SB  "-  5 

fraction  is  a  kind  of  vinculmn.    Thus  — r—  is  equivalent  to  4  (»  -  6), 

15 

Again,  an  expression  of  the  form  \/{x+y)  is  often  written  /Jx-t-y, 
the  line  above  being  regarded  as  a  vinculum  indicating  the  square 
root  of  the  compound  expression  x+y  taken  at  a  whole* 

Thus  ^/25  +  U4=V169=ia, 

whereas  V26+V144=5+12=17. 
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59.     Sometimes  it  is  advisable  to  simplify  in  the  course  of  the 
work. 

Example,    Find  the  value  of 

84-7[-ll«-4{-17ar  +  3(8-936F)}]. 

TJieexpression  =  84-7[-llx-4{-17a;  +  3(8-9  +  6a;)}] 
=  84-7[-lLr-4{-17a!  +  3(5a;-l)}] 
=  84-.7[-lla5-4{-17«+15a;-3}] 
=  84-7[-lla;-4{-2a:-2}] 
=:84-7[-llaj  +  8aj+12] 
=  84-7[-3a;+12] 
=84+21a5-84 
=  21«. 

When  the  beginner  has  had  a  little  practice  the  uiimber  of 
steps  may  be  considerably  diminished. 

EXAMPLES  Vn.  b. 

Simplify  by  removing  brackets 

1.  a-[26+{3c-3a-(a+6)}  +  2a-(Z»  +  3c)]. 

2.  a  +  b-'{c+a-[b  +  c-{a-\-b-{c+a-{b+c-a)})]), 

3.  a-(b-c)-[a-'b-c-2{b+c-S(c-a)-d]], 

4.  2a;  -  (3y  -4z)-  {2^  -  (3y + 4?)}  -  {3^^  -  (4? + 2x)]. 

5.  &+c~(a+&-[c+a-(6+c-{a+6-(c+a-6)})]). 

6.  3&-{5a-[6a+2(10a-6)]}. 

7.  a-(6-c)-[a-6-c-2{6  +  c}]. 

8.  3a2-[6a2_{862-(9c2-2a2)}]. 

9.  6-(c-a)-[6-a-c-2{c  +  a-3(a-i/)- J}]. 

10.  -20(a-cQ  +  3(&-c)-2[&+c  +  c?-3{c+fl?-4(J-a)>]. 

11.  -4(a  +  d)+24lb-c)-2[c+d+a-3{d  +  a-4{b+c)}l 

12.  -10(a+5)-[c+a+6-3{a+26-(c  +  a-6)}]+4c. 

13.  a-2(6-c)-[-{-(4a~6-c-2{a+6+c})}]. 

14.  8(6-c)-[-{a-6-3(c-6+a))]. 

15.  2(36-5a)-7[a-6{2-5(a-&))]. 

16.  6{a-2[6-3(o+cO]}-4{a-3[&-4(c'-c/)]}. 

17.  5{a-2[a-2(a  +  ^)]}-4{a-2[a-2(a+ar)]}. 

18.  -10|a-6[a-(6--c)]}  +  60{6-(c  +  a)}. 
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19.  -3[-2[-4(-a)]}  +  5{-2[-2(-a)]}. 

20.  -2{-[-(x-y)]}  +  {-2[-(x-3,)]}. 

i^i,,.,<,.,„_|{.(._.)-|[,-3(,4)]). 

22.  35[^^^— ^-t\y{3^-f(7^-M]+8(y-2ar). 

23.  i{i(a-&)-8(6-c)}-  |^^-^--?|-i{c-a-g(a-5)}. 

Insertion  op  Brackets. 

60.  The  converse  opei^tion  of  inserting  brackets  is  im- 
I)ortant.     The  rules  for  doing  this  have  been  enunciated  in  Arts. 

21.  22 ;  for  convenience  we  repeat  them. 

1.  Any  part  of  an  expression  may  be  enclosed  within  brack- 
ets and  the  sign  +  prefixed,  the  sign  of  every  term  within  the 
brackets  remaining  unaltered, 

2.  Any  part  of  an  expression  may  be  enclosed  within  brack- 
ets and  the  sign  —  prefixed,  provided  the  sign  of  every  term 
mthin  the  brackets  he  changed. 

Examples,    a-h  +  c-d-e^a-h  +  ip-d-e). 
a-h  +  c-d-e  =  a-(J)-c)-{d  +  e), 
a?-ax-\-hx-ab  =  (x^  —  ax)  +  {hx  -  ab) . 
xy-ax-  by+ah  =  {xy -  by)  -  {ax -  a6). 

61.  The  terms  of  an  expression  can  be  bracketed  in  various 
ways. 

Example.     The  expression  ax-hx+cx-ay  +  hy-cy 
may  be  written         (ax-bx)  +  {ex  -  ay)  +  {by  -  cy), 
or  {ax  -  hx  +  cx)  -  {ay  -  by+cy)^ 

or  {ax  -  ay)  '-(bx-by)-\-  {ex  -  cy). 

62.  A  factor,  common  to  every  term  within  a  bracket,  may 
be  removed  and  placed  outside  as  a  multiplier  of  the  expression 
within  the  bracket. 
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Example  1.    In  the  expression 

ox*  -  caj  +  7  -  ciar»  +  fee  -  c  -  dx»  +  6x»  -  2  j: 
bracket  together  the  powers  of  x  so  as  to  have  the  sign  +  before  each 
bracket. 

The  expressions  (ooB^  -  da?)  -\- (bafl  -  dx?)  +  {bx  -  ex  -  2x)  +  {7  -  c) 
=a:»(a-d)+a»(6-d)+jj(6-c-2)  +  (7-c) 
=  (a-d)x«  +  (6-d)«2  +  (6-c-2)x+7-c. 
In  this  last  resnlt  the  oomponnd  expressions a-d^b-d,  b-e-2 
are  regarded  as  the  coefficients  of  x*,  x^  and  x  respectively. 

Example  2.    In  the  expression -a^-la+a^  +  9-2x-ab  bracket 
together  the  powers  of  a  so  as  to  have  the  sign  -  before  each  bracket. 

The  expressions  -  (a*B -  o*y)  -  (7a+db)  -  (2a5  -  3) 
=  ~aa(x-y)-a(7  +  6)-(2aj-3) 
=  -(a5-y)a«-(7  +  6)a-.(2aj-S). 

EXAMPLES  Vn.  c. 

In  the  following  expressions  bracket  the  powers  of  a;  so  that 
the  signs  before  all  the  brackets  shall  be  positive  : 

1.  ax*  +  bjfl+5  +  ^x-5a^+2a^-^. 

2.  36a?^-7-2a?+o6+5ar'+ca!?-4r^-6^. 

3.  2-7a:8  4.5ajpa-2cr  +  9ar3  +  7ar-ar». 

4.  2cjfi-Zahr+4da;-3ba^'-a^x^  +  a*, 

In  the  following  expressions  bracket  the  powers  of  a  so  that 
the  signs  before  all  the  brackets  shall  be  negative : 

6.  W-Sc^x-ahafi+bax  +  lx^—dbcx^. 

7.  aa^+a^a^-ba^-6a^-ca^, 

8.  362ar*-6ar-cM?*-cr*-5o*a7-'7^. 

Simplify  the  following  expressions,  and  in  each  result  re- 
group the  terms  according  to  powers  of  a? : 

9.  cux^-2cx-[ba^-{cx-dx-(bx^+Zcx^)}-(cx^-bx)]. 

10.  6(w?3  -7(bx-ca^)-  {6&J7»  -  (3ax^ + 2ar)  -  4ca;3}. 

11.  aa;2-3{-aa?+36a7-4[Jca;3-§(ar-&a:^)]}. 

12.  a^-Aba*^^  [l2ax  -4{Sbx^-9(^ -baA  -gaa:*}  J  . 

13.  x{x-b-x(a-bx)}+cuc-x{a;-x(ax-b)}. 
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63.  In  certain  cases  of  addition,  multiplication,  &c.,  of  ex- 
pressions which  involve  literal  coeflBcients,  the  resiilts  may  be 
more  conveniently  written  by  grouping  the  terms  according  to 
powers  of  some  common  letter. 

Example  1.    Add  together  aa^  -  2&b« + S,  Jos  -  cjb*  -  as*  and 

a"-osK*  +  ca;. 

The  sum = ooB^  -  2505* + 3  +  &«  -  ex' -  as* + «*  -  aaj» + CK 

=  (a-c+l)aj»-(o+26+l)»*+(6+c)«+S. 

■  Example  2.    Multiply  ooc*  -  26aB + 8c  by  |w  -  5. 
The  product = (oaj"  -  2&e  +  3c)  (^  -  2) 

.  =  apaB'-25jKC*+3cpa8- 0535'  + 265* -3c2 
ssopx'  -(26p+og)»»  +  (3cp  + 263)05-805. 

EXAMPLES  Vn.  d. 

Add  together  the  following  expressions,  and  in  each  case 
arrange  the  result  according  to  powers  of  x : 

1.  oa:*  — 2ca?,  hafl  —  ca^  and  ca^—x, 

2.  a^-x-l,  oj^-ba^,  bx  +  x^, 

3.  a^x^-bXy  ^u^-boj^^  2x^-ba^-ax, 

4.  aa^  +  bx-c,  qx-r-pj^,  x^+2x  +  3. 

5.  px^-qx,  qx^-px,  q-afi,  pa^+qx^. 

Multiply  together  the  following  expressions,  and  in  each  case 
arrange  the  result  according  to  powers  of  x : 

6.  cux^+bx  +  l  and  cx+2.  7.    ca^-Zx+S^  and  cuv-b, 
8.    aa^  —  bx-c  and  px+q,         9.     2a;*-34;-l  and  6:f+c. 

10.  cu3fl-2bx-\-3c  and  x-l.      11.    px^-2x-q  and  flw?-3. 

12.  a^  +  cu^-bx-c  and  a^—aafl-bx+c, 

13.  flw;3_;p3^.3^_5  and  ax^-k-a^-k-^x  +  b. 

14.  ar*-ar'-6a:2  4-ca:  +  c?  and  a7*+a^-6a;?*-cj;  +  ti. 


CHAPTER  VIII. 

SiKFLB  Equations. 

64.  An  equation  asserts  that  two  expressions  are  equal,  but 
we  do  not  usually  employ  the  word  equation  in  so  wide  a  sense. 

Thus  the  statement  x+3-fa:=2x+3,  which  is  always  true 
whatever  value  x  may  have,  is  called  an  identical  equation,  or 
an  identity.     The  sign  of  identity  frequently  used  is  =. 

The  parts  of  an  equation  to  the  right  and  left  of  the  sign 
of  equality  are  called  members  or  sides  of  the  equation,  and 
are  distinguished  as  the  right  Me  and  left  side, 

65.  Certain  equations  are  only  true  for  particular  values  of 
the  symbols  employed.  Thus  ar  =  6  is  only  true  when  a"=2, 
and  is  called  an  equation  of  condition,  or  more  usually  an 
equation.  Consequently  an  identity  is  an  equation  which  is 
always  true  whatever  be  the  values  of  the  symbols  involved; 
whereas  an  equation  (in  the  ordinary  use  of  the  word)  is  only 
true  for  particular  values  of  the  svmbols.  In  the  above  example 
3j7=6,  the  value  2  is  said  to  satisfy  the  equation.  The  object 
of  the  present  chapter  is  to  explain  how  to  treat  an  equation  of 
the  simplest  kind  in  order  to  discover  the  value  which  satisfies  it. 

66.  The  letter  whose  value  it  is  required  to  find  is  called 
the  miknown  quantity.  The  process  of  finding  its  value  is 
called  solving  the  equation.  The  value  so  found  is  called  the 
root  or  the  solution  of  the  equation. 

67.  The  solution  of  equations,  and  the  operations  subsidiary 
to  it,  form  an  extremely  important  part  of  Mathematics.  AU 
sorts  of  mathematical  problems  consist  in  the  indirect  determi- 
nation of  some  quantity  by  means  of  its  relations  to  other 
quantities  which  are  known,  and  these  relations  are  all  expressed 
by  means  of  equations.  The  operation  in  general  of  solving  a 
problem  in  Mathematics,  other  than  a  transformation,  is  first, 
to  express  the  conditions  of  the  problem  by  means  of  one  or 
more  equations,  and  secondly  to  solve  these  equations.  For 
example,  the  problem  which  is  expressed  by  the  equation  above 
given  is  the  very  simple  question,  "What  is  the  number  such  that 
if  multiplied  by  3,  tne  product  is  6?"  In  the  present  chapter, 
it  is  the  second  of  these  two  operations,  the  solution  of  an  equa- 
tion, that  is  considered. 
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68.  An  equation  which  involves  the  unknown  quantity  in 
the  first  degree  is  called  a  simple  equation. 

Solution  of  Simple  Equations. 

69.  The  process  of  solving  a  simple  equation  depends  only 
upon  the  following  axloms : 

1 .  If  to  equals  we  add  equals  the  sums  are  equal 

2.  If  from  equals  we  take  equals  the  remainders  are  equaL 

3.  If  equals  are  multiplied  by  equals  the  products  are  equal 

4.  If  equals  are  divided  by  equals  the  quotients  are  equal 

70.  Consider  the  equation  7a?  =  14. 

It  is  required  to  find  what  numerical  value  x  must  have 
consistent  with  this  statement. 

Dividing  both  sides  by  7  we  get 

07=2    (Axiom  4). 

Similarly,  if  o  '^  "  ^' 

multiplying  both  sides  by  2,  we  get 

47= -12 (Axiom  3). 

Again,  in  the  equation  7d7-2.r-a?=23+15-10,  by  collecting 
terms,  we  have  4^=28. 

.-.  07=    7. 

Transposition  of  Terms. 

71.  To  solve  3x-8=x+12. 

Here  the  unknown  quantity  occurs  on  both  sides  of  the 
equation.  We  can,  however,  transpose  any  term  from  one  side 
to  the  other  by  simply  changing  its  sign.   This  we  proceed  to  show. 

Subtract  x  from  both  sides  of  the  equation,  and  we  get 

307-^-8=12 (Axiom  2). 

Adding  8  to  both  sides,  we  have 

307-07=12  +  8  (Axiom  ]). 

Thus  we  see  that  +  o:  has  been  removed  from  one  side,  and 
appears  as  -07  on  the  other;  and  —8  has  been  removed  from  one 
side  and  appears  as  +  8  on  the  other. 

It  is  evident  that  similar  steps  may  be  employed  in  all  cases. 
Hence  we  may  enimciate  the  following  rule : 

Rule.  Any  term  may  be  transposed  from  one  side  of  the 
equation  to  the  other  by  cfumging  its  sign. 
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It  appears  from  this  that  we  may  change  the  sigh  of  ei^ery 
term  in  an  equation ;  for  this  is  equivalent  to  transposing  all  the 
terms,  and  tnen  ma^ng  the  right  and  left  hand  members  change 
places. 

Example.    Take  the  equation  — dx— 12=  x-24. 

Transposing,  —  a;+24=3a;+12, 

or  3a;+12=-a;+24, 

which  is  the  original  equation  with  the  sign  of  eyery  term  changed. 

72.  We  can  now  give  a  general  rule  for  solving  a  simple 
equation  with  one  unknown  quantity. 

Rule.  Transpose  all  the  terms  containing  the  unknown  quan- 
tity to  one  side  of  the  equation,  and  the  known  quantities  to  the  other. 
Collect  the  terms  on  each  side  ;  divide  both  sides  by  the  coefficient  of 
the  unknoum  quantity,  and  the  value  required  is  obtained. 

Example  1.    Solve  5(a-3)-7(6-a:)  +  3=24-3(8-a). 
Removing  brackets,  5x-16-42+7a;+3=24-24+3a; ; 
transposmg,  5x+7x-3a;=24-24+15+42-3 ; 

.-.  9a;=64; 
.-.    x=6. 

Example2,    Solve  5x-(4a;-7)(3aj-6)=6-3(4x-9)(x-l). 
Simplifying,  we  have 

6aj-(12a;2-41a;+35)=6-3(4xa_l3x+9). 
And  by  removing  brackets 

6x-12a;2+41aj-35=6-12x2-f39x-27. 
Erase  the  term  ~12x^  on  each  side  and  transpose  ; 
thus  6a;+41x-39a;=6-27+35 ; 

.-.  7a;=14; 
.-.     x=2. 

Note.  Since  the  —  sign  before  a  bracket  affects  every  term 
within  it,  in  the  first  line  of  work  of  Ex.  2,  we  do  not  remove  the 
brackets  until  we  have  formed  the  products. 
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Example  3.    Solve  7a;-5[x-{7-6(x-3)}]=3x-|-l. 
Removing  brackets,  we  have 

7x-6[aj-{7-6a;-fl8}]=3a;+l, 
7x-6lx-26+6x]=Sx+h 
7aj-5x+126-30a;=3x+l; 
transposing,  7x—6x—30x—3x=  1  —  125; 

.%  ~31x=-124; 
x=4. 

73.  It  is  extremely  useful  for  the  beginner  to  acquire  the 
habit  of  occasionally  verifying,  that  is,  proving  the  truth  of  his 
results.  Proofs  of  this  kind  are  interesting  and  convincing; 
and  the  habit  of  applying  such  tests  tends  to  make  the  student 
self-reliant  and  confident  in  his  own  accuracy. 

In  the  case  of  simple  equations  we  have  only  to  show  that 
when  we  substitute  the  value  of  x  in  the  two  sides  of  the  equa- 
tion we  obtain  the  same  result. 

Example.    To  show  that  x=2  satisfies  the  equation 

5x-(4x-7)(3x-5)=6-3(4x-9)(x-l) Ex.  2.  Art.  72. 

When  x=2,  the  left  side  5x-(4x-7)(3x-5)  =  10-(8-7)(6-6) 

=10-1 
=9. 

The  right  side  6-3(4x-9)(x-l)=6-3(8-9)(2-l) 

=6-3(-l) 
=9. 

Thus,  since  these  two  results  .are  the  same,  x=2  satisfies  the 
equation. 

EXAMPLES  tm.  a. 

Solve  the  following  equations : 
1.    3x+15=x+25.  2.    2x-3=3x-7. 

3.    3x+4=5(x-2).  4.    2x4-3=16- (2x-3). 

6.    8(x-l)  +  17(x-3)=4(4x-9)+4. 
6.    15(x-l)+4(x+3)=2(7+x). 
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7.  5j?-6(jF-5)=2(jF+5)  +  5(ar-4). 

8.  8(07-3) -(6-2A')=2(a?  +  2)-5(5-jF). 

9.  7(25-ar)-2a:=2(ar-25). 

10.  3  (169  -x)-  (78  +  or)  =  29j7. 

11.  6j7-17  +  3^-5=6a:-7-ar+115. 

12.  7a?-39-10:F+15=100-33^+26. 

13.  118  -  65^  - 123 = 15a?+ 35  -  120a?. 

14.  157-21(a7  +  3)  =  163-15(2j7-5). 

15.  179  - 18  (JF- 10)  =  158 -3  (a; -17). 

16.  97-5(a7+20)  =  lll-8(:F+3). 

17.  iF-[3  +  {a;-(3+i;)}]=5. 

18.  6r-(3r-7)-{4-2a7-(6a:-3)}  =  10. 

19.  14r- (507-9) -{4-3a7-(2a?-3)}=30. 

20.  2507-19-[3-{4a7-6}]=3a?-(6a7-5). 

21.  (a?  +  l)(2j7+l)  =  (o7+3)(2or+3)-14. 

22.  (a?+l)2-(x2-l)=07(2i7+l)-2(r+2)(o7+l)  +  20. 

23.  2(a7+l)(jp  +  3)+8=(2i7+l)(o7  +  6). 

24.  6(0^2-307  +  2) -2(o;2_i)^4(^+l)(<P+2)-'24. 

25.  2(o:-4)-(o;2+j,_20)=4r2-(5o7+3)(o?-4)-64. 

26.  (o7+15)(o7-3)-(o;«-6or+9)=30- 15(07-1). 

27.  2or-5{3o:-7(4or-9)}=66. 

28.  20(2-o7)+3(or-7)-2[o7+9-3{9-4(2-o7)}]=22. 

29.  07+2-[o7-8-2{8-3(5-o7)-o:}]=0. 

30.  3(5-6o7)-6[o7-5{l-3(o7-5)}]=23. 

31.  (07+l)(207  +  3)  =  2(07+l)2  +  8. 

32.  3(07-l)2-3(07»-l)=07-15. 

33.  (3o7+l)(2o7-7)  =  6(r-3)2+7. 

34.  o;8-8or+25=o;(o7-4)-25(o7-5)-16. 

35.  07(o7+l)  +  (o?+l)(o7+2)  =  (o7+2)(j7+3)+o;(o?+4)-9. 

36.  2(o7+2)(o7-4)=o7(2o7+l)-21. 

37.  (07+l)2  +  2(07  +  3)2  =  307(07  +  2)  +  35. 

38.  4(07+5)2- (2o7+l)2  =  3(.r-5)  +  180. 

39.  84  +  (o7+4)(o7-3)(or+5)  =  (o7+l)(o7+2)(.t7+3). 

40.  (o7+l)(o7+2)(o7+6)=o?3+9o;24.4(7^_l). 


OHAPTEK  IX. 

Symbolical  Expression. 

74.  In  solving  algebraical  problems  the  chief  di£&ciilty  of 
the  beginner  is  to  express  the  conditions  of  the  question  by 
means  of  symbols.  A  Question  proposed  in  algebraical  symbols 
will  frequently  be  found  puzzling,  when  a  similar  arithmetical 
question  would  present  no  diflBculty.  Thus,  the  answer  to  the 
question  "  find  a  number  greater  than  a?  by  a"  may  not  be  self- 
evident  to  the  beginner,  who  would  of  course  readily  answer  an 
analogous  arithmetical  question,  "  find  a  niunber  greater  than  50 
by  6."  The  process  of  addition  which  gives  the  answer  in  the 
second  case  supplies  the  necessary  hint ;  and,  just  as  the  number 
which  is  greater  than  60  by  6  is  50+6,  so  the  number  which  is 
greater  than  ^  by  a  is  a?+a. 

75.  The  following  examples  wiU  perhaps  be  the  best  intro- 
duction to  the  subject  of  this  chapter.  After  the  first  we  leave 
to  the  student  the  choice  of  arithmetical  instances,  should  he 
find  them  necessary. 

Example  1.    By  how  much  does  x  exceed  17? 

Take  a  numerical  instance;  "by  how  much  does  27  exceed  17?" 
The  answer  obviously  is  10,  which  is  equal  to  27  - 17. 
Hence  the  excess  of  x  over  17  is  a;  - 17. 
Similarly  the  defect  of  x  from  17  is  17  -  x. 

Example  2.     If  a;  is  one  part  of  45  the  other  part  is  45  -  as. 

45 
Example  8.    If  as  is  one  factor  of  45  the  other  factor  is  —  • 

Example  4.  How  far  can  a  man  walk  in  a  hours  at  the  rate  of  4 
miles  an  hour? 

In  1  hour  he  walks  4  miles, 

In  a  hours  he  walks  a  times  as  far,  that  is,  4a  miles. 

Example  5.     If  $20  is  divided  equally  among  y  persons,  the  share 

20 
of  each  is  the  total  sum  divided  by  the  number  of  persons,  or  ^ — , 
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Example  6.  If  17  be  divided  by  6  the  quotient  is  2,  and  the 
remainder  5, 

17        a 

that  is,  -g-=2  +  g. 

So  if  2^  be  divided  by  D,  and  the  quotient  be  Q  and  the  remainder 
R.  we  have 

or  N^QD  +  R, 

Thus,  if  the  divisor  is  af,  the  quotient  y,  and  the  remainder  z,  the 
dividend  is  SBy  +  «. 

Example  7.  A  and  B  are  playing  for  money ;  A  begins  with 
$p  and  ^  with  q  dimes :  after  B  has  won  $x,  how  many  dimes  has 
each  ? 

What  B  has  won  A  has  lost, 

.-.  -4  has  10(p— a;)  dimes, 
£  has  g+lOx  dimes. 


EXAMPLES  DL   a. 

1.  What  must  be  added  to  x  to  make  y  f 

2,  By  what  must  3  be  multiplied  to  make  a? 

8.  What  dividend  gives  6  as  the  quotient  when  5  is  the  divisor? 

4.  What  is  the  defect  of  2c  from  3<Z? 

6.  By  how  much  does  3h  exceed  h? 

6.  If  100  be  divided  into  two  parts  and  one  part  be  x  what  is  the 
other? 

7.  If  a  be  one  factor  of  h,  what  is  the  other? 

8.  What  number  is  less  than  20  by  c? 

9.  What  is  the  price  iu  cents  of  a  oranges  at  ten  cents  a  dozen  ? 

10.  What  is  the  price  in  cents  of  100  oranges  when  z  cost  six 
cents  ?  ; 

11.  If  the  difference  of  two  numbers  be  11,  and  if  the  smaller 
be  x,  what  is  the  greater  ? 

12.  If  the  sum  of  two  numbers  be  c  and  one  of  them  is  20, 
what  is  the  other  ? 

18.  What  is  the  excess  of  90  over  x  ? 

14.  By  how  much  does  x  exceed  30  ? 

16.  If  100  contains  x  five  times,  what  is  the  value  of  a  ? 

16.  What  is  the  cost  in  dollars  of  40  books  at  x  dimes  each  ? 
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17.  In  X  years  a  man  will  be  86  years  old,  what  is  his  present 
age? 

18.  How  old  will  a  man  be  in  a  years  if  his  present  age  is  x  years? 

19.  If  X  men  take  5  days  to  reap  a  field,  how  long  will  one  man 
take? 

20.  What  value  of  x  will  make  5a;  equal  to  20  ? 

21.  What  is  the  price  in  dimes  of  120  apples,  when  the  cost  of 
two  dozen  is  x  cents? 

22.  How  many  hours  will  It  take  to  walk  x  miles  at  4  miles  an 
hour? 

23.  How  far  can  I  walk  in  x  hours  at  the  rate  of  y  miles  an  hour  ? 

24.  In  X  days  a  man  walks  y  miles,  what  is  his  rate  per  day  ? 
26.    How  many  minutes  will  it  take  to  walk  x  miles  at  a  miles 

an  hour? 

26.  A  train  goes  x  miles  an  hour,  how  long  does  it  take  to  go 
from  New  York  to  Albany,  a  distance  of  144  miles? 

27.  How  many  miles  is  it  between  two  places,  if  a  train  travel- 
ling p  miles  an  hour  takes  5  hours  to  perform  the  journey? 

28.  What  is  the  velocity  in  feet  per  second  of  a  train  which 
travels  30  miles  in  x  hours  ? 

29.  A  man  has  a  dollars  and  b  dimes,  how  many  cents  has  he  ? 

30.  If  I  spend  x  half-dollars  out  of  a  sum  of  $20,  how  many 
half-dollars  have  I  left? 

31.  Out  of  a  purse  containing  $a  and  b  dimes  a  man  spends  c 
cents ;  express  in  cents  the  sum  left. 

32.  By  how  much  does  2aj — 6  exceed  x+l? 

33.  What  number  must  be  taken  from  a— 26  to  leave  a— 86? 
84.    If  a  bill  is  shared  equally  amongst  x  persons  and  each  pays 

four  dimes,  how  many  cents  does  the  bill  amount  to? 

36.  If  I  give  away  c  dimes  out  of  a  purse  containing  a  dollars 
and  6  half-dollars,  how  many  dimes  have  I  left? 

36.  In  how  many  weeks  will  x  horses  eat  100  bushels  of  oats 
if  one  horse  eats  y  bushels  a  week? 

37.  If  I  spend  x  quarters  a  week,  how  many  dollars  do  I  save 
out  of  a  yearly  income  of  t^y? 

38.  A  bookshelf  contains  x  Latin ,  y  Greek,  and  z  English  books : 
if  there  are  100  books,  how  many  are  there  in  other  languages? 

39.  I  have  x  dollars  in  my  purse,  y  dimes  in  one  pocket,  and 
z  cents  in  another :  if  I  give  away  a  half-dollar  how  many  cents 
have  I  left? 

40.  In  a  class  of  x  boys,  y  work  at  Classics,  z  at  Mathematics, 
and  the  rest  are  idle :  what  is  the  excess  of  workers  over  idlers? 
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76.    We  subjoin  a  few  harder  examples  worked  out  in  full. 

Eocample  1.  What  is  the  present  age  of  a  man  who  x  years 
hence  will  be  m  times  as  old  as  his  son  now  aged  y  years  ? 

In  X  years  the  son's  age  will  he  y+x  years ;  hence  the  father's 
age  will  be  m(y-\-x)  years;  therefore  now  the  father's  age  is 
m(y-{-x)  —x  ye&TB, 

Example  2.  Find  the  simple  interest  on  $A;  in  n  years  at  /per 
cent. 

Interest  on  $100  for  1  year  is    $/, 


,  Al      ft  -Z_, 

9k      $  ^ 


100' 
.-.   Interest  on  ^k     for  n  years  is  $  ^^. 

Example  8.  A  room  is  x  yards  long,  y  feet  broad,  and  a  feet  high; 
find  how  many  square  yards  of  carpet  will  be  required  for  the  floor, 
and  how  many  square  yards  of  paper  for  the  walls. 

(1)  The  area  of  the  floor  is  Bxy  square  feet ; 

.'.  the  number  of  square  yards  of  carpet  required  is  —^  =  ^ . 

(2)  The  perimeter  of  the  room  is  2  (3x + y)  feet ; 
.*.  the  area  of  the  walls  is  2a  {3x'+  y)  square  feet ; 

.'.  number  of  square  yards  of  paper  required  is  — ^ — —  . 

Example  4.  The  digits  of  a  number  beginning  from  the  left  are 
a,  &,  c;  what  is  the  number? 

Here  c  is  the  digit  in  the  units'  place ;  b  standing  in  the  tens'  place 
represents  h  tens ;  similarly  a  represents  a  hundreds. 

The  number  is  therefore  equal  to  a  hundreds +  &  tens+c  units 

=  100a  +  10  6  +  c. 
If  the  digits  of  the  number  are  inverted,  a  new  number  is  formed 
which  is  symbolically  expressed  by 

100c +  106+ a. 

Example  5.  What  is  (1)  the  sum,  (2)  the  product  of  three  con- 
secutive numbers  of  which  the  least  is  n? 

The  numbers  consecutive  to  n  are  n+1,  n+2  • 
,*.  the  siun=n+(«  +  l)  +  (»+2) 
=3n  +  3. 
And  the  product =n  (n + 1)  (» + 2). 
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We  may  remark  here  that  any  even  nimiber  may  be  denoted 
by  2/1,  where  n  is  antf  positive  whole  number;  for  this  expression 
is  exactly  divisible  by  2. 

Similarly,  any  odd  number  may  be  denoted  by  2n+ 1 ;  for  this 
expression  when  divided  by  2  leaves  remainder  1. 

Example  6.  How  many  days  will  a  men  take  to  mow  h  acres  if  c 
boys  can.  mow  a  acres  in  h  days,  and  each  man*s  work  equals  that  ot 
n  boys? 

Since  c  boys  can  mow  a  acres  in   5  days ; 
/.  1  boy he  days, 

.*.  n  boys,  or  1  man, —  days, 

.'.  a  men —  days, 

an 

be 
.'.  a  men 1  acre  .  .  -^  days ; 

a^n     '' 

therefore  a  men  can  mow  6  acres  m  -^j-daya. 

EXAMPLES  IX.  b. 

1.  Write  down  four  consecutive  numbers  of  which  x  is  the  least. 

2.  Write  down  three  consecutive  numbers  of  which  y  is  the 
greatest. 

3.  Write  down  five  consecutive  numbers  of  which  x  is  the  middle 
one. 

4.  What  is  the  next  even  number  after  2nf 

6.    What  is  the  odd  number  next  before  2x + 1? 

6.  Find  the  sum  of  three  consecutive  odd  numbers  of  which  the 
middle  one  is  2n + 1. 

7.  A  man  makes  a  journey  of  x  miles.  He  travels  a  miles  by 
coach,  h  by  train,  and  finishes  the  journey  by  boat.  How  far  does  the 
boat  carry  him? 

8.  A  horse  eats  a  bushels  and  a  donkey  h  bushels  of  com  in  a 
week;  how  many  bushels  wiU  they  together  consume  in  n  weeks? 

9.  If  a  man  was  x  years  old  5  years  ago,  how  old  will  he  hey 
years  hence? 

10.  A  boy  is  x  years  old,  and  five  years  hence  his  age  will  be  half 
that  of  his  father.    How  old  is  the  father  now? 

11.  What  is  the  age  of  a  man  who  y  years  ago  was  m  times  as 
old  as  a  child  then  aged  x  years? 

12.  A's  age  is  double  B's,  B's  is  three  times  Cs,  and  Cj&x  years 
old:  find ^ 'sage. 

13.  What  is  the  interest  on  $1000  in  b  years  at  c  per  cent.? 
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14.    What  is  the  interest  on  8x  in  a  years  at  6  per  cent.  ? 
16.    What  is  the  interest  on  $60a  in  a  years  at  a  per  cent.  ? 

16.  What  is  the  interest  on  924xy  in  x  months  at  y  per  cent 
per  annum? 

17.  A  room  is  x  yards  in  length,  and  y  feet  in  breadth ;  how 
many  square  feet  are  there  in  the  area  of  the  floor? 

18.  A  square  room  measures  x  feet  each  way;  how  many 
square  yards  of  carpet  will  be  required  to  cover  it? 

19.  A  room  is  p  feet  long  and  x  yards  in  width ;  how  many 
yards  of  carpet  two  feet  wide  will  be  required  for  the  floor? 

20.  What  is  the  cost  in  dollars  of  carpeting  a  room  a  yards 
long  b  feet  broad  with  carpet  costing  c  dimes  a  square  yard  ? 

21.  How  many  yards  of  carpet  x  inches  wide  will  be  required 
to  cover  the  floor  of  a  room  y  feet  long  and  z  feet  broad? 

22.  A  room  is  a  yards  long  and  b  yards  broad ;  in  the  middle 
there  is  a  carpet  c  feet  square ;  how  many  square  yards  of  oil-cloth 
will  be  required  to  cover  the  rest  of  the  floor? 

23.  How  many  miles  can  a  person  walk  in  46  minutes  if  he 
walks  a  miles  in  x  hours? 

24.  How  long  will  it  take  a  person  to  walk  b  miles  if  he  walks 
20  miles  in  c  hours  ? 

26.  If  a  train  travels  a  miles  in  b  hours,  how  many  feet  does 
it  move  through  in  one  second  ? 

26.  A  train  is  running  with  a  velocity  of  x  feet  per  second ; 
how  many  miles  will  it  travel  in  y  hours  ? 

27.  How  long  will  x  men  take  to  mow  y  acres  of  com,  if  each 
man  mows  z  acres  a  day  ? 

28.  How  many  men  will  be  required  to  do  in  x  hours  what  y 
men  do  in  xz  hours? 

29.  What  is  the  rate  per  cent,  which  will  produce  $y  interest 
from  a  principal  of  $1000  in  r  years? 

30.  Find  in  how  many  years  a  principal  of  $a  will  produce  $p 
interest  at  r  per  cent,  per  annum. 


CHAPTER  X. 
Pkoblems  leading  to  Simple  Equations. 

77.  The  principles  of  the  last  chapter  may  now  be  employed 
to  solve  various  proolems. 

The  method  of  procedure  is  as  follows : 

Represent  the  unknown  quantity  by  a  symbol,  as  x,  and  ex- 
press in  symbolical  language  the  conditions  of  the  Question ;  we 
thus  obtain  a  simjjle  equation  which  can  be  solved  by  the  meth- 
ods already  given  in  Chapter  viii. 

Example  1.  Find  two  numbers  whose  sum  is  28,  and  whose 
difference  is  4. 

Let  X  be  the  smaller  number,  then  d;+4  is  the  greater. 

Their  sum  is  a:  +  (a; +4),  which  is  to  be  equal  to  28. 

Hence  a;+x  +  4=28; 

2a;=24; 

.-.    a;=12. 

and  a?+4=16, 

so  that  the  numbers  are  12  and  16. 

The  beginner  is  advised  to  test  his  solution  by  proving  that 
it  satisfies  the  conditions  of  the  question. 

Example  2.  Divide  60  into  two  parts,  so  that  three  times  the 
greater  may  exceed  100  by  as  much  as  8  times  the  less  falls  short  ol 
200. 

Let  X  be  the  greater  part,  then  60  -  x  is  the  less. 

Three  times  the  greater  part  is  Sx,  and  its  excess  over  100  is 

3a; -100. 
Eight  times  the  less  is  8  (60 -x),  and  its  defect  from  200  is 

200 -8  (60 -a;). 
"Whence  the  symbolical  statement  of  the  question  is 
3a? -100= 200 -8  (60 -a;); 
3a?-100=200-480  +  8x, 
480  - 100  -  200 = 8a;  -  3a;, 
6a;=180; 
/.    a;  =3  36,  the  greater  part, 
and  60 -a; =24,  the  less. 
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Example  3.  Divide  $47  between  A,  B,  C,  so  that  A  may  haye 
910  more  than  B,  and  B  (8  more  than  C, 

Suppose  that  C  has  x  dollars ;  then  B  has  x+8  dollars,  and  A 
has  X+8+ 10  dollars. 

Hence  x+ (x+8)  +  (x+8 +10)  =47; 

X+X+8+X+8+ 10=47, 
3x=21 ; 
.-.    x=7; 
so  that  C  has  $7,  B  $15,  A  (25. 

Example  4.  A  person  spent  $1 12.80  in  buying  geese  and  ducks ; 
if  each  goose  cost  14  dimes,  and  each  duck  6  dimes,  and  if  the  total 
number  of  birds  bought  was  108,  how  many  of  each  did  he  buy  ? 

In  questions  of  this  kind  it  is  of  essential  importance  to  have  all 
quantities  expressed  in  the  same  denomination ;  in  the  present  in- 
stance it  will  be  convenient  to  express  the  money  in  dimes. 

Let  X  be  the  number  of  geese,  then  108— x  is  the  number  of 
ducks. 

Since  each  goose  costs  14  dimes,  x  geese  cost  14x  dimes. 

And  since  each  duck  costs  6  dimes,  108— x  ducks  cost  6(108— x) 
dimes. 

Therefore  the  amount  spent  is 

14x+6(108-x)  dimes, 
but  the  question  states  that  the  amount  is  also  $112.80,  that  is,  1128 
dimes. 

Hence  I4x+6(108-x) =1128 ; 

dividing  by  2,  7x+324-3x=664, 

4x=240, 
.•.    x=60,  the  number  of  geese, 
and  108— x=48,  the  number  of  ducks. 

Example  6.  A  is  twice  as  old  as  ^;  ten  years  ago  he  was  four 
times  as  old ;  what  are  their  present  ages  ? 

Let  B^s  age  be  x  years,  then  ^'s  age  is  2x  years. 
Ten  years  ago  their  ages  were  respectively,  x— 10  and  2x— 10 
years ;  thus  we  have         2x— 10=4(x— 10); 
2x-10=4x-40, 
2x=30; 
.-.  x=15, 
so  that  B  is  15  years  old,  A  30  years. 

Note.  In  the  above  examples  the  unknown  quantity  x  repre- 
sents a  number  of  dollars,  ducks,  years,  &c.;  and  the  student  must 
be  careful  to  avoid  beginning  a  solution  with  a  supposition  of  the 
kind,  "let  x=-4*s  share"  or  **let  x=the  ducks,"  or  any  statement 
so  vague  and  inexact. 
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EXAMPLES  Z. 

1.  One  number  exceeds  another  by  5,  and  their  sum  is  29 ;  find 
them. 

2.  The  difference  between  two  numbers  is  8 ;  if  2  be  added  to 
the  greater  the  result  will  be  three  times  the  smaller:  find  the 
numbers. 

3.  Find  a  number  such  that  its  excess  over  50  may  be  greater  by 
11  than  its  defect  from  89. 

4.  A  man  walks  10  miles,  then  travels  a  certain  distance  by 
train,  and  then  twice  as  far  by  coach.  If  the  whole  journey  is  70 
miles,  how  far  does  he  travel  by  train? 

0.  'What  two  numbers  are  those  whose  sum  is  58,  and  difference 
28? 

6.  If  288  be  added  to  a  certain  number,  the  result  will  be  equal  to 
three  times  the  excess  of  the  number  over  12 :  find  the  number. 

7.  Twenty-three  times  a  certain  number  is  as  much  above  14  as 
16  is  above  seven  times  the  number:  find  it. 

8.  Divide  105  into  two  parts,  one  of  which  diminished  by  20  shall 
be  equal  to  the  other  diminished  by  15. 

9.  Find  three  consecutive  numbers  whose  sum  shall  equal  84. 

10.  The  sum  of  two  numbers  is  8,  and  one  of  them  with  22 
added  to  it  is  five  times  the  other :  find  the  numbers. 

11.  Find  two  numbers  differing  by  10  whose  sum  is  equal  to  twice 
their  difference. 

12.  ^  A  and  B  begin  to  play  each  with  $60.  If  they  play  till  A' a 
money  is  double  £'s,  what  does  A  win? 

13.  Find  a  number  such  that  if  5,  15,  and  35  are  added  to  it,  the 
product  x>f  the  first  and  third  results  may  be  equal  to  the  square  of 
the  second. 

14.  The  difference  between  the  squares  of  two  consecutive  num- 
bers is  121 :  find  the  numbers. 

15.  The  difference  of  two  numbers  is  3,  and  the  difference  of  their 
squares  is  27 :  find  the  numbers. 

16.  Divide  $380  between  A,  B,  and  C,  so  that  B  may  have  $30 
more  than  A^  and  C  may  have  $20  more  than  B. 

17.  A  sum  of  $7  is  made  up  of  46  coins  which  are  either  quar- 
ters or  dimes :  how  many  are  there  of  each  ? 

18.  If  silk  costs  five  times  as  much  as  linen,  and  I  spend  $48 
in  buying  22  yards  of  silk  and  50  yards  of  linen ;  find  the  cost  of 
each  per  yard. 

19.  A  father  is  four  times  as  old  as  his  son :  in  24  years  he 
v^ill  only  be  twice  as  old ;  find  their  ages. 

20.  -4  is  26  years  older  than  B,  and  -4's  age  is  as  much  above 
20  as  ^*s  is  below  85 :  find  their  ages. 


62  ALGEBRA. 

21.  ^*s  age  is  six  times  ^*s,  and  fifteen  years  hence  A  will  be 
three  times  as  old  as  B:  find  their  ages. 

28.  A  sum  of  $16  was  paid  in  dollars,  half-dollars,  and  dimes. 
The  number  of  half-dollars  used  was  four  times  the  number  of  dol- 
lars and  twice  the  number  of  dimes ;  how  many  were  there  of  each  ? 

23.  The  sum  of  the  ages  of  A  and  B  is  30  years,  and  five  years 
hence  A  will  be  three  times  as  old  as  S:  find  their  present  ages. 

24.  I  purchase  127  bushels  of  grain.  If  the  number  of  bushels 
of  wheat  be  double  that  of  the  com,  and  seven  more  than  five  times 
the  number  of  bushels  of  corn  equals  the  number  of  bushels  of  oats, 
find  the  number  of  bushels  of  eac^. 

26.  The  length  of  a  room  exceeds  its  breadth  by  3  feet ;  if  the 
length  had  been  increased  by  3  feet,  and  the  breadth  diminished  by 
2  feet,  the  area  would  not  have  been  altered :  find  the  dimensions. 

26.  The  length  of  a  room  exceeds  its  breadth  by  8  feet ;  if  each 
had  been  increased  by  2  feet,  the  area  would  have  been  increased 
by  60  square  feet :  find  the  original  dimensions  of  the  room. 


CHAPTER  XI. 
Resolution  into  Factors. 

78.  Definition.  When  an  algebraical  expression  is  the 
product  of  two  or  more  expressions  each  of  these  latter  quanti- 
ties is  caUed  a  factor  of  it,  and  the  determination  of  these  quan- 
tities is  called  the  resolution  of  the  expression  into  its  factors. 

In  this  chapter  we  shall  explain  the  principal  rules  by  which 
the  resolution  of  expressions  into  their  component  factors  may 
be  effected. 

When  each  or  the  Terms  is  Divisible  by  a  Common 
Factor. 

79.  The  expression  may  be  simplified  by  dividing  each  term 
separately  by  this  factor,  and  enclosing  the* quotient  within 
brackets;  the  common  factor  being  placed  outside  as  a  co- 
efficient. 

Example  1.  The  terms  of  the  expression  Sa^—6ab  have  a  com- 
mon factor  3a; 

.-.  8a2-6o6=3a(o-26). 

Example  2.    6a^b3fi-l&abx^-20bH^=:6bx%a^x-'3a-ib^) . 


EXAMPLES  XI.  a. 


Resolve  into  factors : 


1. 

a.*-ax.        2.    *»-«'.         3.    2a-2a'.       4,    a»-a6'. 

5. 

"Jp^+P-         6.    Sx-iifi.       7.    5ax~6a»xK 

8. 

S3?+3fi.        9.    x'+xy.      10.    af-x^.      U.    6x-2&x^. 

12. 

15+25a:«.              13,     l&x+Oix'^i/.        14.    15a«-225o«. 

15. 

64-81X.              16.    10xfl-25x*y.       17.    Sx?-x^+x. 

18. 

63fl+2a^+i}fi.                     19.    ifi-x^+x}/'. 

20. 

Sa^-3€flb+6a'>b^.                21.    2x'^*-6x'^'-i-2xy». 

22. 

6^-'9x'^+12xi/^.                23.    63fi-10a'h?-15aW. 

24. 

7a-7a»+14a«.                     25.    38a«*6+57a«a;2. 
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When  the  Terms  can  be  grouped  so  as  to  contain 

A  Common  Factor. 
80.    Sxample  1.    Resolve  into  factors  x^—ax+bx-  ab, 

Kotioing  that  the  first  two  terms  oontain  a  factor  x^  and  the  last 
two  terms  a  factor  5,  we  enclose  the  first  two  terms  in  one  bracket, 
and  the  last  two  in  another.    Thus, 

x^-ax+bx'-ab={x^-'ax)  +  {bx-db) 

=x{x-a)  +  b{x-a) (1) 

=  (x-a)(x  +  6), 
since  each  bracket  of  (1)  contains  the  same  factor  x  -  a. 

Example  2.    Besolve  into  factors  60;^  -  9ax  +  45a;  -  6a&. 
6a:«  -  9ax  +  46x  -  6a6  =  (6x'  -  9ax)  +  (46a;  -  6ab) 
=3a;  (2a;  -  3a)  +  26  (2a;  -  3a) 
=  (2x-3a)(3a;  +  26). 

Example  3.     Besolve  into  factors  12a'  -  4a5  -  3aa;' + bx*, 
12a«  -  4a6  -  3aa;»+ 6x»=(12a8  -  4a6)  -  (3aa;«  -  6a;«) 
=  4a(3a-6)-a:»(3a-6) 
=  (3a-6)(4a-a;8). 

Note.  In  the  first  line  of  work  it  is  usually  sufficient  to  see  thai 
each  pair  contains  some  common  factor.  ^  Any  suitably  chosen  pairs 
will  bring  out  the  same  result.  Thus,  in  the  last  example,  by  a 
different  arrangement,  we  have 

12a8-4a6-3aa;8  +  6x«=(12a«-3aa;2)-(4a6-l>a:») 
=  .3a(4a-a;2)-6(4a-a;') 
=  (4a-a;2)(3a-6). 
The  same  result  as  before,  for  the  order  in  which  the  factors  of  a 
product  are  written  is  of  course  immaterial. 

EXAMPLES  XI  b. 

Resolve  into  factors : 

1,  a^  +  db-\-ac+hc.  2.  a^-ao+ab-bc. 

3.  a^c^+acd+abc  +  bd.  4.  a^+3a+ac  +  3c. 

5.  2a;+ca?+2c  +  c^.  6.  :f2-aa7+5j?-5a. 

7.  5a+a6  +  56  +  62.  g.  ab-by-^ay-^-y^ 

9.  ax-bx-aa-\-bz,  10.  pr+qr-ps-qs, 

11.  mx-my-TUC  +  ny,  12.  mx-ma+ruc—na, 

13.  2aa:+ay  +  ^a:  +  by.  14.  Zax-bx-Zay  +  by, 
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15.  Qx^-\-Sxy-2ax-ay,  16.  mx-2my—nx+2ny, 

17,  ax^-Sbxy-axy-^Shy^,  18.  x^-^mxy-^xy-4myK 

19.  ax2+6x2+2a+26.  20.  x^-Sx-xyi^Sy. 

21.  2x*-x8+4x-2.  22.  3x8+6a2-f3aj+5. 

23.  iB*+a8+2x+2.  24.  y^-yHy-1. 

25.  axy-hbcxy-az-bcz.  26.  jf^x^-hg^^-ag^-ap, 

27.  2ax2+3ax2/-26x2/-3&y2.  28.  amxH&wxy-a?ixy-6ny2. 

Trinomial  Expressions. 

81.  Before  proceeding  to  the  next  case  of  resolution  into 
factors  the  student  is  advised  to  refer  to  Chap.  v.  Art  44.  At- 
tention has  there  been  drawn  to  the  way  in  which,  in  forming 
the  product  of  two  binomials,  the  coefficients  of  the  different 
terms  combine  so  as  to  give  a  trinomial  result.  Thus,  hj  Art  44, 

(a?+5)(:r+3)=a?2+&P+15 (1), 

(ar-5)(a?-3)=^2«ar+i5 ^..(g), 

(ar  +  5)(^-3)=^H2a?-15 (3), 

(^-5)(a7+3)=^2_2a7-15 (4). 

We  now  propose  to  consider  the  converse  problem  :  namely, 
the  resolution  of  a  trinomial  expression,  similar  to  those  which 
occur  on  the  right-hand  side  of  the  above  identities,  into  its 
component  binomial  factors. 

By  examining  the  above  results,  we  notice  that : 

1 .  The  first  term  of  both  the  factors  is  a;, 

2.  The  product  of  the  second  terms  of  the  two  factors  is 
equal  to  the  third  term  of  the  trinomial;  thus  in  (2)  above  we 
see  that  15  is  the  product  of  -5  and  -  3;  while  in  (3)  - 15  is 
the  product  of  +5  and  -3. 

3.  The  algebraic  sum  of  the  second  terms  of  the  two  factors 
is  equal  to  the  coefficient  of  a?  in  the  trinomial ;  thus  in  (4)  the 
sum  of  -5  and  4-3  gives  -2,  the  coefficient  of  s  in  the  tri- 
nomial. 

The  application  of  these  laws  will  be  easily  understood  from 
the  following  examplea 

ExampU  1.    Besolve  into  factors  it*  +  llx + 24. 

The  second  terms  of  the  factors  must  be  such  that  tHeir  product 
is  +24,  and  their  sum  +11.  It  is  dear  that  they  must  be  +8 
and +3. 

.%  a«+ll«+24=(«+8)(x+8). 


66 


ALGEBRA. 


Example  2.    BesoWe  into  factors  x^  -  lOx + 24. 

Tlie  second  terms  of  the  factors  must  be  such  that  their  prodact 
is  -f  24,  and  their  sum  - 10.  Hence  they  mnst  both  be  negative,  and 
it  is  easy  to  see  that  they  must  be  -  6  and  -  4. 

.-.  x»-10x  +  24=(x-6)(a:-4). 


JCxampU  8. 


-9) 


:«-18a:  +  81  =  (j:-9)(x- 
=  (x-9)«. 
ExampU  4.        a:^  +  10xa  +  25  =  (ar«+6)(««+6) 
=  (x»  +  6)«. 

Example  5.    Besolye  into  factors  x^  -  llax+lOa^, 
The  second  terms  of  the  factors  mnst  be  such  that  their  prodact 
is  +  10a',  and  their  sum  -  11a.    Hence  they  must  be  -  10a  and  -  a. 
.'.  a?»-llax+10a8=(a:-10a)(x-a). 

NoTX.  In  examples  of  this  kind  the  student  should  always  yerify 
his  results,  by  forming  the  product  (mentally  t  as  explained  in  Chap,  v.) 
of  the  factors  he  has  chosen. 


EXAMPLES  XI.  c. 


BoHolve  into  factors : 


1. 

a«  +  3a+2.            2. 

a«. 

f2a+l.            3.    a2+7a-tl2. 

1 

a«-7a-f-12.          6. 

x»- 

-ll4?+30.         6.    ^-15a?+56. 

7. 

x^^VJx+QO.        8. 

j;»+13a?+42.         9.    ^-21a?+110. 

10. 

a;a-21ar+108.     11. 

^- 

-21ar+80.       12.    x2+21a:+90. 

13. 

A'«-19:i;  +  84.       14. 

a^- 

-19:i;+78.       15.    ^-iap+45. 

16. 

A*+20:i;+06.       17. 

^- 

-2607+166.     18.     ^-21jf+104. 

10. 

s^  +  23a:+l02,     20. 

a»- 

-24a+95.       21.     a2-32a+256. 

22. 

a3  +  30a+225.     23, 

a«-h54a+729.     24.    a^- 38a +361. 

25. 

a3-14a6+496a. 

26. 

a^+5ab  +  6b^. 

27. 

ma-13mn  +  40»2. 

28. 

w2-22m»  + 1057*2. 

29. 

^-23jy+132ya. 

3a 

jf2"26^  +  169/. 

31. 

^  +  8a?2  +  7. 

32. 

^+9j:y+14/. 

33. 

a^^-iejn/+S9, 

34. 

^+49xy+600/. 

35. 

^«+ 340^ +289. 

36. 

a<6*+37a262+300. 

37. 

a^-20abx+75b^a^. 

38. 

^+4ary+390y2. 

39. 

a^'-29ab+64b\ 

40. 

^+162j^»+C5C1. 

41. 

12-1a;+a^. 

42. 

20+9a7+a;2^ 

43. 

132-23ar+;F2. 

44. 

88  +  19^+a?2. 

45. 

130+31^+;«r8y2. 

46. 

143-24:ira+;r2a2. 

47. 

204-29^2+;f*. 

48. 

216+35^+0:2. 
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82.  Next  consider  a  case  where  the  third  term  of  the  tri- 
nomial is  negative. 

Example  1.     Besolve  into  fieustora  x*+2x-  36. 

The  second  terms  of  the  factors  must  be  such  that  their  product 
is  -  35,  and  their  algebraical  sum  +  2.  Hence  they  must  have  opposite 
signs,  and  the  greater  of  them  must  be  positive  in  order  to  give  its 
sign  to  their  sum. 

The  required  terms  are  therefore  +7  and  -  5. 

.-.  a:«  +  2x-35=(a;  +  7)(a;-5). 

Example  2.    Besolve  into  factors  x^  -  Sx  -  54. 

The  second  terms  of  the  factors  must  be  such  that  their  product 
is  -  54,  and  their  algebraical  sum  -  3.  Hence  they  must  have  opposite 
signs,  and  the  greater  of  them  must  be  negative  in  order  to  give  its 
sign  to  their  sum. 

The  required  terms  are  therefore  -  9  and  +  6. 
.«.  a:«-3a;-64  =  (aj-9)(a:  +  6). 

Remembering  that  in  these  cases  the  numerical  quantities 
must  have  opposite  su/nsj  if  preferred,  the  following  method  may 
be  adopted. 

Example  3.    Resolve  into  factors  x^y^  +  23xy  -  420. 

Find  two  numbers  whose  product  is  420,  and  whose  difference  is  23. 
These  are  35  and  12 ;  hence  inserting  the  signs  so  that  the  positive 
may  predominate,  we  have 

a:^' +  23a:y  -  420  =  (a:y  +  So)  («y  - 12) . 


EXAMPLES  XI.  d. 


Resolve  into  factors : 

1. 

a^-a;-2, 

2. 

ji/^+x-2. 

3. 

a^-x-G. 

L 

x^+x-e. 

5. 

.r2-2^-3. 

6. 

a:2+2a;-3. 

7. 

a^  +  x-56. 

8. 

x2+3a;-40. 

9. 

0^^-4^-12. 

10. 

a2-a-20. 

11. 

a2-4a-21. 

12. 

a2+a- 20. 

13. 

a2-4a-117. 

14. 

^+9x-36. 

15. 

o^+x-lbG. 

16. 

a^  +  a?-110. 

17. 

^-9x-90. 

18. 

^-2-07- 240. 

19. 

a«-12a-85. 

20. 

a^- 11a- 152. 

21. 

a/hf^^bxi/-2A. 

22. 

^  +  7a;y-60/. 

.  23. 

a^+ax-42a^. 

24. 

^-32:cy-105y2. 

25. 

a*- ay -210^2. 

26. 

a^  +  lSx-llb. 

27. 

^-20a?y-96y2. 
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28.  ««+16af-260.     29.  aa-lla-26.       30.   ay+14ay-240. 

31.  a*-a262-.56M.    32.  «*-14f«-51.     S3.    y*+ftr«y«-27:c*. 

34.  a'^b^-3abc-10<^,  35.    a«+12a&fl7-2862a,^. 

36.  a2„i3aay-243a:«y«.  37.    A'*+13a2a?«-300a*. 

38.  a:*-a2a:«-132a*.  39.    a^  -  a^x^  -  4e2a\ 

40.  a:«+^-870.         41.  2+a?-j^.  42.    Q+x-a^. 

43.  110-a;-j:«.  44.  380-^-a'«.       45.     l20-*Iax-a^x». 

46.  65+8a73r-^y».     47.  98-7a?-:F«.       48.    204-5jF-a?«. 

83.  We  proceed  now  to  the  resolution  into  factors  of  tri- 
nomial expressions  when  the  coefficient  of  the  highest  power  is 
not  iinitj. 

Again,  referring  to  Chap.  v.  Art.  44,  we  may  write  down  the 
following  results : 

(3jF+2)(jr+4)=3^+14a?+8 (1), 

(307-2)  (a?-4)=aFa-14ir+8 (2), 

(3a?+2)(^-4)=3a;8- 10^-8 (3), 

(3a?-2)(^+4)=3a;a+iar-8 (4). 

The  converse  problem  presents  more  difficulty  than  the  cases 
we  have  yet  considered. 

Before  endeavouring  to  give  a  general  method  of  procedure 
it  will  be  worth  while  to  examine  in  detail  two  of  the  identities 
given  above. 

Consider  the  result  30?*- 14^+ 8 =(30? -2)  (a? -4). 
The  first  term  3j^  is  the  product  of  3x  and  x. 

The  third  term  +8 -2  and  -4. 

The  middle  term  —  14i?  is  the  result  of  adding  together  the 
two  products  3a?  X  -  4  and  a?  x  -  2. 

Again,  consider  the  result  3j^  -  ICkc  -  8  =  (3r + 2)  (a;  -  4). 

The  first  torm  3j^  is  the  product  of  3a?  and  a?. 

The  third  term  -8 +2  and  -4. 

The  middle  torm  -  lOo;  is  the  result  of  adding  together  the 
two  products  307  X  -  4  and  a:  x  2 ;  and  its  sign  is  negative  because 
the  greater  of  these  two  products  is  negative. 

84.  The  beginner  will  frequently  find  that  it  is  not  easy  to 
select  the  proper  factors  at  the  first  trial.  Practice  alone  will 
enable  him  to  detect  at  a  glance  whether  any  pair  he  has  chosen 
will  combine  so  as  to  give  the  correct  coefficients  of  the  expres- 
sion to  be  resolved. 
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Example,    Besolve  into  factors  7a;'  -  19a;  -  6. 

Write  down  {7x  8)  {x  2)  for  a  first  trial,  noticing  that  3  and  2 
mnst  have  opposite  signs.  These  factors  give  7x^  and  ~6  for  the 
first  and  third  terms.  But  since  7x2-3x1  =  11,  the  combination 
fails  to  give  the  correct  coefficient  of  the  middle  term. 

Nexttiy(7«    2)  (a?    3). 

Since  7x3-2x1  =  19,  these  factors  will  be  correct  if  we  insert 
the  signs  so  that  the  negative  shall  predominate. 

Thus  7a;2-19a?-6=(7«+2)(x-3). 

[Verify  by  mental  multiplication.] 

85.  In  actual  work  it  will  not  be  necessary  to  put  down  all 
these  steps  at  length.  The  student  will  soon  find  that  the  dif- 
ferent cases  may  be  rapidly  reviewed,  and  the  unsuitable  com- 
binations rejected  at  once. 

It  is  especially  important  to  pay  attention  to  the  two  following 
hints  : 

1,  If  the  third  term  of  the  trinomial  is  positive,  then  the 
second  terms  of  its  factors  have  both  the  same  sign,  and  this  sign 
is  the  same  as  that  of  the  middle  term  of  the  trinomial. 

2.  If  the  third  term  of  the  trinomial  is  negative,  then  the 
second  terms  of  its  factors  have  opposite  signs. 

Example  1,     Resolve  into  factors  14x»+29x- 16 (1), 

14a;«-29a;-16 (2). 

In  each  case  we  may  write  down  {7x  3){2x  5)  as  a  first  trial, 
noticing  that  3  and  5  must  have  opposite  signs. 

And  since  7  x  6  -  3  x  2 = 29,  we  have  only  now  to  insert  the  proper 
signs  in  each  factor. 

In  (1)  the  pbsitive  sign  must  predominate, 

in  (2)  the  negative 

Therefore  14a;« + 29^  - 15 = (7a;  -  3)  (2a; + 6). 

14a;»  -  29a?  - 16 = (7a? + 3)  (2a;  -  5). 

Example  2.    Resolve  into  factors  6a;* + 17x +6 (1), 

6a;»-17x+6 (2). 

In  (1)  we  notice  that  the  factors  which  give  6  are  both  positive. 

In  (2) negative. 

And  therefore  for  (1)  we  may  write  (5a;  +  )  (x+  ). 

(2) (5a;-  )  (a;-   ). 

And,  since  5  X  3  + 1  X  2  =  17,  we  see  that 

6a;«  +  17a;  +  6  =  (5a;  +  2)  (a;  +  3). 

6ar»-17a;  +  6=(6a;-2)(a?-8). 
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Note.  In  each  expression  the  third  term  6  also  admits  of 
factors  6  and  1 ;  but  this  is  one  of  the  cases  referred  to  above  which 
the  student  would  reject  at  once  as  unsuitable. 

Example  3.    9x2-48a;y+64y2=  (Sx-Sy)  (3x-8y) 

=  (3x-8y)2. 
Example  4.         6+7a;-5x2=(3+5aj)(2-a). 

EXAMPLES  XI.  e. 


Besolve  into  facix)rs : 


1. 

2a^  +  3x+l. 

2. 

3ar*+5a7+2. 

3. 

2o72+5.r+2. 

4. 

3^^^+1007+3. 

5. 

2or«+9o7+4. 

6. 

3o?2+8o7+4. 

7. 

2a?2+7^+6. 

8. 

20:2+11^+5. 

9. 

30,'2+ll07+G. 

10. 

5^2+11^+2. 

11. 

2o72+3o7-2. 

12. 

3072  +  07-2. 

13. 

40^+110?- 3. 

14. 

3o72+14o?-5. 

15. 

2o^+15o7-8. 

16. 

2x^-x-l, 

17. 

3o;2+7o7-6. 

18. 

2072+07-28. 

19. 

3a^+13a:-30. 

20. 

6o;2  +  7o7-3. 

21. 

6o;2_7^_-3. 

22. 

3^+707+4. 

23. 

3072+2307+14. 

24. 

2o;2_^_15. 

25. 

Sa^+I9a:-U. 

26. 

3o^- 1907-14. 

27. 

6oj2- 3107+35. 

28. 

4a;24.^_14. 

29. 

3o^*- 1307+14. 

30. 

3o;2+4ia7+26. 

31. 

4a;3+23a?+15. 

32. 

2o72-5o7y-33^2^ 

33. 

8o;2- 3807+35. 

34. 

12ar2-23a7y+10y2. 

35.     15o72+224or-15. 

36. 

Iba^-17x+l0, 

37.     12072 

-310 

-15. 

38. 

24^  +  22ar-21. 

39.    72or2 

-14507+72. 

40. 

24r2-29^-4y«. 

41.    2-3o7-2o72. 

42. 

3  +  llx-4a:2. 

43. 

6  +  507-6072. 

44. 

4-507- 6072. 

45. 

5  +  32.r-21a;a. 

46. 

7  +  10o7+3o72. 

47. 

18-3ar+5o72. 

48. 

8  +  607- 5ar2. 

49. 

20-9o?-20.t?2. 

50. 

24+37o7-72o?2. 

When  an  Expression  is  the  Difference  of  Two 

Squares. 
86.    By  multiplying  a + &  by  a  -  6  we  obtain  the  identity 
(a+&)(a-&)=a2-62, 
a  result  which  may  be  verbally  expressed  as  follows ; 

The  product  of  the  sum  and  the  difference  of  any  two  quantities 
is  equal  to  the  difference  of  their  squares. 

Conversely,  the  difference  of  the  squares  of  any  two  quantities 
is  equal  to  the  product  of  the  sum  and  the  difference  of  the  two 
quantities. 
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Example.     Besolve  into  factors  25a;'-  lOy'. 
25a;a  - 161/2= (5a:)2-(42/)«. 
Therefore  the  first  factor  is  the  sum  of  5x  and  4y, 
and  the  second  factor  is  the  difference  of  5a;  and  4y, 
/.  25a;2  -  16t/2=  (5a;  +  4|/)  (5a;  -  4t/). 
The  intermediate  steps  may  usually  be  omitted. 
ExampU.  1  -  49c«=  (1  +  Tc^)  (1  -  Tc^). 

The  difference  of  the  squares  of  two  numerical  quantities  is 
sometimes  conveniently  found  by  the  aid  of  the  formula 

ExampU.       (329)*  -  (171)2= (329  + 171)  (329  - 171) 
=500x158 
=79000. 

EXAMPLES    XI.  f. 

Resolve  into  factors : 
1.    a^^-4.         2.    a2-81.         3.    y^-lOO.         4.    c2-144. 


5. 

9-a2.         6. 

49- 

c2.         7.     121  - 

-x^. 

8.    400- a2 

9. 

a^-^a\    10. 

3^2-25^,-2.    11.    36a;3 

-2562,   12.    9a;2_i. 

13. 

36p2„49j2. 

14. 

4it2-l. 

15. 

49-100i&2. 

16. 

1-25^. 

17. 

a2-462. 

18. 

9a;2-y2. 

19. 

p2g2_36. 

20. 

a262-4c2ci2. 

21. 

a7*-9. 

22. 

9a* -121. 

23. 

25^-64. 

24. 

81a*-49a7*. 

25. 

;c«-25. 

26. 

l-36a«. 

27. 

9a;* -a2. 

28. 

81a^-25a2. 

29. 

^a2- 49. 

30. 

a2-64a;«. 

31. 

a262-9a;«. 

32. 

afif-A, 

33. 

l-a262. 

34. 

4:-a^, 

35. 

9-4a2. 

36. 

9a* -256*. 

37. 

A-* -1662. 

38. 

4;2-25y2. 

39. 

1-10062. 

40. 

25-64a;2, 

41. 

121a2-81;F2. 

42. 

^2^2  _  64^4, 

43. 

64a^-2520. 

44. 

49a;* -16/. 

45. 

81/?*«6-2562. 

46. 

16a?i«-V- 

47. 

364;36_  49^14. 

48. 

1-I00a66*c2. 

49. 

25^0 -16a8. 

50. 

a^h^(fi-x^\ 

Find  by  resolving  into  factors  the  value  of 
51.     (575)2 -(425)2.     52.     (121)2 -(120)2.      53^    (750)2  -  (250)2. 
54.     (339)2 -(319)2.     55.     (753)2  -  (253)1      56^    (101)2  -  (99)2. 
57.    (1723)2 -(277)2.  58.    (1639)2- (739)2. 

59.     (1811)2 -(689)2.  60.     (2731)2  -  (269)2. 

61.    (8133)2- (8131)2.  62.    (10001)2-1. 
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87.    When  one  or  both  of  the  squares  is  a  compound  quan- 
tity the  same  method  is  employed. 

Example  1.    Besolve  into  factors  (a + 2b)^  -  ICa;^. 
Thesomof  a+25  and  4j;is  a+25  +  4x, 
and  their  difference  is  a + 25  -  4x. 

.-.  (a+26)2-16j!a=(a  +  26  +  4ar)(a  +  26-4x). 

Example  2.    Resolve  into  factors  x^  -  (26  -  3c)*. 

The  sum  of  x  and  26  -  3c  is  a?  +  26  -  3c, 

and  their  difference  is  a;  -  (26  -  3c)  =  x  -  26  +  3c. 
.-.  ar8-(26-3c)«=(a;  +  26-3c)(a;-26  +  3c). 
If  the  factors  contain  like  terms  they  should  be  collected  so  as 
to  give  the  result  in  its  simplest  form. 

Example  3.     (3a;  +  lyf  -  (2a:  -  3y)« 

=  {{^  +  72/)  +  (2a;  -  Zy)}  {(3x + ly)  -  (2a;  -  3y)} 
=  (3a:  +  7y  +  2a;-3y)(3a:  +  7y-2a;  +  3y) 
=  (5a;+4y)(ar+102/). 

EXAMPLES  XI.  g. 

Eesolve  into  factors : 

1,  (a+6)«-c8.        2.     (a-6)2-ca.  3.     {x+i/f-4z\ 

4.  (a;+2j/)2-a2.      5.    {a-\-Zhf-\Qa^.    6.     (a?+5a)2-9y2. 

7.  (a?+5c)2-l.        8.     \a-^f^h\         9.     (2ar-3a)2-9c2. 

10.  a2-(6-c)2.       11.    ar2-(y+«)2.         12.     4a2-(y-^)2. 

13.  9a;2_(2a_36)2.  14,     i-(a~6)2. 

15.  c2- (5a -36)2.  16,    (a+6)2-(c+c^2. 

17.  (a-&)2-(^+y)2.  18.     (7a7+j/)2-l. 

19.  (a+6)2-(m-n)2.  20.     (a-n)2-(6+m)2. 

21.  (6-c)2-(a-a:)2.  22.     (4a+a:)2-(6+y)2. 

23.  (a+26)2-(3r+4y)2.  24.    l-(7a-36)2. 

25.  (a-6)2-.(a7-y)2.  26.    (a-ar)2-16y2. 

27.  (2a-5:p)2-l.  28.    {a+h-cf-(x-y+z)K 

29.  (3a + 26)2  -  (c+^  -  23^)2. 

Resolve  into  factors  and  simplify : 

30.  (ar+y)2-^.        31.    a;«-(y-ar)?.        32.    (a:+3y)2-4y2. 
33.     (24:F+y)a-(23a?-y)2.  34.    (5a;+2y)2-(3r-y)2. 
36.    9^2~(3.r-5y)a.  36.    (7.r+3)2-(5a?-4)2 


RESOLUTION  INTO   FACTORS.  73 

37.    (3a+l)2-(2Q;-l)2.  38.     16a2-(3a+l)2. 

39.    (2a+6-c)2-(a-6+c)2.       40.    {x-1y+£f-{ly-zf. 

41.    (ar+y-8)2-(^-8)2.  42.    (2a;+a-3)2-(3-2a7)2. 

88.  B7  suitably  grouping  together  the  terms,  compound 
expressions  can  often  be  expressed  as  the  difference  of  two 
squares,  and  so  be  resolved  into  factors. 

Example  1.    Besolve  into  factors  a'  -  2ax  +  a;'  -  4&3. 
a«  -  2ax+x*  -  46*= (a'  -  2ax-\-x^)  -  46' 
=  (a-ar)»-(26)« 
=  (a  -  x  + 26)  (a  -  a;  -  26). 

Example  2.     Besolve  into  factors  9a'  -  c* + 4ca;  -  4x2. 
9a«  -  c*  +  4ca;  -  4a?2 = 9a2  -  (c'  -  4ca;  +  4x2) 
«(3a)2-(c-2x)« 
=  (3a+ c  -  2x)  (3a  -  c  +  2x). 
Example  8.    Besolve  into  faotors  12xy + 25  -  4x2  -  9^9, 
12xy  +  25  -  4x2  -  9^9=25  _  (^^  _  i2xy + 9y2) 
=  (6)»-(2x-32/)2 
=  (5  +  2x  -  3t/)  (5  -  2x+8y). 
Example  4.    Besolve  into  factors  26d  -  a*  -  c'  +  6'  +  d«  +  2ac. 

Here   the   terms  2hd  and  2ac  suggest  the  proper  preliminary 
anangement  of  the  expression.    Thus 

26tf-a«-c2+62  4.d«+2ac  =  62  +  26<f+d2_a2  +  2ac-c2 
=62+26d  +  d2_(aS-2ac  +  c2) 
=  (6  +  <f)«-(a-c)2 
=  (6  +  <J+a-c)  (6  +  d- a  +  c). 

EXAMPLES  XI.  h. 

Besolve  into  factors : 

1.    a^+2:ry+y2-a2.  2.  a2-2a6+62-^. 

3.    :r2-6aa7+9a2-1662.  4.  4a2+4a5+62-.9c2. 

5.    ;r«+a2+2a^-y*.  6.  2ay+a2+y2_^. 

9.     1-^:2-207^-^2.  10.    (?-ai^-f-\-2xy. 

11.    ^+y2+2a:y-4^2.  12.     a2-4a5+462_9a2c2. 

13.    a!«+2ay+y«-a«-2a6-62.    14,    a2-2a6+&2-c2-2cc?-f^a. 
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15.  a;2-4aaj+4a2-6H26y-2^. 

16.  y^-\-2by+h^-a^-6ax-9x^. 

17.  a;2-2a;+l-a2__4<,5__452. 

18.  9a2-6a+l-a;2-8(to-16d2. 

19.  x^-a^+^-h^^2xy+2ab. 

20.  aH62-2a6-c8-(r»-2cd. 

21.  4x3-12ax-c3-A;2-2cA;+9a2. 

22.  a8+66x-962x2-10a6-l+2563. 

23.  a*-26iK«+8a2a;2-9+30x8^  lOa^. 

When  an  Expression  is  the  Sum  or  Difference 
OF  Two  Cubes. 

89.    If  we  divide  a'+6'  by  a+&  the  quotient  is  a*— a&+5'; 
and  if  we  divide  a^—b^hj  a—b  the  quotient  la  a^+ab+l^. 
We  have  therefore  the  following  identities : 

a«+&«=(a+&)(a2-a6+&^); 
a*-b^=la-b)(ii^+ab+b^). 

These  results  are  very  important,  and  enable  us  to  resolve  into 
factors  any  expression  which  can  be  written  as  the  sum  or  iJie 
difference  of  two  cubes. 

Example  1.  ar»-27y»=(2a;)»-(3y)« 

=  (2x  -  3y)  (4j:«  +  6ary  +  9y2). 

Note.    The  middle  term  Gotj/ is  the  j)roduc£  of  2aE  and  8y. 

ExampU  2,  64a»  +  l=(4a)»  +  (l)» 

=  (4a  +  l)(16a3-4a  +  l). 

We  may  usually  omit  the  intermediate  step  and  write  down 
the  factors  at  once. 

Examples, 

(1)  343a«-  27a?'=(7o2  -  3a;)  (49a*  +  21a2a:+ar»). 

(2)  ac»  +  729  =  (2a;»+9)(4a:«-18aJ  +  81). 

EXAMPLES  XI.  k. 

Besolve  into  factors : 
1,    ^-y».        2.    ^+y3. 


5.    a^s-ys.      6.    a^+Qi/^, 
9.    a863-c3,    10.    8i7»+27/'. 
13.     126+a».     14.    216-a».       15.    a»6»+512.    16,    100(^-1. 


3.    A-s-l. 

4. 

l+a?». 

7.    27^+1. 

8. 

l-8y». 

11.     1-343j;». 

12. 

64+y». 

RESOLUTION  INTO   FACTORS. 


75 


17. 

x'+642/>. 

18. 

27-100aa;». 

19, 

a»6»+216c». 

20. 

343 -ac». 

21. 

a»+276'. 

22. 

27«»-64y». 

23. 

125«»-1. 

24. 

216;)»-343. 

25. 

«y+«». 

26. 

a»6V-l. 

27. 

343x»+1000y». 

28. 

729a»-646». 

29. 

SoSft'+iaS^rS. 

30. 

«y-2iae». 

31. 

.r«-27y». 

32. 

64««+125y>. 

33. 

8aJ-A 

34. 

21&«»-6». 

35. 

a»+3436». 

36. 

a^+ 72965. 

37. 

8a»-729y. 

38. 

joV-27.r». 

39. 

2»-64y«. 

40. 

a!y-512. 

90.    Before  concluding  this  chapter  we  shall  draw  attention 
to  a  few  miscellaneous  cases  of  resolution  into  factors. 


.    Besolve  into  factors  IQa*  -  Sib*, 
16a*  -  816*=  (4aa+ 962)  (4^8  _  952J 

=  (4a«  +  962)  (2a  +  36)  (2a  -  36). 
Example  2.    Besolve  into  factors  x^  -  y\ 
j:«-y«=(x»+y3)(aH»-y8) 

=  {x-¥y){x^-xy  +  f){x-y)(x^+xy+y*). 

Note.  When  an  expression  can  be  arranged  either  as  the  dif- 
fierence  of  two  squares,  or  as  the  difFerence  of  two  cubes,  each  of  the 
methods  explained  in  Arte.  86,  89  will  be  applicable.  It  will,  how- 
ever, be  found  simplest  to  first  use  the  rule  for  resolving  into  factors 
the  difference  of  two  squares. 

In  all  cases  where  an  expression  to  be  resolved  contains  a 
simple  factor  common  to  each  of  its  terms,  this  should  be  first 
taken  outside  a  bracket  as  explained  in  Art.  79. 

Example  3.    Besolve  into  factors  2Sx*y  +  64x^  -  OOxh/. 
2Qx*y  +  6ixhf  -  eOxhf=4xhf  (7x^+lGx - 15) 
=ia^(7x'-5){x+Z), 

Example  4.    Besolve  into  factors  a^  -  &y^p^  -  4x^^ + S2y^qK 
The  expression=|)»  (x*  -  8y»)  -  4q^  (x^  -  8y') 

=  (ar»-V)(l>*-4g2) 

^{x-2y)(x^  +  2xy  +  4y^){p  +  2q){p-^2q). 

Example  6.     Besolve  into  factors  4^2  -  25y2 + 2* + 6y. 

4a;2-26y2  +  2a;  +  5y  =  (2x  +  6y)(2a;-5y)  +  2a?  +  5y 
=  (2x  +  5y){2x^5y  +  l). 
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1. 
4. 
6. 

8. 
10. 
12. 
11 
16. 
18. 
20. 
22. 
24. 
27. 
30. 
32. 
34. 
37. 
39. 
41. 
43. 
45. 
47. 
49. 
51. 
53. 
55. 


EXAMPLES  XI.  1. 

Eesolve  into  two  or  more  factors : 
a^-y^-%yz-^.  2.    of^-fA  3.     6:i;3-a?-77. 

729/-64a^.  5.    a!«-4096. 

2mn+2a7y+m*+?i*-d:*-y*.       7.     33^-1607-65. 
a*+6*-c*-t;*+2a26*-2(AjP.     9,     m^x-\-mhf-n^x~nhj, 
(a+6+c)2-(a-6-c)l  11.     4+4r+2ay+j72-a2-y2. 

13.     a2-63_c8+ci2.-2(aJ-6c). 
15.    a«  +  a^J-(y2+22)-2(yz-aa7), 
17.     l-a2ar2-6y+2a&ry. 
19.    aV-ay-62a;fl+6y. 
21.     a'ar*  -<?s^-dhi^-\-  <^\ 
23.     a^x-h^x+ah/-l^, 
a7*+4a%222+4y*z*.     25.     a^l^+b\%       26.     2j^«+17a:+35. 
600a^y-20y».  28.    a^-Sa^fts.       29.    a^^r^-lOrSyl 

52+ca-a2-26c.  31.     ba^-\bx^-^x^, 

l4a^x^-Zba?x^-\-\4a^x.     33.    ot^^i. 

l-(m2+w2)  + 277171.  35.    75^ -48a*.     36.    5a<6*-5a6. 

38.    Zx^^+^Qaxy+:^a\ 
40.     a8a;«-64ay. 
42.     24j;2y2-3ary»-36y*. 
41    a*-(6+c)*. 
46.     l-(ar-y)3. 
48.    {c+d)^+{c-^df, 
50.    j72-4/+ar-2y. 
52.     (a  +  6)2  +  a  +  6. 
54.    a«-962+a+36. 
56.    a^y-a^/-3fiy^-{-xy^. 


^- 10;?;- 119. 

or^  —  a^^-yS  — 2jry. 

21^  +  8207-39. 

c6f^_c2-a«c3oP+a2. 

o;2-Gj7_247. 

acx^  —  hcx+adx  —  hd. 


8i7^+52oy+6()y. 

729a^6-a67. 

ai2-6i2. 

(a+ 6)4-1. 

(c+cr/-l. 

250(a-5)»+2. 

8(07+y)3-(207-y)». 

a2-6«+a-6. 

a3+6^  +  a+&. 

A{x-yf-{x-y), 


CHAPTER  XIL 
Highest  Common  Factor. 

Simple  Expressions. 

91.  Definition.  The  highest  common  factor  of  two  or 
more  algebraical  expressions  is  the  expression  of  highest  dimen- 
sioDs  [Art.  10]  which  divides  each  of  them  without  remainder. 

The  abbreviation  H.C.F.  is  sometimes  used  instead  of  the 
words  highest  common  factor, 

92.  In  the  case  of  simple  expressions  the  highest  common 
factor  can  be  written  down  oy  inspection. 

Example  1.     The  highest  commou  factor  of  o'*,  a^,  o^,  a*  is  a^. 

Example  2.  The  highest  common  factor  of  a'6*,  alfic^,  drWc  is  a6*; 
for  a  is  the  highest  power  of  a  that  will  divide  a',  a,  c? ;  6*  is  the 
highest  power  of  6  that  will  divide  6*,  &",  W ;  and  c  is  not  a  common 
factor. 

93.  If  the  expressions  have  numerical  coefficients,  find  by 
Arithmetic  their  greatest  common  measure,  and  prefix  it  as  a 
coefficient  to  the  algebraical  highest  common  factor. 

Example.  The  highest  common  factor  of  21a*x^,  S5a^x*y,  28a^xy* 
is  7a^xy ;  for  it  consists  of  the  product  of 

(1)  the  numerical  greatest  common  measure  of  the  coef&cients ; 

(2)  the  highest  power  of  each  letter  which  divides  every  one  of 
the  given  expressions. 

EXAMPLES  Xn.  a. 

Find  the  highest  common  factor  of 
L    4a52,  2a^h,  2.     ^x^f,  xh/^  3.     6x2/%  Sxyz\ 

4.     abc,  2ab^c.  5.     ba^I^,  Wahc^,      6.     9x^h%  \2xfz. 

7.    4a263c2,  6a362c3.  8.    Va26*c6,  \^a}^(?, 

9.     15^yV^  YLvhjzK  10.     Sa^^,  ^ahsry,  \(^ahs^y\ 

11.    49cM!2,  63ay2,  56^22.  \%     VJal^Cy  34a^bc,  61a6A 
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13.  a^xy^,  IfixiP,  (My.  14.  24a268c«,  Qia^hH^  48a«62c8. 

15.  2^fz,  100x2y«,  126xy.  16.  a%pxy,  b^qxy,  a^bxrK 

17.  16a^¥c\  60a»67c6,  26a^Ific^.  18.  SSaVd,  42a8c62,  SOac^bK 

19.  24a862c8,  I6a86*c2,  40a268c6.  20.  e6a*b^c^,  Ua^b^c^  24a268c*. 

21.  7a26,  4ac2,  6ac«,  216c.  22.  Sa^fea,  24a*62c2,  I8a6c8. 

23.  146ca2,  2Wc%  22abc.  24.  42a86,  64a66c8,  27c\ 

25.  13«*y22?,  62xy2«*,  60a^y.  26.  Ha^',  13xy2,  SSc^d. 

Compound  Expressions. 

94.  We  have  explained  how  to  write  by  inspection  ^the 
highest  common  factor  of  two  or  more  simple  expressions.  An 
analogous  method  will  enable  us  readily  to  find  the  highest 
common  factor  of  compound  expressions  which  are  given  as  the 
product  of  factors,  or  which  can  be  easily  resolved  into  factors. 

Example  1.    Find  the  highest  common  factor  of 
^ca^  and  2ca^+  4c*x^, 

It  will  be  easy  to  pick  out  the  common  factors  if  the  expressions 
are  arranged  as  follows: 

2cx*  +  ^^x^=:2cx^(x  +  2c); 
therefore  the  H.  C.  F.  is  2cx\ 

Example  2.    Find  the  highest  common  factor  of 
Sa^  +  9ab,  a^-9ab\  a^  +  ea^b  +  9ab^. 

Besolving  each  expression  into  its  factors,  we  have 
3a2  +  9a6=3a(a  +  36), 
o8-9a62=a(a  +  3&)(a-3&), 
a*  +  6a^b  +  9ab^=a\a  +  3b)  [a  +  Bb); 
therefore  the  H.  C.  F.  is  a  (a +  36). 

95.  When  there  are  two  or  more  expressions  containing 
different  powers  of  the  same  compound  factor,  the  student  should 
be  careful  to  notice  that  the  highest  common  factor  must  contain 
the  highest  power  of  the  compound  factor  which  is  common  to 
all  the  given  expressions. 

Example  1.    The  highest  common  factor  of 

x{a-T)^,  a{a-x)^,  and  2ax{a~x)^  is  (a— jj)^. 
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Example  2.    Find  the  highest  common  factor  of 

<ufi+2a^x+a*,  2aa;2  -  4a'a?  -  6a',  3(aa:+a*)«. 
Besolying  the  expressions  into  factors,  we  have 
ax^+2a^x  +  a^=a{x^  +  2€ur-^a^) 

=^a(x+a)^ (1), 

2ax^  -  4a«a;  -  6a» = 2a  (a;«  -  2ajJ  -  3a«) 

=  2a  (a;  +  a)  (a; -3a) (2), 

3(aa;+a2)»=3a2(a;+a)«  (3). 

Therefore  from  (1),  (2),  (3),  by  inspection,  the  highest  common 
factor  is  a  (a; + a). 


EXAMPLES  Xn.  b. 

Find  the  highest  common  factor  of 

1.  a^+ah,  a^-h^.  2.  {x+y)\  x^-y\ 

3.  2a;*-2^,  a?-a^y.  4.  6a:^-9^,  4^-9^2. 

5.  ^+a:^,  a^^f.  6.  a^h-aJtfi,  cfib^-a^h^, 

7.  a^  —  a^Xy  a'  — or®,  a^-cu^,  8.  a^  —  4x^y  a^+2cuc, 

9.  a^bx+ah^x,  a^b-b^.  10.  2^y-6«y2,  ^2-9y2. 

11.  a2-j;2,  a^-cM?,  a^x-axK  12.  4j72+2^,  12^y-3y3. 

13.  20:17-4,  600:^-2.  14.  66^+46y,  9cx+6cy, 

15.  a:* +  07,  (ar+l)2,  07*+ 1.  16.  xy-y,  x*y-xy. 


17.  a;8-2a7y+y^  (^-y)'. 

19.  a:'+83/8,  x^+xy-2yK 

21.  4;«+3x+2,  ^-4. 

23.  072-1807+45,  o?2-9. 


18.  a73+a2o7,  x*-a\ 

20.  07*-27a«o?,  {x-Sa)\ 

22.  :c«-o?-20,  072-907+20. 

24.  2o:2_7^+3   Ora-7o7-6. 


25.  120:2+07-1,  15o;2+8o7+l.    26.    207^-07- 1,  3o;«-o7-2. 

27.  c^a^-d^y  acx^-bcx+adx-bd, 

28.  or« -0^2^  a^+xhf+xy+yK 

29.  a3o?-a26o7-6a62o7,  a^bx^-4ab»x^+3b^x^'. 

30.  2o72+9o7+4,  2o?2+lla7+5,  2o72-3o7-2. 

31.  ar*+8o73+4o72,  3o76+llo7*  +  6o7S,  3o;*-iar»-12o7». 

32.  2x*+5x8+3x2,  6a:*+13a;8+6x2,  2x*-7a^-15x2. 

33.  12a;+6x2+6,  6a;+3xa+3,  18a;+3x2+15. 

34.  a;*+4a;2+3,  aj*+5a;2+6,  8a^+lla;2+6. 

35.  2a2+7a(f+6d2,  2a2+9a<i+9(i2,  6a2+llad+3<P. 
38.  2»2+8a;y+6y2,  4x2+14a;y+6y2,  2x2+10xy+12y2. 
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96.  It  will  often  happen  that  expressions  cannot  be  readily 
resolved  into  factors.  To  find  the  nighest  common  factor  in 
such  cases,  we  adopt  a  method  analogous  to  that  used  in  Arith- 
metic for  finding  the  greatest  common  measure  of  two  or  more 
numbers. 

Note.  The  term  greatest  common  measure  is  sometimes  used 
instead  of  highest  common  factor  ;  but,  strictly  speaking,  the  term 
greatest  common  measure  ought  to  be  confined  to  arithmetical 
quantities;  for  the  highest  common  factor  is  not  necessarily  the 
greatest  common  measure  in  all  cases,  as  will  appear  later.  [Art.lOl.] 

97.  We  begin  by  working  out  examples  illustrative  of  the 
algebraical  process  of  finding  the  highest"  common  factor,  post- 
poning for  the  present  the  complete  proof  of  the  rules  we  use. 
But  we  may  conveniently  enunciate  two  principles,  which  the 
student  should  bear  in  mind  in  reading  the  examples  which 
follow. 

I.  If  an  expression  contain  a  certain  factor^  any  multiple  of 
the  expression  is  divisible  hy  thai  factor, 

II.  If  two  expressions  have  a  common  factor^  it  will  divide 
their  sum  and  their  difference;  and  also  the  sum  and  the  difference 
of  any  multiples  oftliem. 

Example,    Find  the  highest  common  factor  of 

4a;»-3a;«-24x-9  and  8x^-2a^-53x-39. 


X   4aH»'- 3x2-240; -9 

4a;8-6a;«-21aT 
2x 


2x^' 
2x2- 


8a?~9 
6a; 


8a;-9 
Therefore  the  H.  C.  F.  is  a;  -  3, 


8<r8-2a;>-53a;-39 
8a:3-6ar*-4ar-18 


4x*- 
4x«- 


6a; -21 

6a;-18 


x-% 


2 


Explanation,  First  arrange  the  given  expressions  according  to 
descending  or  ascending  powers  of  x.  The  expressions  so  arranged 
having  their  first  terms  of  the  same  order,  we  take  for  divisor  that 
whose  highest  power  has  the  smaller  coefficient.  Arrange  the  work 
in  parallel  columns  as  above.  When  the  first  remainder  ix^  -  5x  -  21 
is  made  the  divisor  we  put  the  quotient  x  to  the  left  of  the  dividend. 
Again,  when  the  second  remainder  2x^  -  3a;  -  9  is  in  turn  made  the 
divisor,  the  quotient  2  is  placed  to  the  right;  and  so  on.  As  in 
Arithmetic,  the  last  divisor  a; -8  is  the  highest  common  factor 
required. 

98.     This  method  is  only  useful  to  determine  the  compound 
factor  of  the  highest  conunon  factor.    Simple  factors  of  the  given 
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expressions  must  be  first  removed  from  them,  and  the  highest 
common  factor  of  these,  if  any,  must  bo  observed  and  multiplied 
into  the  compound  factor  given  by  the  rule. 

Example,     Find  the  highest  common  factor  of 

24a;*-2a;8-60a;«-32aj  and  18a:*  -  6a;' -  39a;«  -  18a;. 

We  have  24a;*  -2a^-  60a;«  -  32a;  =  2a;  (12a;'  -x^-  30a;  - 16), 
and  18a;*-6a;»-39a;8-18a;=3a;(6a;3-2a;a-13a;-6). 

Also  2a;  and  da;  have  the  common  factor  x,  Bemoving  the  simple 
factors  2a;  and  3a;,  and  reserving  their  common  factor  a;,  vre  continue 
as  in  Art.  97. 

2a; 


-2 


Therefore  the  H.  C.  F.  is  x  (3a;  +  2). 

99.  So  far  the  process  of  Arithmetic  has  been  found  exactlv 
applicable  to  the  algebraical  expressions  we  have  considered. 
But  in  many  cases  certain  modifications  of  the  arithmetical 
method  will  be  found  necessary.  These  will  be  more  clearly 
understood  if  it  is  remembered  that,  at  every  stage  of  the  work, 
the  remainder  must  contain  as  a  factor  of  itself  the  highest 
common  factor  we  are  seeking.    [See  Art.  97, 1  &  II.] 

Exartvple  1.    Find  the  highest  common  factor  of 

3aJ»-13a;»+23a;-21  and  6a;«  +  a;»-44a;  +  21. 


6a;3-2a;«-13a;-6 
0x3-8x2-   8a; 

12a;3-   a;a-30a;-16 
12a;»-4a;*-2Ca;-12 

Ca;2-   6a;- 6 

6a;2~   8a;-8 

3a;  +  2 

3a;2-   4a;-   4 
3a;3+  2a; 

-  6a;-   4 

-  6a;-  4 

3a;8-13a;8+23a;-21 


6a;»+     ar'-44a;  +  21 

6a;3-26a;a  +  4Ca;-42 

27a;2-90i  +  G3 


Here  cm  making  27a;2-90a;+63  a  divisor,  we  find  that  it  is  not 
contained  in  3a;'-13a;*+23«— 21  with  an  integral  quotient.  But 
noticing  that  21x^  -  90a;  +  63  may  be  written  in  the  form  9  (3a;*  -  10a; + 7), 
and  also  bearing  in,  mind  that  every  remainder  in  the  course  of  tho 
work  contains  the  H.  C.F.,  we  conclude  that  the  H.  C.  F,  we  are 
seeking  is  contained  in  9  (3a^  -  10a;  +  7).  But  the  two  original  expres- 
sions have  no  simple  factors,  therefore  their  H.  C.  F.  can  have  none. 
We  may  therefore  reject  the  factor  9  and  go  on  with  divisor 
3x2  -  10a; + 7.    Besuming  the  work,  we  have 
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-1 


8a:«-13a3+23a;-2l 

3a:»-10a:«+   Ix 


-  3a;-  +  l(5a;-21 

-  3a?»  +  10j;-   7 

2/6J-14 


8a?«-10a;  +  7 
3a:«-   7g 

-  3a;  +  7 

-  3a;+7 


-1 


8a;-   7 

Therefore  the  highest  oommon  factor  ia  8x  -  7. 
The  fiEtctor  2  has  been  remoyed  on  the  same  grounds  as  the  factor 
9  above. 

Example  2.    Find  the  highest  common  factor  of 

2a;»+  a;»-a;-2 (1), 

and  8a;»-2x2+x-2 (2). 

As  the  expressions  stand  we  cannot  begin  to  divide  one  bj  the 
other  without  using  a  fractional  quotient.  The  difficulty  may  be 
obviated  by  introducing  a  suitable  factor,  just  as  in  the  last  case  we 
found  it  useful  to  remove  a  factor  when  we  could  no  longer  proceed 
with  the  division  in  the  ordinary  way.  The  given  expressions  have 
no  oommon  simple  factor,  hence  their  H.  C.  F.  cannot  be  affected  if 
we  multiply  either  of  them  by  any  simple  factor. 

Multiply  (2)  by  2,  and  use  (1)  as  a  divisor: 

3 


2a;»+     a:«-     a;-   2 
7 

6a:'-     4a;2+   2a;-   4 
Ca;3+     8x3-   s^..   g 

-2a; 

14a^*+  Ix^-  7X-14 
14a;»-10a:'-   4a; 

17a:='-   3a; -14 
17a:«-17ar 

14a; -14 
14a; -14 

-     7a;^+   6x+  2 
17 

17a? 

-liyx^  +  85a;  +  34 
-119a;«  +  21x  +  98 

14 

64;64a;-64 

Therefore  the  H.  C.  F.  is  x  - 1. 

After  the  first  division  the  factor  7  is  introduced  because  the  first 
remainder  -  7a;* + 5x  +  2  will  not  divide  2a;' + x*  -  x  -  2. 

At  the  next  stage  the  factor  17  is  introduced  for  a  similar  reason, 
and  finally  the  factor  64  is  removed  as  explained  in  Example  1. 

Note.  Here  the  highest  common  factor  might  have  been  more 
easily  obtained  by  arranging  the  expressions  in  ascending  powers  of  x. 
In  this  case  it  will  be  found  that  there  is  no  need  to  introduce  a 
numerical  factor  in  the  course  of  the  work. 

100.  From  the  last  two  examples  it  appjears  that  we  may 
multiply  or  divide  either  of  the  given  expressions,  or  any  of  the 
remainders  which  occur  in  the  course  of  the  work,  by  any  factor 
which  does  not  divide  both  of  the  given  expressions. 


HIGHEST   COMMON  FACTOR.  83 

101.  Let  the  two  expressions  in  Example  2,  Art.  99,  be 
written  in  the  form 

So^-a+^Fa-^- 2-=(.z?- 1)  (2j:2+3.r+2), 
a»3-2jc2+^_2=(a;-l)  lsa^+x+2). 
Then  their  highest  commonfactor  is  ^  - 1,  and  therefore  2j/^  +  3a;+2 
and  ^a^+a:+2  have  no  algebraical  common  divisor.     If,  however, 
we  put  :f=6,  then 

2j73+^-^_2=460, 
and  3^-2^72+^-2=580; 

and  the  greatest  common  measure  of  460  and  580  is  20;  whereas 
5  is  the  numerical  value  of  a?—  1,  the  algebraical  highest  common 
factor.  Thus  the  numerical  values  of  the  algebraical  highest 
common  factor  and  of  the  arithmetical  greatest  common  measure 
do  not  in  this  case  agree. 

The  reason  may  be  explained  as  follows:  when  a: =6,  the 
expressions  2:p*+3a7  +  2  and  3a;^+ji;+2  become  equal  to  92  and 
116  respectively,  and  have  a  common  arithmetical  factor  4; 
whereas  the  expressions  have  no  algebraical  common  factor. 

It  will  thus  often  happen  that  the  highest  common  factor  of 
two  expressions,  and  their  numerical  greatest  common  measure, 
when  the  letters  have  particular  values,  are  not  the  same ;  for 
this  reason  the  term  greatest  common  measure  is  inappropriate 
when  applied  to  algebraical  quantities. 


EXAMPLES  Xn.  c. 

Find  the  highest  common  factor  of  the  following  expressions : 

1.  073  +  2x2- 13a? +10,  075+^-10^+8. 

2.  0:3- 5^:2  _  99^+40,  ^-6or2-86o7+35. 

3.  o:3+2o^-8or-16,  o:3+3o?2-807-24. 

4.  073  +  4072-50?-20,   078  +  6072-507-30. 

5.  0^-0^-507-3,  073-4072-1107-6. 

6.  o;3+3o72-8o;-24,  or3+3o72-3o7-9. 

7.  a3-5a2o7+Vao72-3o:3^  a3-3ao72+2or». 

8.  o?*-2o73-4or-7,  .r*+073-3or2-o?+2. 

9.  2o73-5:i-2+lLr+7,  4o^- llo72+25o7+7. 

10.  2o:3+4j^_7^_14^  6073-IO072- 2107+35. 

11.  3or*-3A'3-2A'2-o:-l,  9.i7*-3jc3-07-1. 

12.  2o7*-2x3+o:2+3j;_(5^  4or»-2or3+ar-9. 
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13.  3a:*-3aA*+2a«x-2a»,  3x^+l2aj^+2a*x  +  Sa\ 

14.  2a;»-0aaj«+9a«x-7a»,  4j;»-20ax«+20a«a?-16a«. 

15.  iar5  +  26ajr»-6a',  4j^  +  9<u^-2a^x-'a\ 

16.  6a»+13o«r-9a4;«-iac»,  9a3+12a«j?-llflur»-10.i'3. 

17.  24FV+7acy-6«V-»<^i  6j?*y«+ia»y-4«y-i5^- 

18.  4c«a«+iaF*aS-6aF'a*+64a4a»,  24r*a3  +  30ajV -  12av*aP. 

19.  4a;*+14r*  +  2ar'+70.««,  ar'+2ar*-8a;*-12ar*+5ar». 

20.  72a?»-12aa;«  +  72a2a?-420a»,  18ar'+42aa?*-282a«^+270a3. 

21.  9;F*+2aJ^«+/,  ar*-ar3y+6a?V'-2ay'- 

22.  a;*-4j3-a?+l,  ^+a:«+a?*-l. 

23.  1+jf+jc»-j:*,  l-ar*-a:*+j^. 

102.    The  statements  of  Art.  97  may  be  proved  as  follows. 

I.  If  F  divides  A  it  will  also  divide  tiiA, 
For  suppose  A^aF^  then  mA^nuiF, 
Thus  FisA  factor  of  mA, 

II.  If  F  divides  A  and  B,  then  it  will  divide  mA  ±  nB, 
For  suppose  A^aF^  B=hF, 

then  mA  ±  nB=maF±  nhF 

=F{m>a±nh). 
Thus  F  divides  mA  ±  nB, 

103.  "We  may  now  enunciate  and  prove  the  rule  for  finding 
the  highest  common  factor  of  any  two  compound  algebraic^ 
expressions. 

We  suppose  that  any  simple  factors  are  first  removed.  [See 
Example,  Art.  98.] 

Let  A  and  B  be  the  two  expressions  after  the  simple  factors 
have  been  removed.  Let  them  be  arranged  in  descending  or 
ascending  powers  of  some  common  letter ;  also  let  the  highest 
power  of  that  letter  in  ^  be  not  less  thto  the  highest  power  in  A. 

Divide  ^  by  ^ ;  let  jt?  be  the  quotient,  and  0  the  remainder. 
Suppose  C  to  have  a  simple  factor  m.  Remove  this  factor,  and 
so  ootain  a  new  divisor  2).  Fiuiher,  suppose  that  in  order  to 
make  A  divisible  by  2)  it  is  necessary  to  multiply  ^  by  a  simple 
factor  n.  Let  q  be  the  next  quotient  and  E  the  remainder. 
Finally,  divide  vhy  E\  let  r  be  the  quotient,  and  suppose  that 
there  is  no  remainder.    Then  E will  be  the  KC.F.  required. 
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The  work  will  stand  thus : 

A)B{p 
pA_ 
m)G 

D)nA{q 

?^_ 

E)D{r 
tE 

First,  to  show  that  ^  is  a  common  factor  of  A  and  B, 

By  examining  the  steps  of  the  work,  it  is  clear  that  j^  divides 
2),  therefore  also  qB\  therefore  qD  +  B,  therefore  nA ;  therefore 
Ay  since  n  is  a  simple  factor. 

Again,  E  divides  D,  therefore  mi),  that  is,  C,  And  since  E 
divides  A  and  (7,  it  also  divides  pA  +  C,  that  is,  B,  Hence  E 
divides  both  A  and  B, 

Secondly,  to  show  that  E  is  the  highest  common  factor. 

If  not,  let  there  be  a  feustor  X  of  higher  dimensions  than  E, 

Then  X  divides  A  and  B,  therefore  B  -  pA,  that  is,  0;  there- 
fore D  (since  m  is  a  simple  factor) ;  therefore  nA  —  qD,  that  is,  E, 

Thus  X  divides  E;  which  is  impossible  since,  by  hypothesis, 
JT  is  of  higher  dimensions  than  E, 

Therefore  E  is  the  highest  conmion  factor. 

104.  The  highest  common  factor  of  three  expressions  Ay  By  C 
may  be  obtained  as  follows. 

First  determine  F  the  highest  common  factor  of  A  and  B ; 
next  find  O  the  highest  common  factor  of  F  and  C\  then  O  will 
be  the  required  highest  common  factor  of  Ay  By  C, 

For  F  contains  every  factor  which  is  common  to  A  and  By 
and  Q  is  the  highest  common  factor  of  F  and  C.  Therefore  G 
is  the  highest  common  factor  of  Ay  B,  C. 


CHAPTER  XIII. 
Lowest  Common  Multiple. 

Simple  Expressions. 

105.  Definition.  The  lowest  common  multiple  of  two  or 
more  algebraical  expressions  is  the  expression  of  lowest  dimen- 
sions which  is  divisible  by  each  of  them  without  remainder. 

The  abbreviation  L.  C.  M.  is  sometimes  used  instead  of  the 
words  lowest  common  multiple, 

106.  In  the  case  of  simple  expressions  the  lowest  common 
multiple  can  be  written  down  by  inspection. 

Example  1.    The  lowest  common  multiple  of  a*,  a',  a^,  cfiiscfi. 

Example  2.    The  lowest  common  multiple  of  a^ft*,  a&*,  a^6^  is 

a^b"^ ;  for  a^  is  the  lowest  power  of  a  that  is  divisible  by  each  of  the 

quantities  a^,  a,  a^ ;  and  b"^  is  the  lowest  power  of  b  that  is  divisible 

by  each  of  the  quantities  6*,  6^,  6^. 

107.  If  the  expressions  have  numerical  coefficients,  find  by 
Arithmetic  their  least  common  multiple,  and  prefix  it  as  a  co- 
efficient to  the  algebraical  lowest  common  multiple. 

Example,  The  lowest  common  multiple  of  21a^a^,  36a%^, 
28a8xy*  is  420a*a:*y* ;  for  it  consists  of  the  product  of 

(1)  the  numerical  least  common  multiple  of  the  coefficients; 

(2)  the  lowest  power  of  each  letter  which  is  divisible  by  every 
power  of  that  letter  occurring  in  the  given  expressions, 

EXAMPLES  XTTT,  a. 

Find  the  lowest  common  multiple  of 

1,    dbc,  2a\  2.    «Vi  «y«-  3.    SxVi  ^xV- 

4,    6a26c8,  4a62c.  6.    3a*62c8,  (.a^^c^,        6.    12a6,  8xy. 
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7,  ac,  he,  ah,  8.    «^c,  hc\  ch'^,  9.    2a6,  36c,  4ca. 

10.  2a;,  3y,  4«.  H,    Zx\  ^y\  Zz^  12.    1(£\  2a6,  368. 

13.  a26c,  h^ca,  cHh,  14.    Sa^c,  6c62,  ^hc\ 

15.  2a;2y8»  3xy,  4^8^*.  16.     7x*y,  SacyS,  2x8y8. 

17.  35a2c86,  42a8c62,  ZQac%\  18.    66a*62c8,  44a86*c2,  24a26«c*. 

19.  7a26,  4ac2,  6ac8,  216c.  20.    8a262,  24a*62c2,  18a6c«. 

21.  3a262,  7a6c,  12a862c.  22.     16aa;,  2^aHy,  30a6c, 

23,  5«8y,  7a8y»,  6y8x6.  24.    15acd,  IScdx,  21a262c, 

25.  19a;82/2,  67a262c8,  171ax8.  26.    76*c*,  16a2««,  35a262.  j 

Compound  Expressions. 

108.  We  have  shown  how  in  the  case  of  simple  expressions 
the  lowest  common  multiple  can  be  written  by  inspection. 

The  lowest  common  multiple  of  compoimd  expressions  which 
are  given  as  the  product  of  factors,  or  which  can  be  easily 
resolved  into  factors,  can  be  readily  found  by  a  similar  method. 

Example  1.  The  lowest  common  multiple  of  6x*  (a  -  x)\  8a*  (a  - «)' 
and  12aa;  (a  -  xf  is  2ia?a^  (a  -  x)\ 

For  it  consists  of  the  product  of 

(1)  the  numerical  L.  0.  M.  of  the  ooeffipients; 

(2)  the  lowest  power  of  each  factor  which  is  divisible  by  evexy 
power  of  that  factor  occurring  in  the  given  expressions. 

Example  2.    Find  the  lowest  common  multiple  of 
3a»  +  9a6,  2a3-18a62,  a8  +  6aa6  +  9a6a. 

3aa  +  9a6=8a(a  +  36), 
2a8  -  ISafta  =  2a  (a  +  36)  (a  -  36), 
a8  +  6a26  +  9a62=:a  (o  +  36)  (a  +  36) 
= a  (a +  36)9, 
Therefore  the  L.  C.  M.  is  6a  (a + 36)8  (a  -  36). 

EXAMPLES  Xm.  b. 

Find  the  lowest  common  multiple  of 
1.    X,  x^+x,  2.    a^,a^-Zx,  3.    ^  Aa^-{-^. 

4.    21^3,  7a;8(.r+l).    5.     a^-\,  a^+x,        6.    a^+ah,  ah+}^. 
7.    4a^-y,  ^3^+x,  8.    ara-2j7,  Dar^-Sa?. 
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9,  «a  +  aF,  :i?2+ar+2.  10.    x"-3j7+2,  ^-1. 

11.  ^+4r  +  4,  a;8+5j;+6.  12.    a?»-5^+4,  a^-6i?+8. 

13.  j72-a?-6,  jpa+a?-2,  ^-4r+3. 

14.  a:«+3?-20,  j:«-10^  +  24,  :ca-^-30. 

15.  x^+x--42,  a^-Ux+30y  a^+2a:-S5, 
16.-  2^+3^+1,  20^8+5^+2,  j^  +  Sa;+2, 

17.  3a?«+lla?+6,  3a;«+8ar+4,  a?2+5j:+6. 

18.  5^+llar+2,  6a?»+16a:+3,  jf8+5^+6. 

19.  2:c24-3^-2,  2a^«  +  15;F-8,  jpa+10a7+16. 

20.  aa;2_^_i4^  3jr2-iar+14,  x8-4. 

21.  12a;«+3j7-42,  12x5  +  30j;2^i2a',  32a;i^ - 40x - 28. 

22.  ar*+2&r5+35^,  6^+38^-28,  27a;3+27a?*-30a?. 

23.  60^+5a?3-5ar2,  60a'5^  +  32^+4y,  40^:^-2:^^-207^. 

24.  8a?«-38a;y+35y2,  4:f*-^-5/,  ^o^-^xy-^y^ 

25.  12a^*-2ary+10/,  4a78-9j7y+5y^  3^-5a?y+2y2. 

26.  6ar3+7«2<p2_3^3^^   3a2r2+i4a3j7-5aS   6a;»+39flW7+45a2. 

27.  4a:c^Hl  100^5^2 -3ay^3a^y3+7.ry-G:r/,24aa?«-22(M^ 

109.  When  the  given  expressions  are  such  that  their  factors 
cannot  be  determined  by  inspection,  they  must  be  resolved  by 
finding  the  highest  common  factor. 

Example,    Find  the  lowest  qommon  multiple  of 

2j;*+x»-20x2-7a;  +  24and2a;*  +  3ar»-13x»-7x  +  15. 
The  highest  common  factor  is  x' + 2a;  -  3. 
By  division,  we  obtain 

2x*+x»-20x«-7x  +  24=(x2+2a?-8)(2x«-3a;-8). 
2j;*+8x«-13a:2"-7a:  +  15  =  (x2  +  2a?-3)(2a^*-a:-6). 
Therefore  the  L.  C.  M.  is  {x^  +  2a;  -  3)  (2j;2  -  So;  -  8)  (2x»  -  a;  -  6). 

110.  We  may  now  give  the  proof  of  the  rule  for  finding 
the  lowest  common  multiple  of  two  compound  algebraical  ex- 
pressions. 

Let  A  and  B  be  the  two  expressions,  and  F  their^  highest 
common  factor.  Also  suppose  that  a  and  h  are  the  respective 
quotients  when  A  and  B  are  divided  by  F\  then  A^aFy  B^hF, 
Therefore,  since  a  and  h  have  no  common  factor,  the  lowest 
common  multiple  of  A  and  B  is  ahF^  by  inspection. 


LOWEST  COMMON   MULTIPLE.  OV 

111.  There  is  an  important  relation  between  the  highest 
common  factor  and  the  lowest  common  multiple  of  two  ex- 
pressions which  it  is  desirable  to  notice. 

Let  FhQ  the  highest  common  factor,  and  X  the  lowest  common 
multiple  of  A  and  B,    Then,  as  in  the  preceding  article, 

and  X^ahF. 

Therefore  the  product       AB^aF.  hF 

^F.ahF 

-FX (1). 

Hence  ths  prodtu^  of  two  expresnons  m  eqtuzl  to  the  product  of 
their  highest  common  factor  and  lowest  common  multiple. 

Again,  from  (1)    Jr=-^  =  jvx5  =  -pX^  ; 

hence  the  lozoest  common  multiple  of  two  expressions  may  be 
found  by  dividing  their  product  by  their  highest  common  factor; 
or  by  dividing  either  of  them  by  their  highest  common  factor,  and 
multiplying  the  quotient  by  the  other, 

112.  The  lowest  common  multiple  of  three  expressions 
Ay  By  C  ma.y  be  obtained  as  follows. 

First,  find  X  the  L.C.M.  of  A  and'  B.  Next  find  Y  the 
L.C.M.  of  X  and  C;  then  Y  will  be  the  required  L.C.M.  of 
Ay  By  a 

For  J"  is  the  expression  of  lowest  dimensions  which  is  divisible 
by  X  and  Cy  and  X  is  the  expression  of  lowest  dimensions  divisible 
by  A  and  B,  Therefore  Fis  the  expression  of  lowest  dimensions 
divisible  by  all  three. 

EXAMPLES  Xm.  c. 

1.  Find  the  highest  common  factor  and  the  lowest  common 
multiple  of  a^-bx+Qy  ic«-4,  ar»-3a?-2. 

2.  Find  the  lowest  common  multiple  of 

ah{a^-\-l)+x{a^+b^  and  ah{x^-\)  +  x{a^-lP'\ 

3.  Find  the  lowest  common  multiple  of  xy-bxy  xy-  ay, 
y^-2by  +  2h%  xy-2bx-'ay+2aby  xy-bx-ay  +  ab. 
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4.  Find  tho  highest  common  factor  and  the  lowest  common 
multiple  of  .r3  +  2a;8  -  3j?,  2j:^+6js^-  ar. 

5.  Find  the  lowest  common  multiple  of 

6.  Find  the  lowest  common  multiple  of 

0^-1007+24,  a;»-a27+12,  a^-ex  +  B. 

7.  Find  the  highest  common  factor  and  the  lowest  common 
multiple  of  6jfi-{-x^-bX'-2,  Gx^-h^a^-^-^. 

8.  Find  the  lowest  common  multiple  of 

(bc^-abcy,  }^{a4^-a^\  aM+2ac3+c*. 

9.  Find  the  lowest  common  multiple  of 

Also  find  the  highest  conmion  factor  of  the  first  three  expressions. 

10.  Find  the  highest  common  factor  of 

&ca-13o7+6,  2a;«+5a?-12,  Qa^-x-\% 
Also  show  that  the  lowest  common  multiple  is  the  product  of 
the  three  quantities  divided  by  the  square  of  the  highest  common 
factor. 

11.  Find  the  lowest  conmion  multiple  of 

x^  +  €u^+a?x-{-c^^  jt^-^-a^a^  +  aK 

12.  Find  the  highest  conunon  factor  and  the  lowest  common 
multiple  of  Zaf^  -  7a^ + hxy^  -  v*,  s^ + Zxy^  -  3^  -  ^, 

13.  Find  the  highest  common  factor  of 

4r>-10a^  +  4jr+2,  3:r* - 2ar» - 3a7  +  2. 

14.  Find  the  lowest  common  multiple  of 

15.  Find  the  highest  common  factor  and  the  lowest  common 
multiple  of  {2x^-Za^y  +  {2a^'-Zy^)x,  {2a^+27f)x+{^^+Za^)y, 

16.  Find  the  highest  common  factor  and  the  lowest  common 
multiple  of  ^p*  -  9a?2  +  26^  -  24,  ^- 120:2 +47^;- CO. 

17.  Find  the  highest  common  factor  of 

o?'-15a^+48a2a7+64a»,  a^-lOax+l^^. 

18.  Find  the  lowest  common  multiple  of 

2\x{xy-y^)\  35(orV«-^*),  15y(o:«+ay)« 


CHAPTER  XIV. 

Harder  Factors. 

113.  In  Chapter  xi.  we  have  explained  several  rules  for 
resolving  algebraical  expressions  into  factors;  in  the  present 
chapter  we  shall  continue  the  subject  by  discussing  cases  of 
greater  difficulty. 


114.  By  a  slight  modification  some  expressions  admit  of 
being  written  in  the  form  of  the  difference  of  two  squares,  and 
may  then  be  resolved  into  factors  by  the  method  of  Art.  86. 

Example  1.     Kesolve  into  factors  x^+a^+y^. 

ar*+ jrV+y*=  [x*+2a^^  +  y^)  -  xY 
=  (xHy»)«-(xy)« 
=  {x^+y^+xy){x^+y^-xy) 
=  (x*+xy-\-y*){x*-xy+y'). 

Example  2.    Hesolve  into  factors  x*  -  15x^*  +  Oy*. 

x^  -  16a;  V  +  V=  (a?*  -  Cx  V  +  V) "  9«  V 
=  (a:«-8y«)»-(3ajy)« 
=  (a;«  -  3y«  +  Zxy)  {x*  -  3y«  -  3xy). 

115,  Expressions  which  can  be  put  into  the  form  ^±  -3 

may  be  separated  into  factors  by  the  rules  for  resolving  the  sum 
or  the  difference  of  two  cubes.     [Art  89.] 

Example  1.      ^^-'^lh^=(-Y  -{^Ir^f 

Example  2.     Besolve  a^x* i" ""  ^ + "a  ^^^  ^^^^  faotorB, 

a>;t»-p-^+ J=x»  (a»- 1)  -  l(a»- 1) 
=(a.-l)(^-«) 
=(a+l)(a-l)(x-B)(,.+^  +  ^) 
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Example  3.    Besolve  a*  -  64a*  -  a^+ 64  into  six  factora. 
The  expressions  a*  (a<  -  64)  -  (a<  -  64) 

=(a«-64)(a»-l) 

=(a»+8)(a«-8)(a«-l) 

=  (fl+2)(fl«-2o+4)(a-2)(fl«+2a+4){a-.l)(a»+a+l). 

Example  4. 
a{a-l)«»-(a-6-l)ary-6(6  +  l)y*={a«-.(6  +  l)y}{(a-l)a;  +  6y}. 

Non.  In  examples  of  this  kind  the  coefficients  of  x  and  y  in  the 
binomial  factors  can  osnally  be  gnessed  at  once,  and  it  only  remains 
to  verify  the  coefficient  of  the  middle  term. 

116.     From  Example  2,  Art.  53,  we  see  that  the  quotient  of 

Thus   a«+&*  +  c3-3a5c=(a+5+c)(a«+6«+c«-fe-ca-a6)...(l). 

This  result  is  important  and  should  be  carefully  remembered. 
We  may  note  that  the  expression  on  the  left  consists  of  the  sum 
of  the  cubes  of  three  quantities  a,  h,  c,  diminished  by  3  times 
the  product  ahc.  Whenever  an  expression  admits  of  a  similar 
arrangement,  the  above  formula  will  enable  us  to  resolve  it 
into  Motors. 

Example  1 .    Eesolve  into  factors  a'  -  &> + c"  +  3a6c. 

a»-6t+c«  +  3a6c=a»  +  (-6)»  +  c»-3a(-6)c, 

=  (a-6  +  c)(a»+62+c2  +  6c-ca  +  a6), 
-  h  taking  the  place  of  5  in  formula  (1). 

Example  2. 

a:«-8?/«-27-18ary=x»  +  (-2y)»  +  (-8)»-3a:(-2y)(~3) 

=  (a:-2y-3)(a;2+V+9-6y  +  3a:  +  2a;y). 

EXAMPLES  XI7.  a. 

Resolve  into  factors : 

1.    ^+16^+256.  2.  81a*+9a262+ft4. 

3.    3^+y^-1j(^y\  4.  m*+w*-18m8n« 

5.    A-^-O^V+y*.  6.  4a?*+9y*-9ar«y> 

7.    4m*+9n*-24m«»i«.  8.  9a?*+4y*+llj?y. 

9.    A'*-19AV+25y*.  10.  16a*  +  6*-28aW 
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11       -?^-l 

14     — -1 
^*'     729 


12.     216a3-^. 

o 


13-  ii+y'- 


15.    g+1000.         16.    ^ 


125 

^       64 


Resolve  into  two  or  more  factors : 


4mn*  -  20»i* + 45nm«  -  9??i'. 
(2aH  3^2) -P+ (2^+ 3a2)y. 


■1). 


17.  :cV+3^*-3a;'-y'.  18. 

19.  a5(;c3+l)+a:(a2+62).  20. 

21.  a» + (a+ 6)  flw? + 6.r«.  22. 

23.  65.t7(a8+l)-a(4a:2+962).     24. 

25.  (2j72  -  3a2)y + (2a«  -  3^*)  j?. 

2a  a(a-l)^+(2a2_i)^+a(a+l). 

27.  3a;«-(4a+26)ar+a»+2a6. 

28.  2a«ar2  -  2(36  -  4c)(6  -  c)y^^ahxy, 

29.  (aS-3a+2)^+(2a2-4a+l)j7+a(a 

30.  a(a+l)^+(a+6)a:y-6(6-l)y2. 

31.  6»  +  (jS-l+36c.  32.     a8+8c»  +  l-6ac. 
33.  a8  +  63+8c3-6a6c.  34.     a3-2V63+c3+9a6c. 
35.  a3-63_c3«3a5c.  36.     8a3+2763+c3-18a6c. 

37.  Resolve  a^ + 81  j?*  +  G5C1  into  three  factors. 

38.  Resolve  (a*  -  Ixj^l^  -  6*)s  -  4a*6*  into  four  factors. 

39.  Resolve  4(a6+cc02-(a2  +  62-c2-flr-')2  into  four  factors. 

40.  Resolve  ^  -  x-^  into  four  factors. 

25o 

41.  Resolve  x^^  -y*  into  five  factors. 

42.  Resolve  x^^—y^^  into  six  factors. 


Resolve  into  four  factors  : 
43.     -2-8a7-a3+ar3. 
45.     J?»+a:«+64r3^G4 

47      ^--^^^   L_L.^ 
•      72       32       9^2  "^  4  ' 

Resolve  into  five  fEiotors': 
49.    ar'+^-iac8-16. 


44.    a;»+a;y-atV-8y. 
46.    4a-964-^--g^. 
48.    a^-25.r2+6i-ia;*. 


50.     16a?'-81.r3_iG^+81. 
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117.  The  actual  processes  of  multiplication  and  division  can 
often  be  partially  or  wholly  avoided  by  a  skilful  use  of  factors. 

It  should  be  observed  that  the  formulae  which  the  student 
has  seen  exemplified  in  the  preceding  pages  are  just  as  useful  in 
their  converse  as  in  their  direct  application.  Thus  the  formula 
for  resolving  into  factors  the  difference  of  two  squares  is  equally 
useful  as  enabling  us  to  write  down  at  once  the  product  of  the 
sum  and  the  difference  of  two  quantities. 

Example  1.    Multiply  2o + 36 — c  by  2a — 36 + c. 
These  expressions  may  be  arranged  thus : 

2a+(36-c)  and  2a-(36-c). 
Hence  the  product={2a+  (36-c)}  {2a-  (36-c)} 

=  (2a)2 -  (36  -  c)2  [Art.  86.] 

=4a-^-(962-66c+c2) 

=4a2-962+66c-c2. 

Eo&ample  2.  Divide  the  product  of  2a;2+x— 6,  and  6x^—Sx-{-l 
by  3x2_|.5a;_2. 

Denoting  the  division  by  means  of  a  fraction,  the  required 
quotient  _(2a;2+x-6)(6a;2-6a;+l) 

""  Sx^+bx-2 

_(2x-3)(a;+2)(3a;-l)(2a;-l) 

(3x-l)(a;+2) 
=  (2x-3)(2x-l). 

EXAMPLES  XI7.  b. 

Find  the  product  of 

1.  2x-7y+Sz  and  2x+7y-Sz. 

2.  3a;2-4xy+7y2  and  Sx^+4xy+7y^, 

3.  6»2+6xy-9y2  and  5x2-6x2^-9^2. 

4.  7x2-8xy+3y2  and  7x24-8x2/-3y2. 

5.  x'4-2x2y+2x2/2+2^  and  x8-2x2y+2xy2_2^, 

6.  (a;+y)2+2(x+2/)+4  and  (x+2/)2-2(x4-2/)+4. 

7.  Multiply  the  square  of  a4-36  by  a2_6a6+962. 

8.  Multiply  ^  (a-6)24-  ^(6-c)2+l(c-a)2  by  a+6+c. 


CHAPTER   XV. 
Fractions, 

118.  Those  portious  of  the  present  chapter  given  to  gen- 
eral proofs  of  the  rules  employed  in  the  treatment  of  fractions 
may  be  omitted  by  the  student  reading  the  subject  for  the  first 
time. 

119.  Definition.  If  a  quantity  x  be  divided  into  h  equal 
parts,  and  a  of  these  parts  be  taken,  the  result  is  called  the 

fraction  _  o/*x. 
b 

K  a;  be  the  unit,  the  fraction  ?  of  a;  is  called  simply  "  the 

0 

fraction  ?";  so  that  the  fraction  ?  represents  a  equal  parts,  b  of 

b  b 

which  make  up  the  unit 

Reduction  of  Fractions. 

120.  To  prove  that  r  =  -^,  where  a,  b,  m  are  positive  integers. 

By  -  we  mean  a  equal  parts,  b  of  which  make  up  the  unit  ...(1) ; 
b 

by^ ma 9r^ ' (2). 

mb 

But  b  parts  in  (1)  =mb  parts  in  (2) ; 

.•.  1  part =m 

.'.  a  parts  ....  =ma 

that  IS,  =      . 

0     mo 

Conversely,  *?!?=" 

mb     b 
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Hence  we  have  the  following  rule : 

Rule  I.  The  valiie  of  a  fraction  is  not  altered  if  we  nrnUiply 
or  divide  the  numerator  and  denomirujUor  hy  the  same  quantity. 

An  algebraical  fraction  may  therefore  be  reduced  to  an  equi- 
valent fraction  by  dividing  numerator  and  denominator  by  any 
common  factor;  if  this  factor  be  the  highest  common  factor,  the 
resulting  fraction  is  said  to  be  in  its  loudest  terms. 


Example  1.    Heduce  to  lowest  terms 


__24aVx«_ 


24a'c«a:» 


24a»cV 


18a V^  -  12a-*x»  ~  Qa^a^  (3a  -  2x) 
4ac< 


"  3a  -  2x ' 


Example  2.     Beduce  to  lowest  terms 


^x^-Sxy 


9xy~-12y^ 
^-Sxy  _2a;(3a?-4y)_2j; 
dxy  -  12y«  ~  3y"(3x  -  4y)  ~  tiy ' 

Note.  The  beginner  should  be  careful  not  to  begin  cancelling 
until  he  has  expressed  both  numerator  and  denominator  in  the  most 
convenient  form,  by  resolution  into  factors  where  necessary. 

EXAMPLES  Z7.  a. 


2. 


5. 


10. 


13. 


15. 


18. 


Reduce  to  lowest  terms 
3a2-6a5 

iOO('a3-a26) 

.v{2a'^  -  3aj?) 
a{4a^j:-9ar^) ' 

x^  —  ^x  —  b  ' 
.tPy + 2j:^7/ + 4xf/ 

"x^'-S 
.r*-14r8-51 


19— — ?TZ.1N*-  O. 


11. 


abx  +  bx^ 
acx  +  cj!^' 
4x^-  9y2 
4x^-h6xy' 
a^  -  2x9f 

^x^+6x 


a*a^—ax' 


6. 


9. 


12. 


20(x^-f) 
5x^+6xy+5y^' 

^y^-27y^' 
5a^b  +  10a^b^ 


U. 


gggrg-lGgg 
aa:**+9cM7  +  20a' 


16. 


19. 


^ + 4a: + 4 '         *"•      '3a'^b^ +Gab^ 
3aH_9a36  +  6a262 
d*+a^b'-^2a^b^   ' 
x^+anj-2y^  2^+r7^+21 

a^-y^      '      ^''     3.r2+2ar+3'5* 
3a;2+2ar+14    ^^  27a+a* 


Sx^+4lx+2Q 


.20. 


18a-6a2+2a3 
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121.  When  the  factors  of  the  numerator  and  denominator 
cannot  be  determined  by  inspection,  the  fraction  may  be  reduced 
to  its  lowest  terms  by  dividing  both  numerator  and  denominator 
by  the  highest  common  factor,  which  may  be  found  by  the  rules 
given  in  Chap.  xii. 

Example,     Bednce  to  lowest  terms  ^r^-^ — ^rz-^ — ^r ^r:,- . 

First  Method,  The  H.C.F.  of  numerator  and  denominator  is 
3a:-7. 

Dividing  numerator  and  denominator  by  3a? -7,  we  obtain  as 
respective  quotients  x* - 2a; + 3  and  5x^-x- 3. 

»^        3a;3-13j;a  +  23a;-21      (3a;-7)(x^-2j;  +  3)_j;a-2x  +  3 
"^    15a;3-38a;»-2a;  +  21      {3x-l){5x^-x-S)'^  5x^-x-S' 

This  is  the  simplest  solution  for  the  beginner ;  but  in  this 
and  similar  cases  we  may  often  efiect  the  reduction  without 
actually  going  through  the  process  of  finding  the  highest  common 
factor. 

Second  Method,  By  Art.  97,  the  H.C.F.  6f  numerator  and 
denominator  must  be  a  factor  of  their  sum  ISx*  -  51a^  +  21a;,  that  is, 
of  Sa;  (3a; -7)  (205-1).  If  there  be  a  common  divisor  it  must  clearly 
be  3aj  -  7 ;  hence  arranging  numerator  and  denominator  so  as  to  shew 
3a; -7  as  a  factor, 

the  fraction    ^^Kj^- 7) -2a;  (3a; -7) +  3  (3a; -7) 
5x2(3x  -  7)  - X  (3a;  -  7)  -  3  (3a; -  7) 
^(3a;-7)(a;*-2x  +  3) 
(3a;-7)(oxa-a;-3) 
_a^'-2a;  +  3 
""6a;2-a;-3* 

122.  If  either  numerator  or  denominator  can  readily  be  re- 
solved into  factors  we  may  use  the  following  method, 

a;'  +  Sx^  —  4x 
Example,     Reduce  to  lowest  terms  - 


7a;8-18a;3  +  6a;  +  5' 

The  numerator = ar  (x* + 3a;  -  4) = a;  (a; + 4)  (a;  - 1). 

Of  these  factors  the  only  one  which  can  be  a  common  divisor  is 
x-1.    Hence,  arranging  the  denominator, 

the  fraction  = x{x+^(x-l) 

7x2(a;-l)-lla;(a;-l)-5(a;-l) 
_      a;(a;4-4)(a;-l)  a;(g;  +  4) 

(a;-l)(7a;'2-Ux-6)~7a;*-^-lla;-6' 
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EXAMPLES  Z7.  b. 


5. 


11. 


13. 


15. 


Beduce  to  lowest  terms  : 

•  a3+3a26  +  3a62+263'  . 
oH2g«-13a+10 

•  a3+a2-10a  +  8    ' 
4aS  +  l2ag6-a68-1563 
6a3+  I3a26  -  Aah^  - 1563  • 

4j?8+3oM.-2+a^ 

16ar*-72j;3ag+81a* 
4j78+12ar+9a2     * 

5^r3+2^«-15^--6 
Va-3-4^-21^+12' 
3^  -  27aj;2 + YSa^a?  -  72^3 

2:f3+ 10flW72  -  4a2a?  -  48a3 


6. 


10. 


12. 


14. 


16. 


^-3a?+2      ' 
2^:3 + 5:ggy  -  30^/  ^  27y3 
4^  +  507^2-21/       * 
l  +  2j;g+^+2a?* 

r+a^+2^+3^* 

3a3-3g26+a62_58 
4a2_5a6  +  62       » 

4^--10^^4£+2 

3^-2^-ar+2  • 

6^+^-5.y~2 
6a?*  +  5A'2-3a7-2* 
4^+11^+25^ 
4i*-9a^+30^-25' 
aa^  -  5a2^  -  99a3j?+ 40a^ 
^  -  6cw;3  -  86a2a;2  4. 35^3^?  * 


Multiplication  and  Division  op  Fractions. 

123.  Rule  II.  To  multiply  a  fraction  hy  an  integer:  mvUiply 
the  nuvnerator  hy  tliat  integer;  or,  if  the  denominator  he  divisible 
hy  the  integer,  divide  the  denominator  hy  it. 

The  nile  may  be  proved  as  follows : 

(1)  T  represents  a  equal  parts,  h  of  which  make  up  the  unit ; 

-J-  represents  ac  equal  parts,  h  of  which  make  up  the  unit ; 

and  the  number  of  parts  taken  in  the  second  fraction  is  c  times 
the  number  taken  in  the  first ; 

,,    .  .  a         ac 

that  IS,  h^^~T' 

(2)  h^^^~h^^^^  *^®  preceding  case, 


a 

"h: 


[Rule  I,  Art.  120.] 
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124.  Rule  III.  To  divide  a  fraction  by  an  integer :  divide 
the  nwnercUoTy  if  it  he  divisible,  by  the  mteger;  or,  if  the  nwnwrator 
be  not  divisible,  mvUiply  the  denominator  by  that  integer. 

The  rule  may  be  proved  as  follows : 

(1)    -r-  represents  ac  equal  parts,  b  of  which  make  up  the  unit ; 

r  represents  a  equal  parts,  b  of  which  make  up  the  unit. 

The  number  of  parts  taken  in  the  first  fraction  is  c  times  the 
number  taken  in  the  second.  Therefore  the  second  fraction  is 
the  quotient  of  the  first  fraction  divided  by  c; 

. ,    .  .  ac  ^        a 

that  IS,  ~h'^^~h' 

(2)    But  if  the  numerator  be  not  divisible  by  c,  we  have 
a      ac 
b^bS' 
a  ac 

=:  ^ ,  by  the  preceding  case. 

125.    To  find  the  value  of  ^of  ^, 
By  definition,  [Art.  119.] 
T  of  3  represents  a  equal  parts,  b  of  which  make  up  -j. 

Since  b  parts  =  -^ , 


one  part  =  ^  "^  ^  =  o  •  P^le  III,  Art.  124.] 
*.  a  parts  =t;^  X  «=  r;^ ;  [Rule  II,  Art.  123.] 


a  ^  c  ^axi 

b'^^d'bd' 

c    j,a     ca 


Similarly,  d^H^db- 

a  ^  c     c    . 


Therefore  r  of  -^  =  -,  of  ; 
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126.  Rule  rV.  To  multiply  together  two  or  more  fractions : 
mvZtiply  the  numerators  for  a  new  numerator  ^  and  the  denominator 
for  a  new  denominator. 

The  definition  of  multiplication,  in  the  strict  sense  of  the 
word,  supposes  that  a  quantity  is  to  he  added  to  itself  a  certain 
number  of  times.  But  when  the  multiplier  is  a  fraction  this 
definition  ceases  to  be  intelligible ;  the  operation  can  therefore 
be  only  understood  in  some  extended  sense.     To  find  a  meaning 

for  r^  X  -^ ,  we  may  consider  that  to  obtain  ^  times  j-  we  must 

perform  on  j-  an  operation  similar  to  that  we  perform  on  the 

c  c 

unit  to  obtain  -^ .     In  this  case  we  take  ^  of  1 ;  hence  in  the 

former  we  take  -j  oi  r  . 

-_,  a      c      c    »a 

Similarly,  r  ^  j  ^  >=^  jrffi  ^^^cl  so  for  any  number  of  fractions. 

127.  Rule  V.  To  divide  one  fraction  by  another:  invert  the 
divisor,  and  proceed  as  in  m^ultiplication. 

Since  division  is  the  inverse  of  multiplication,  we  may  define 
the  quotient  a:,  when  r  is  divided  by  -^ ,  to  be  such  that 

c      a 

T,-  ,..-.,     <f  ,  c      d     a      d 

Multiplymg  by  -  ,  we  have  :fx-3X-  =  tX-; 

ad 

Hence  £-5  =  1^  =  1'^?'  [Art.  128.] 

which  proves  the  rule. 
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Mxamplel.     Simplify -^,- x  j^^- . 

2a»+8o     4a' -6a  __  a  (2a +8)      2a  (2a -3) 
~4i»      ^12a  +  18""      4a*       ^  6(2a  +  3) 

_2a-3 

-    12a  ' 

by  cancelling  those  factors  which  are  common  to  both  numerator  and 
denominator. 


Example  2.     Simplify 


6x^-ax-2a^ 
ax  —  a^ 


x-a  2x  +  a 

Ox^-4a^"^3aa;-f  2a2* 


The  expression = 


^-ax-2a*        x-a 


ajc-a^ 


3aj;  +  2a» 

'9x^-'icfi^     2x  +  a 


(3j;-2a)(2a;  +  a)  , 


x-a 


=  1, 


a(x  —  a) 


a  (3a;  +  2a) 

(3a:  +  2a) (3x-2a)  ^     2x+a 


since  all  the  factors  cancel  each  other. 
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Simplify 


9. 


10. 


IL 


««-4a2 


2a 


cM;+2a2      a; -2a* 

16a;2-9a2       07-2 
X  - 


o;2-4 


'  4r  —  3a ' 


2£2+5^2  j^  +  4a; 

0^-4    ^^2a:2+9o7+4* 

2^-fiar+15  ^  2^+1107+5 
4a,'2"::9         •       4j^i-i 

ar'-Uj^-lS  ^  ^-123?-45 
^-4a?-45    •    0^2-607-27  ' 


a^l^  +  Zab  .  aft  +  3 
4a''*- 1     '  2a +1* 

ag-121..  a+11 
aa-4     •    a  +  2  * 
25ag-6^       o:(3a  +  2) 

9a'«072-4o^^     5a+6    * 

o;«+3o7+2      ora+7o:+12 


^+9o?+20      072+507+6 
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TO      2x2-aj-l       4x2-fa-14  -„      6*-276  462-25 


14. 


2x2+5aj+2       16a;2-49  *  262+66     262-1164.15' 

g»-6x2+36g      x*+216g 
a;2-49        "  ic2-a-42* 


^^     64j)2g2_g4     (x-2)2       a;2-4 
aj2-4      ^  Spq+z^  '  («+2)2' 

^'       aj2-25    ^aj2H-2x-8  •  x2+5a; 

17     g^-18a;+80       z2_6x-7       a;+5 
■^''     x^-6x-50  ^  a;2-15«+66  ^  x-1 


Addition  and  Subtraction  of  Fractions. 

128.  Toprove^  +  ^  =  ^^. 

h     d         bd 

We  have  ?  =  ?^,  and   ^  =  ^.  [Rule  I,  Art.  120.] 

b     bd  d     bd 

Thus  in  each  case  we  divide  the  unit  into  bd  equal  parts,  and 
we  take  first  ad  of  these  parts,  and  then  be  of  them ;  that  is,  we 
taJce  ad+hc  of  the  bd  parts  of  the  unit ;  and  this  is  expressed 

by  the  fraction  — j-y — , 

^       a     c  ^ad-\-bc 

••      b^2'~~~W 

„.    .,    ,  a      c      ad— be 

Simdaxly,  j_-=_^... 

129.  Here  the  fractions  have  been  both  expressed  with  a 
common  denominator  bd.  But  if  b  and  d  have  a  common  factor, 
the  product  bd  is  not  the  lowest  common  denominator,  and  the 

fraction  — j-? —  will  not  be  in  its  lowest  terms.     To  avoid  work- 
da 

ing  with  fractions  which  are  not  in  their  lowest  terms,  some 

modification  of  the  above  will  be  necessary.     In  practice  it  will 

be  found  advisable  to  take  the  lowest  common  denominator,  which 

is  the  lowest  common  multiple  of  the  denominators  of  the  given 

fractions. 
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Rule  I.  To  reduce  fractions  to  their  lowest  common  dena- 
minoUor :  find  the  L,G,M.  of  the  given  denominators^  and  take  it 
for  the  common  denominator  ;  divide  it  by  the  denominator  of  the 
first  fraction^  and  multiply  the  numerator  of  this  fraction  by  the 
quotient  so  obtained;  ana  do  the  same  with  all  the  other  given 
fractions, 

Exan^le,    Express  with  lowest  common  denomioator 

5x  .         4a 

and 


2a{x-a)  Sx{x^-a*)' 

The  lowest  eommon  denominator  is  6ax  (x  -  a)  {x+a). 
We  must  therefore  multiply  the  nmnerators  by  Sx{x  +  a)  and  2a 
respectively. 

Hence  the  equivalent  fractions  are 

15x^{x  +  a)  ,  8a' 

6aa;(a;-a)  (x+a)  6ax(x-a){x+a)' 

130.  We  may  now  enunciate  the  rule  for  the  addition  or 
subtraction  of  fractions. 

Rule  II.  To  add  or  subtract  fractions :  reduce  t/iem  to  the 
lowest  common  denomiTiator ;  add  or  subtract  the  numerators,  and 
retain  the  common  denominxxtor. 

Example  1.     Find  the  value  of  —r h  — ^ —  . 

'  3a  9a 

The  lowest  common  denominator  is  9a. 

«,       -       .,                 .         3  (2a:  +  a)  +  6a; -4a 
Therefore  the  expression  =  -^ ~ 

_  6a?  +  3a  +  5a;  -  4a  _  11a; -a 
"  9a  ""     9a     ' 

Example  2.    Find  the  value  of         ^  +  J^Jlf  — ^1__? . 
^  xy  ay  ax 

The  lowest  common  denominator  is  axy, 

rm,      XI.  .         a(a;-2«)  +  a;(32/-a)-y(3a;-2a) 

Thus  the  expressions  — ^^ ^ ^^-^ '- — ^-^ '- 

axy 

ax-  2ay+Bxy-ax-Sxy-h2ay 

""  axy 

=0, 

since  the  terms  in  the  numerator  destroy  each  other. 

NoTB.    To  ensure  accuracy  the  beginner  is  recommended  to  use 

brackets  as  in  the  first  line  of  work  above. 
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Find  the  value  of 

1. 

ar-1     a:+3     ^+7 
2      '     6      '     10  * 

2. 

3. 

bx-l      3ar-2     a?-5 
8             7       *      4    * 

4. 

5. 

a?-7     x-9     ar+3 
15     *     25          45    • 

6. 

7. 

a-h     h-c     c-a 
a6   ■*■   fcc  ■*■  ca    ' 

8. 

9. 

h+e     c+a     a  —  h 
2a         46         3c    * 

10. 

11. 

a?  +  2     x-5     x+2 
17j?       34ar    '    51j7  " 

12. 

13. 

^-3     a^-9     8-a^ 

14. 

15. 

2.r-3y     Sx-2z     5 

16. 

2ar-l 
3 

.'-ii. 

ar-4 
4    * 

2a?-3 
9 

-'i'* 

5jr+8^ 
~12~ ' 

2a?  +  5 

X 

x+3 
2a? 

27 
'8^' 

a^^h 

a-56 

a+76 

2a  4a  8a 

o-j?     a+o?     a^-a^ 
X  a  ^ax 

aa  62  c2    • 

2      3yg-^  ^  xy+y^ 
xy        xy^  ^2 

d^  —  hc     ac  —  P     ah-<^ 


xy  xz        X*  'he  ac  ab     ' 

«  TOO-      ,..    2x-8a     2x-a 

£asaiiip{«  8.    Simplify . 

x  —  Za       x  —  a 

The  lowest  oommon  denominator  is  (a;  -  2a)  (x  -  a). 
Hence,  multiplying  the  nomerators  hjx-a  and  x-^a  respectively, 
we  have 

the  expre8sion  =  <^-^)^^-^)-<^-^>^^"^) 
^  (X  -  2a)  (x  -  a) 

2j:«-5aj?  +  3a^-(2j:«-5ax+2og) 

""  (x  -  2a)  {x  -  a) 

_2afl-5ax+Ba^-  2z»  +  6aj  -  2a' 

""  {x-  2a)  (x  -  a) 


(x-2a)(a;-a)' 

Note.    In  finding  the  valne  of  snch  an  expression  as 
-(2a:-a)(a;-2a), 
the  beginner  should  first  express  the  product  in  brackets,  and  then 
remove  the  brackets,  as  we  have  done.    After  a  little  practice  he  will 
be  able  to  take  both  steps  together. 

The  work  wiU  sometimes  be  shortened  by  fijrst  reducing  the 
fraotions  to  their  lowest  terma 
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..an^U^    ^.^^m^'-^A^' 


The  expressions 


x^+5xy-4y^ 


x^  -  16y*         x  +  iy 
_  x^ + 5xy  -Ay^-y{x-  4y) 

«a-16ya 
_  a;»4-4gy  _     x 
'■«a-ie5ya-a:-4y' 


EXAMPLES  XV.  e. 


1. 

4. 

7. 
10. 
13. 
15. 
17. 
19. 
21. 
23. 


Find  the  value  of 

a:+2      ^+3 

_3 1_ 

^-6      a?+2* 

J?  +  3        J7+1 

a?+4     a?+2* 

ar-4      ^-7 
^  —  2     ;f-5' 


2. 

5. 

8. 

11. 


1      _f±y_ 

2a?-32^^4r2-9ya' 
4a»+53     2a~5 
4a2-6a"2a+6' 


X 


;c3-4a2  _£+4a 
;f3  — Sou:     x+2a' 

1  (a+2^)g 

a-2a:      a^-arS  " 


a?+3 
a 

a  —  x 

a 
x  —  a 


14. 
16. 
18. 
20. 
22. 
24. 


1 
"a?+4' 

5 

a  —  x 
a+x' 


6. 


9. 


__l J_ 

x—5     x—4 

a  h 

x—a     x-b' 

x+2     x-2 
x-2     x+2' 


3  2x 

x-3'^x^-9' 


12. 

j^+2a« 

x  —  2a     a^  —  4a^' 

_2^__2x_ 
a^-'f     x-\-y ' 

1  1 

y  ^ 


x(a^-f^)^y{j,^+y^) 
x+y  x-y 


a^^h^ 


-P 


a^-ab+h^     a^+ab+b^' 
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131.  Some  modification  of  the  foregoing  general  methods 
may  sometimes  be  used  with  advantage.  The  most  useful 
artifices  are  explained  in  the  examples  which  follow,  but  no 
general  rules  can  be  given  which  will  apply  to  all  cases. 

TP  7     1        a-        vr     «  +  3       a  +  4  8 

Example  1.     Sunphfy  j — = — —  . 

'^    "  a-A     a-3     a^-lQ 

Taking  the  first  two  fractions  together,  we  have 

^,  a»-9-(a»-16)  8 

the  expression  =  -7 -^, ^  -  -.— ;,  ^ 

^  (a -4}  (a -8)       a*- 16 

7  8 


Example  2.     Simplify 
The  expression  = 


(a -4)  (a -3)      (a  +  4)  (a -4) 
^  7(a  +  4)-.8(fl-8) 

(a  +  4){a-4)(a-8) 
52 -g 

(a  +  4)(a-4)(a-3)* 

1  1 


2a:2  +  a?-1^3a~»  +  4j;  +  l' 
1  1 


(2a;-l)(a;+l)^(3a;  +  l)(a;+l) 

_         3x  +  l  +  2j;-l 
''(2x-l)(x  +  l){Sx  +  l) 

5x 
^(2x-l)(x+l){Sx  +  iy 

,    o      a.      v*       1            1  2a;  ix' 

Example  8.     Sunphfy ; o-— „-  -    .  .    .. 

Here  it  should  be  evident  that  the  first  two  denominators  give 
L. CM.  a^^a^,  which  readily  combines  with  a^+x^  to  give  L.  CM. 
a^-x*,  which  again  combines  with  a'^+x*  to  give  L.G.M.  a* -A 
Hence  it  will  be  convenient  to  proceed  as  foUows: 

_,                 .         a+x-(a-x) 
The  expression  =  ' 


a-- 

x^ 

2x 

2x 

a^-x^ 

d^+x^ 

4x» 

4i» 

a^-x^ 

a*+«* 

Sx7 

a^-x^' 
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EXAMPLES  XV.  f . 

Find  the  value  of 

,      .J 1-  +  -!^.  2      ^-+^ ?^. 

x+y     x—y     s^—y^  *      ^•\-y     %x—y     Ax^-y*' 

5 Zx        A-\Zx 

1  +  207     1-207     l-4r2- 


3. 


.  2a  36  86« 

*•        o^   ■    OI.  +  C 


2a+36  ^  2a-36     4a2-96a " 
g       J0_  _  ^ 1_       g  5o?  1.1 


9-a2     3+a     3-a'  6(or2-l)      ^{x-l)     2(x+\)' 


7. 
8. 


2(a-6)      2(a+6)      a^-l^' 

2a     _      5  4  (3a +  2) 

2a -3     6a+9      3(4a2-9)* 


07-2^3a7  +  6'^a7a-4*     •""•    o:»+y»     aH^-y^"^  afi^y^    ' 
11. 
12. 


073  -  9^+20  ^  a:3_  11^  +  30  ' 

1 1 

0^-707+12     072-507  +  6  • 


la    .-.A-. -.-.4^.    14.        '  ^ 


15. 
16. 
17. 
18. 
19. 
20. 

a. 


2or2-07-l      2o7H^-3*  207*-^- 1      6x2-07-2' 

j4 3 

4-7a-2a2     3-a-10a2' 
5  2 


5+07-18072        2  +  507+2072' 

1  1 


07+1        (07+l){07  +  2)^(07+l)(0?  +  2)(07  +  3)" 

5o?  _        15^(07-1) 9(07+3) 

2(o7+l)(o7-3)      16>-3r(o7-2)      16(o?-t  l)(x^' 

a+36  a-^-Zb a+h 

4(a+6)(a+26)  "^  (a+b)  (a+Zb)     4(a+26)  (a+36)  ' 

2  2 1_ 

072-307+2'*"  072-07-2        O?'^  -  1  * 

a  15  12 


0^»  +  607  +  6"^072  +  907+14        072+1007  +  21  ' 
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22. 
23. 
24. 
26. 
27. 
28. 
30. 
31. 
32. 
34. 
35. 
36. 
37. 


3  4  4.r  +  2 

ar=*-l"*'2a;+l  "^2^-2  +  3a;+l 


5(2jr--3) 7j? 


07  +  2 

l  +  2a 
l-2a 


37-2  1 

a?+3     or-l 

l-2a 
~l  +  2a' 


12(3j?+1) 
3      ll(4a?H8a?+3)* 

07-3  _  37  +  4 6 

07-4     i+3     i2~i6' 


25. 


8a 


{l-2a)2 


24a? 


9-1207  +  4072 

J 1_ 

3-07     3+0?" 

4(1+07)^4(1 
3  1 

8(a-07)"^8(a+A-)' 
207  1      _  J^ 

4  +  072"*'2-07        2+07* 


3+2o7     3-2j7 
3-207      3  +  2o?* 

^  29 

9+078-  29. 

-07)  ^2(1 +072)* 


2a+3     2a- 


4a 
"4"a2+9' 


2a-8o7 

1 
e)a2  +  54" 

J 

8-8o7 
1 


3a2  + 48072 

^3a-9~ 
1 


4(a2+o72)' 

33. 

1 
■2a+8o7' 
a 


3-6o?     3+6o?      2+8372' 


8  +  8o7 

1 


+  -. 


3a2-27' 

0? 


4  +  4^      2  +  2o:** 

1_         18 

6a- 18      6a+18     a2+9  "*"  a*+81  ' 


132.  "We  have  not  yet  attempted  to  explain  in  what  sense  a 
fraction  may  be  regarded  when  its  numerator  and  denominator 
are  not  both  positive.  The  definition  of  a  fraction,  Art.  119,  is 
no  longer  applicable ;  but  it  is  not  difficult  to  give  an  inter- 
pretation which  is  intelligible,  and  in  accordance  with  the 
principles  already  laid  down. 

Since  j-xb=a,  the  fraction  v  is  the  quantity  which  must  be 

multiplied  by  b  in  order  to  obtain  a;  so  that  tlie  fraction  *- 
may  he  regarded  as  the  quotient  resulting  from  the  division  of  a 
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We  may  here  remind  the  student  that  in  division,  when  divisor 
and  dividend  are  not  both  positive,  we  perform  the  division  just 
as  if  they  were  positive,  and  afterwards  prefix  to  the  quotient 
the  appropriate  sign  given  by  the  rule  of  signs, 

133.     To  find  a  meaning  for  the  symbol  — ^ ,  we  define  it  as 

the  quotient  resulting  from  the  division  of  —  a  by  -  ft ;  and  this 
is  obtained  by  dividing  a  by  6,  and,  by  the  rule  of  signs,  pre- 
fixing +. 

Therefore  Z_«=.  +  «^« (Ij. 

Again,  -v-  is  the  quotient  resulting  from  the  division  of  ~  a 

by  h ;  and  this  is  obtained  by  dividing  a  by  6,  and,  by  the  rule  of 
signs,  prefixing  - . 

Therefore  ~  =  -  ^ (2). 

Likewise  — ^  is  the  quotient  resulting  from  the  division  of 

a  by  -  6  ;  and  this  is  obtained  by  dividing  a  by  6,  and,  by  the 
rule  of  signs,  prefixing  - 

Therefore  -^=  -| (3). 

These  results  may  be  enunciated  as  follows : 

(1)  //  the  signs  of  both  numerator  and  denominator  of  a 
fraction  be  changed^  the  sign  of  the  whole  fraction  wiU  he  un- 
changed, 

(2)  Jf  the  sign  of  the  numerator  alone  he  changed^  the  sign  of 
the  whole  fraction  wul  he  changed, 

(3)  If  the  sign  of  the  deviomincUor  alone  he  changed,  the  sign 
of  the  whole  fraction  will  he  changed. 

The  principles  here  involved  are  so  useful  in  certain  cases  of 
reduction  of  fractions  that  we  quote  them  in  another  form, 
which  will  sometimes  be  found  more  easy  of  application. 

1.  We  may  change  the  sign  of  every  term  in  the  numerator 
and  denominator  of  a  fraction  without  altering  its  value. 

2.  We  may  change  the  sign  of  a  fraction  hy  simply  changing 
ihe  sign  of  every  term  either  in  the  numerator  or  denominator. 
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Example  1. 

b-a     -b+a     a-b 
y-x     -y+x     x-y 

Example  2. 

x-x*       -«+«*       a?-x 
2y   "        2y     "       2y 

Example  3. 

Sos               3a;               3x 

The  intermediate  step  may  nsnallj  be  omitted. 
Example  4,    Smiplify + +  -\ — -w-' . 

Here  it  is  evident  that  the  lowest  common  denominator  of  the  first 
two  fractions  is  x^  -  a\  therefore  it  will  be  oonyenient  to  alter  the  sign 
of  the  denominator  in  the  third  fraction. 

a  {3x  -  a) 


Thus  the  expressions: + 

x+a     x-a 


x^-a* 
g  (a;  -  g)  +  2x  (a;  +  g)  --  g  (3g  -  a) 

X*  -  g-* 
ga;  -  g2+ 2a:2  +  2gx  -  3ga;  +  g3 


r^-a^ 


2x» 


ExampUh.    Simplify  ^  +  ?^  +  ^^ . 


The  expression 


3a5-l 


"8(aj-l)      fl;«-1^2(a;+l) 
10(a;-fl)~G(3a;-l)-f3(a;--l) 

6(a;=^-l) 
10a:  +  10-18x  +  6  +  3a;-8 


13-5g; 
=  6(x^-l)- 


6(x^-l) 


1. 


Simplify 
JL 

4j?-4 


EXAMPLES  XV.  g. 


5j7  +  5^1-^' 


3 

1+a" 


_2 6a_ 

1-a     a«-l' 


o      ^~2a     2(a^-4qj?)  _  _3a 
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a- a     a^+Zax     a+a         _  1  1  4.r 

*•     ar+a"*"  a^-x^  '^  x-a         ^'     2a7+l  "*"  2^-1  "*"  l-ia,^* 


6. 


14. 
15. 


19. 
20. 
21. 


24. 
25. 


ar 2 2_ 

l-a;2     a?-l      «  +  l' 


2  -  5a?  _  3  +  a;     2jr(2j?  -  11) 
'•      ^+3"     3-i"^      >-9       • 

3-2^     2a?+3         12  5 3  11 

^'     2a:  +  3     3-2a7"^4a;a-9*       ^"  26  +  2     46-4"*"6-662 

10      _J-+-i L^       11  ^i^    +-fV 

12.    ^-y^    ^-y'^              ^3^  ?L±2!+_f_  + _y_. 

:r;y        xy-a^'                      *  a^-y^     x+y     y^x' 


;gg+2^+4     ^-2j?  +  4 
a?+2  2-^ 

1  3a 


2a+56  ^  2562  _  4a«  ^  2a  -  56  • 


ifi      26 -g     ar(a-6)     6  -  2a 
17      <^  +  ^     2(bx  +  ax^  _^ax^-b 

18.   ^.«-|;^_,+      ^+^ 


(a  -  6)  (^  -  a)  ^  (6  -  a)  (a?  -  6)  * 

a-c ^  "  ^__ 

(a  —  6)  (a?  -  a)      (6  -  a)  (6  -  ^) ' 

2a +y a+6+y ^+y-a 

(;r-a)(a-6)'*"(4?-6)(6-a)      (a; -  a)  (:r - 6)' 
111 


(a2- 62)  (072 +  63)  -  (62-a2)(o72  +  a2)       (07S*  +  a2)(a72  +  62) 


22.     J_  +  ^,+  ;l  2a 


o:  +  a     o?^-a2     a-x     x^-\-a^' 
23.     ^— 1,  +  JL^     1 


a7+a     07+ 3a     a-o?     a? -3a* 
1  1.1 


4a3(a+07)     4a3(o7-a)^2a2(a2+o:2)     a^-a^' 
_£ l[_      x^+y^  xy 

»-.v2       ^  +  v2  +  y4_^-*-/^  +  . 


^-     a{c?-b^)  "*"  6(a2+62)  "^  a6(6*-a*)     68-a8- 
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134.    From  Art.  133  it  follows  that, 

(1)  Changing  the  signs  of  an  odd  number  of  factors  of 
numerator  or  denominator  changes  the  sign  before  the  fraction. 

(2)  Changing  the  signs  of  an  even  number  of  factors  of 
numerator  or  denominator  does  not  change  the  sign  before  the 
fraction. 

Consider  the  expression 

1.1  1 


(a-h){a-c)  ^  (b-c)(b-a)  ^  (c-a){c-~h) 

By  changing  the  sign  of  the  second  factor  of  each  denomi- 
nator, we  obtain 

111 


{a-bXc-a)      (b-c)(a-b)      (c-a)(b-c) 


.(1). 


Now  it  is  readily  seen  that  the  L.  C.  M.  of  the  denominators 
is  (a—b)(h—c)(c—a)y  and  the  expression 

_  ^(b-c)-(c-a)-(a-b) 

(a-bXb-cXc-a) 
_  —b-\-c—c+a—a+b 
"  (a-b)(b-c)(c-a) 
=  0. 

135.  There  is  a  peculiarity  in  the  arrangement  of  this  ex- 
ample which  it  is  desirable  to  notice.  In  the  expression  (1)  the 
letters  occur  in  what  is  known  as  Cyclic  Order ;  that  is,  b  fol- 
lows a,  a  follows  c,  c  follows  b.  Thus  if  a,  6,  c  are  arranged 
round  the  circumference  of  a  circle,  as  in  the' 
annexed  diagram,  if  we  start  from  any  letter 
and  move  round  in  the  direction  of  the  arrows, 
the  other  letters  follow  in  cyclic  order,  namely 
abc,  bca,  cab. 

The  observance  of  this  principle  is  espe- 
cially important  in  a  large  class  of  examples 
in  which  the  differences  of  three  letters  are 
involved.  Thus  we  are  observing  cyclic  order 
when  we  write  b  —  c,  c—a,  a—b;  whereas  we  are  violating  cyclic 
order  by  the  use  of  arrangements  such  as  6  — c,  a  — c,  a  — 6,  or 
a  —  c,b  —  a,b  —  c.  It  will  always  be  found  that  the  work  is  ren- 
dered shorter  and  easier  by  following  cyclic  order  from  the  be- 
ginning, and  adhering  to  it  throughout  the  question. 


1, 


ADDITION  AND   SUBTRACTION   OF   FRACTIONS.  113 

EXAMPLES  XV.  h. 

Find  the  value  of 

(a-6)(a-c)^(6-c)(6-a)^(c-a)(c-6)' 


2.     T^^-T^T— .+7.---4-r^  +  .         ^ 


10. 
11. 


(a-b){a-c)^(b-c){b'-ay(o-a){c-'by 

(^-y)(^'-«)    (y-«)(y-^)    («-^)(«-y)' 

4  y  +  g  jg  +  g?  ar+y 

(^-y)(^-«)    (y-«)(y--a?)    (^-''p)(«-y)' 

-  5-c  c-g  g~ft 

^'     (a-6)(a-cr  (6-c)(6-a)'^(c-a)(c-6)" 

7  l+g'  l+b  l+(j 


(a-6)  (a-c)  ^  (6-c)  (6-a)  ^  (c-a) (c-6) ' 

(p-2')(^-r)      i(l-r)(q'-p)      (r-p)(r-q)' 

(p-q)(P''r)      (q-r)(q-p)      {r^p}{r-qy 


{p-q)(p-r)      (q-  r)  {q  -p)      (r  -p)  (r  -  j)  * 


12 g+r  r+;)  ^+y 

U'-t/){X'-z)     {2/-ji)(y'-x)     (z-.v)(z-ffy 


CHAPTER  XVI. 
Complex  Fractions.    Mixed  Expressions. 

136.  Wb  now  propose  to  consider  some  miscellaneous  ques- 
tions involving  fractions  of  a  more  complicated  kind  than  those 
already  discussed, 

In  the  previous  chapters  on  Fractions,  the  numerator  and 
denominator  have  been  regarded  as  integers;  but  cases  frequently 
occur  in  which  the  numerator  or  denominator  of  a  fraction  is 
itself  fractionaL 

137.  Definition.  A  fraction  whose  nimierator  and  deno- 
minator are  whole  numbers  is  called  a  Simple  Fraction. 

A  fraction  of  which  the  numerator  or  denominator  is  itself  a 

fraction  is  called  a  Complex  Fraction. 

a     a 

a     b     I 

J'    e 

e  ct 

In  the  last  of  these  types,  the  outside  quantities,  a  and  d, 
are  sometimes  referred  to  as  the  extremes,  while  the  two  middle 
quantities,  h  and  c,  are  called  the  means. 

138.  Definition.  If  we  divide  the  omit  into  any  number 
of  equal  parts,  each  part  is  called  a  Sub-unit. 

a 

139.  Consider  the  fraction  - . 

2 

If  this  is  to  obey  the  definition,  it  must  represent  r  parts, 
-j  of  which  make  up  the  unit. 

Divide  the  unit  into  he  sub-units. 

Thus  -5  parts  make  up  the  unit,  and  are  therefore  equivalent 
to  he  sub-units. 


Thus  T,    -,    -  are  Complex  Fractions. 
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Hence  c  parts  are  equivalent  to  bed  sub-units ; 
1  partis     ^sub-units; 

7  partsare ad  sub-units; 

a 

that  is  the  fraction  ■-  represents  ad  sub-units,  bo  of  which  make 

3 

up  the  unit ;  but  this,  by  definition,  is  the  fraction  t-  . 

a 

b     ad 
0      be' 
d 

140.  From  the  preceding  article  we  deduce  an  easy  method 
of  writing  down  the  simplified  form  of  a  complex  fraction. 

MvUiply  the  extremes  for  a  new  numerator ^  and  the  means  for  a 
new  denominator. 

a  +  x 

■B         y  b         ab  (a+x)        a 

Example.  -s— i  =  i  y  V — Ji  =  "^ — » 

a^-x*     b{a*-x^)     a-x^ 

by  oanoelling  common  factors  in  numerator  and  denominator. 

141.  We  have  proved  that 

a  ^    G        a       d        ad  r  a  _x     tnn  -i 

a 

and  S  =  g;  [Art  139.] 

3 
a 
J  __a     0 

d 
We  have  previously  shown  that,  when  the  numerator  and 
denominator  are  integers,  a  fraction  may  be  regarded  as  repre- 
senting the  quotient  of  the  numerator  by  the  denominator.  We 
now  see  that  a  complex  fraction  may  be  regarded  in  the  same 
sense. 
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142.    The  student  should  especially  notice  the  following  cases, 
and  should  be  able  to  write  down  the  results  readily. 
1     ,     a    ,      6     6 
a  0  a     a 


a  \  ,        , 

h 

1 

a     1     1      1      6     6 

i      a     0     a     \      a 

h 

143.    We  now  proceed  to  show  how  complex  fractions  can  be 
reduced  by  the  rules  already  given. 

a     c 


Example  1,  i-i=  g  +  ^)  ^g  -  ^) 


d 


ad+hc  .  ad -he 
''~W  ^     bd 
ad+bc         bd 


bd         ad-bc 
ad+bc 


~  ad  —  bc' 


ExampU  2.  ^=  (a;  +  |')-- («- J) 


"  X  '  a? 
_x^  +  a^  a^ 
"~     X  ar*  -  a* 

Example  8.     Simplify  .         _fe  '• 

a-6  ~  a  +  & 
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The  numerator 


Similarly  the  denominator  = 
Hence  the  fraction = 


4ah 


{a  +  b){a-b)' 
4a26»  iab 


(a«  +  6'-)(a=*-6-)  *  {a+b){a-b) 

_  4ag6»  (a  +  6)(a-&) 

~~  (a^  +  b^){a^-V')^  4a6 

_    ab 

Note.  To  ensure  accuracy  and  neatness,  \9hen  the  numerator 
and  denominator  are  somewhat  complicated,  the  beginner  is  advised 
to  simplify  each  separately  as  in  the  above  example. 

In  the  case  of  Continued  Fractions,  we  begin  from  the 
lowest  fraction,  and  simplify  step  by  step. 

Example  4.     Smiphfy  • 


-1-- 


1-1— 


_  .  9a?«-64 

The  expression  =  j 

4  +  g-ag 
4+a; 

9a:»-64 


-     4  +  a; 
«-l-^ 


9a;«-64  9a:9-64 


'4g-4-(4+a;)       3a:- 


-*-is#-'i-*«- 
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EZAHFLES  XVI.  a. 

Find  the  value  of 

1. 

a     b 
m     n 

flf.         3. 

"1 
-5 

4. 

i+? 

~-l 
or 

5. 

-If-      '• 

rrf- 

8. 

1 

9. 

^+1 

^         .           11. 

m 

X 

n 

?+3 

12. 

1 
X 

'4' 

13. 

x+6+l 

1      2 
11     ^     -^     ' 

3 

15.    2 

:f8-^-6 

,  .  6     8' 

^*-          9 

X 

X 

!-■ 

16. 

2      .  /    1 

■1-^)-  "• 

a+6 

)-s'i- 

1& 

\     a—x              a+x     }  '  a? 

19. 

K?«)(»- 

• 

20. 

f,f_-^':-'V 

hC-'.-':"1 

. 

21. 


23. 


a-6     a+6 


1- 
1 

1 

ar- 

-2     307+2 

1 

22. 


-s 


a      « 


24.     1+. 


1+;f+ 


i-o? 
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25,     ^——.  26. 


a -—  4a?  + 


a— 1  o  — 0? 

27.     _2_.  28. 


^-2 


30. 


x  —  2 X J?H 

J?-l  .1  1 

47-2  47  47 

144.  Sometimes  it  is  convenient  to  express  a  single  fraction 
as  a  group  of  fractions. 

5a^-10xy'  +  15y»  __  6x^       lOxy*       15y» 
-^"^"""P^-  lO^V 10^  "10^^  "^10^3 

-1     U^ 
"■2y     X     2a^' 

Mixed  Expressions. 

145.  We  may  often  express  a  fraction  in  an  equivalent  form, 
partly  integral  and  partly  fractional.  It  is  then  called  a  Mixed 
Expression. 

^  x+2         x  +  2  x+2 

'^  x+S  aj+6  05+6  a+5 

In  some  coses  actual  division  may  be  advisable. 

Example  8.    Show  that  —      a~    =2ag~l „. 

-^  05-3  «-3 

By  division  a;-8;2a?-  7a5-  H2»- 1 

2a^-6g 

-  »-! 

-  g+3 

-4. 

Thns  the  quotient  is  2a;  - 1,  and  the  remainder  —  4. 
_      ,       2ar»-7aJ-l    «      -        4 
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146.  If  the  numerator  be  of  lower  dimensions  than  the 
denominator,  we  may  still  perform  the  division,  and  express  the 
result  in  a  form  which  is  partly  integral  and  partly  fractional 

Example.    Prove  that  ^    -    ,  =  2*  -  Ga? + 18a;*  -  = — ^ . 

By  division        1  +  ^)^  (2a: -  6a?+  18a:* 

2a;  +  Gx» 

-Gx»-.18a* 


I82* 

18a:»  +  54a:y 

whence  the  result  follows. 

Here  the  division  may  be  carried  on  to  any  number  of  terms  in 
the  quotient,  and  we  can  stop  at  any  term  we  please  by  taking  for  our 
remainder  the  fraction  whose  numerator  is  the  remainder  last  found, 
and  whose  denominator  is  the  divisor. 

Thus,  if  we  carried  on  the  quotient  to  four  terms,  we  should  have 

^^   ,=2x-6ar3  +  18aHi-.64a:7+  162aJ» 


l+y^a  ^  ^l  +  3ar«* 

The  terms  in  the  quotient  may  be  fractional ;  thus  if  x^ 
is  divided  by  a^-a\  the  first  four  terms  of  the  quotient  are 

J  +  ^  +  ^  +  jro>  a.nd  the  remainder  is  ^. 

147.  Miscellaneous  examples  in  multiplication  and  division 
occur  which  can  be  dealt  with  by  the  preceding  rules  for  the 
reduction  of  fractions. 

a'  2a' 

Example,     Multiply  « + 2a  -  - — -„-  by  2a;  -  a . 

zx  +  6a  x+a 

The  product  =  (x+2a-  ^  "'    ^  x  ^20;  -  a  -  —\ 
\  2a5+3a/      \  x-i-aj 

2a:*+7aa;4.6a2-a2     2a;2  +  aa;  -  a' -  2a2 

= s » X 

2a;  +  3a  x-ta 

_2^+7ax  +  5fl^     2a;'  +  aa;~3a' 
"        2a;  +  3a  a;  +  a 

_  (^^+^^)  (g+g)     (2a?+3a)(g-a) 
"*        2a;  +  3a  x+a 

=  (2aj+6a)(a:-a). 
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EXAMPLES  XVI.  b. 

Express  each  of  the  following  fractions  as  a  group  of  simple 
fractions  in  lowest  terms  : 

9.ry          '  *                  I2ax 

2      a^--3g26+3a&^  +  6»  a+b+c 

2ab              '  '         abc 

_      ]^c+ca+ab  ^  a^bO'-Zah\  +  2abc 

abc        '  '  '~      ■  6abo 

Perform  the  following  divisions,  giving  the  remainder  after  four 
terms  in  the  quotient : 

7.     ^H-(l+^).  8.    a-i-{a-b).  9.     (l+^)-i-(l -j;). 

10.      l-T-(l-a;+a;2).      n^    ^^(<p+3).         12.     1^(1-^)2. 

13.  Show  that         r^^2=«+25+-^--,  . 

{a  —  0)'  a  —  o 

14.  Show  that      afl-xy+y*--^^=^^^. 

^    "      x+y      x+y 

IK      ei,«™+i,  4.   60*»-17a:*-4ar+l      ,„       „_       49 
16.     Show  that         B^^3^_2 12X-25+--J-2. 

16.  Show  that  ^^<*'^V'-<^A<^+h+c)Sa+h-c) 

iab  2a6 

17.  Divide  ^+___by*-l+j-p^. 

18.  M^iltiply     a^-^^^-^^V^-M^^%. 

19.  Divide        52+35 _2-g^  by  36  +  6-^. 

20.  Divide  a2  +  962+-g^--  by  a+36+^2^. 

01       TIT  U-   1         A^^^A     .  9837-27  ^^      1  307  +  29 

21.  Multiply     4^:«+14.7+-^^-^  ^^  6  "  m-2+18:.+27' 
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148.    We  add  a  Miscellaneous  Exercise  in  which  most  of  the 
processes  connected  with  fractions  will  be  illustrated. 


EXAMPLES  ZVI.  o. 

Simplify  the  following  fractions : 
-       ^{pfi-a^)  ,  ra^-ouB     a^+2aa?  +  J?'"| 

rt      a;(a7+a)(j?  +  2a)     x(a?  +  a){2jF+a) 
3a  ea  ' 

3    i/j 1  \        2         A   (^±yy_(^_zy\ 

•     b\a-b     a+2bj     a^  +  ab^2^'    **     \a?-y/       V+y/ 

.22  4^ 

5*     r — ^  + 


47—1     of+l     a^—x+l ' 


8. 


0?     (a;+l)«     a?+l^l+:P+a^' 


l+2a;+2a^  +  a^'  '     3j;3_81^+162" 


^"-     6  62       t-   b'\b+ax)' 

y^-2cca;+a^  '    x-a  ]       a^+a^       \a     x)  ' 

12  g'-.g*       ,\    ~"a)    \    '^aj 

a^+cLX+x^  '  a^~x^ 

,o      _  ^-2^+1 .-     a?+q(i  +  g)y+y' 

^'^'     arfi-10a7S+15a7-8-  ■^*-  a*-ya 

4 

15      l+^_+.-3 2_ 

^^'     a^a  +  l^a  +  2     ^1' 

a 


16. 


17. 
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a;+3  11  1 


2a?«+9a7  +  9^2'2ar-3  9 

2  2 


18  1-^'  '  V    ^      I      M 

•     (l+aji7)«-(a  +  a7)a  '  2\l-^^l+a?/' 


21. 


^-3a?+2      '  •     4a7S-21ar8+15a?+20' 

x-a  2 


(a?-2a)a     ^-5flw?  +  6a«     ^-3a' 

l/a8+^\      1    «±f_/_?_V 
2  Va^-W     2'a-a?     \a  +  ^/  * 

23      f/_l 1   \   ^   ^-y«    .     1 

2  \a7-y     x+2//      x^+xy^  '  ^+y* 

25.  (a.-5-?)(a..5-|)^(.-|). 

26.  /?--L-+_i_U('^±f_£L:fV 

lo?     a+^     a-arj   '  \a-x     a  +  xj 


s,_i 


a— &  a-6 


29. 


30. 
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b—a  x+y 

32       ""^^^^^^     x-i^^ll 

l+a6  \-xy 

a+h     a—h 
OQ      a-6     a+6     (zb^-a^b 

a+b     a  —  b 
•^^     :r("l+*)(l-;r)»     ^^l_i" 

1  +  i  i  1 

36.     -=^x      "* 


1  1     *  1     ' 

—         m*H —     wi-lH — 

971  971  m 

37.  2_^_x— i-;r4. 

/3^53\2^  9_33-^ 

V1+3j:V  .    JT^      ara+1 

^^         J; 2  2 1_ 

^^'     aa-2     a2-l'^a2  +  l      02+2' 

40.     .-A    -^       '  ' 


38. 


6m  -  2n     3m + 2n     6m + 2'/i ' 

*'^-     4 (1  -a;)2  ^  8 (1  -^)  ^  8  (1  +a;)  ^4(1  +^)* 
42.     ;.A.+       ^  ^  ' 


9(^-2)  "*'9>+l)     3(^+1)^     ^  +  2+^' 

X 
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43.     (^+^V^,)-_f_  +  ^-,. 

**"     {x  +  zf-y^'^{x+yf-z^'^{y  +  zf-x^' 
:g«-(y~2;g)«     y»-(2g-^)g     4g2-(;g-y)« 

4g     (^-y)(y-g)+(y-g)(g-^)+(g-^)(^-y) 

in  a  —  h-c  b  —  c  —  a  c-a  —  b 

'•     {a-b)  {a-cy'(b'-c){b''a)  "^  (c-a)(o-6)' 

4fi  c+q  a  +  & 6+g 

•     (a-6)(a-c)'*"(i-c)(6-a)'^(c-a)(c-6)* 

^-(2y-3^)a      4ya-(3^-^)2     90»-(a7-2y)' 

9y2-(4g-2j?)2      1622-(2^~3y)2     4372 -(3y-.  4^)2 
^'     (207  +  3^)2  - 16^2  **■  (3y  +  42)2  -  4r2  +  (42  +  ^x)'^  -  9y2 ' 

1       x+a      1      x—a 

--      5"^+a2  .  x~'^^Ta^ 
ol.     ,  +- 


52. 


54. 


a+^       1 


a     a2  +  a72     a     a^+x^ 

(x+a)(v+b)~-(7/+a)(y+b)     {x'-a)iy-b)-{x-b){jf-a) 
x—y  a-b 


KQ      /      a+x  •   _       g-.r     \  ^  /«H;^  _  a^-^2\ 
^'      Va^-cu7+j72     a^-i-ax+xy  '  W-x^     a^+a^J' 


^^^-1  J7+3     ^+3 

3  ^-2  ,      7     ~:g+4 
07+2     ^  +  2  •  a:-2     a?"-2' 

4  ^-3         3    '^x-l 


CHAPTER  XVII. 

Fractional  and  Literal  Equations. 

149.  In  this  chapter  we  propose  to  ^ve  a  miscellaneouB 
collection  of  equations.  Some  of  these  will  serve  as  a  useful 
exercise  for  revision  of  the  methods  already  explained  in  previ- 
ous chapters ;  but  we  also  add  others  presenting  more  difficulty, 
the  solution  of  which  will  often  be  facilitated  by  some  special 
artifice. 

The  following  examples  worked  in  full  will  sufficiently  illus- 
trate the  most  useful  methods. 

Example  I.    Solve  4-^  =  .?.--. 
8        22     2 

Multiply  by  88,  which  is  the  least  common  multiple  of  the 
denominators,  and  we  get 

352-ll(aj-9)=4a;-44; 

removing  brackets,      352  —  lla;-}-99=4a;— 44; 

transposing,  — 11a;— 4aj=—  44— 352 — 99 ; 

collecting  terms  and  changing  signs,  15a; =495 ; 

.-.  x=33. 

a— 9 
Note.    In  this  equation  — ^—  is  regarded  as  a  single  term  with 

the  minus  sign  before  it.    In  fact  it  is  equivalent  to  —  ^  (a;— 9) ,  the 

o 

line  between  the  numerator  and  denominator  having  the  same  effect 

as  a  bracket. 

^         ,  «     e  1      8a;+23     5a;-f 2     2a;+3     - 

I!xample2.    Solve -^O 3^n:4  =  -5 ^• 

Multiply  by  20,  and  we  have 

oX+4 
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By  transposition,  81=?5gj^ 

Multiplying  across,  93x+ 124=20(5x4-2), 
84=7* ; 
.-.  aj=12. 

w         7   o     o  1       35—8    .  X— 4     X— 5  .  X— 7 
^mplea.    Solve  j-j5  +  ^  =  ^  +  ;^ 

This  equation  might  be  solved  by  clearing  of  fractions,  but  the 
work  would  be  very  laborious.  The  solution  will  be  much  simpli- 
fied by  proceeding  as  follows : 

rP»A««o^/xa;n»      X  — 8        X— 5       X— 7       X— 4 

Transposing,  _____  =  ^___. 

Simplifying  each  side  separately,  we  have 
(x-8)(x~7)--(x-6)(x-10)  _  (x-7)(x-6)-(x-4)(x-9)  . 
(x-10)(x-7)  -  (a;-9)(x-6) 

a;g-l6x+66-(x«--15x+50)  _xg-13x+42-(x^-13x+36)  . 
(x-10)(x-7)  "  (x-9)(x-6) 

.  ^  _  ^ 

"  (x-10)(x-7)~(x-9)(x-6)* 

Hence,  since  the  numerators  are  equal,  the  denominators  must 
be  equal ; 

that  is,  (x-10)(x-7)  =  (x-9)(x-6), 

x«-17x+70=x8-16x+64 ; 
.-.  16=2x; 
.-.  x=8. 

,    ^      o  1      5x-64     2x-ll     4x-55     x-6 
Example^.    Solve  ^^-^ - ^^-^  = -^^-^  - ^. 

Wehave54.^-(2+^)=44-^-i^.(l  +  J^); 
1111 


x-13     x-6""x-14     x-7 
Simplifying  each  side  separately,  we  have 
7  7 


(x-13)(x-6)  "  (x-14)(x-7)' 

(x-13)(x-6)  =  (x-14)(x-7), 

aj2-19x+78  =  x«-21x+98, 

2x  =  20; 

.-.  x=10. 
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150.  To  solve  ecjuations  whose  coefficients  are  decimals,  we 
may  express  the  decimals  as  common  fractions,  and  proceed  as 
before ;  but  it  is  often  found  more  simple  to  work  entirely  in 
decimals. 

Example  1,    Solve  '6x+-26-^x=l'S—'76x~-^' 

Expressing  the  decimals  as  common  fractions,  we  have 
|x+J-ix=l|-ix-i; 
clearing  of  fractions,  24a; + 9  -  4a; = 68  -  27a; — 12  ; 
transposing,  24x-4a;+27a;=68-12-9, 

47a;=47 ; 
•      .-.  a;=l. 

Example  2.     Solve  •375a;- 1-875=  •12a;+ 1-185. 
Transposing,  •375«-  -120;= 1  •185+ 1*875 ; 

collecting  terms,        (-375-  •12)x=3^06, 
that  is,  •255x=3-06; 

•    x=^ 
•255 

=12. 


EXAHPLES  ZVn.  a. 

4(x+2)_       5a;  „     a;+4     a;-4_ 

^'  —6— -^+13'  2'  Tr  +  "6--^- 

n     a;+20     3a;     ^  .     x-8     a;-3      5 

p.     6(a;+5)      2(a;-3)  _  x     x     x     x_ 

5.    — 8 7---5if.  6.    2"*"3""i"*'6-^*- 

7.    $-§(^+10)-(a;-3)  =  ?^-4t. 


»■  '-l=K'-t)-i*K"-i> 
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10.    ^-(3^-To-j  =  6(2^-^^^-3- 


12. 


15. 
16. 


18. 


20. 
21. 
22. 
23. 


5       '  2a;-15        10, 
4  (or +3)  __  8j?  +  37  _  73r~29 
9        ""      18         5.r-12* 


(2a?- 1)  (3^+8)  2£+6     2.r+l_^ 

■^^-  607(^+4)  '''        ■^*'     6;f+3     5ar+2'~"* 


__4 2^5  ^ 

a?+3     ar+1     2a?+6     2^+2* 
7  60     ^     10^  8 

,r-4     5a?-30     307-12     x-6' 

17      ,J_+      30      ^.J,^._g.. 
^''     4-2:F^8(i-a?)      2-jp^2-2jf' 


X 

25- 


3^16£+4J^g^_23 


a?+l        3^+2  ,r+l 


30+6£     60  +  8^  48_ 

^^-    ^+1  "^"FFT^^+^+r 


^        ^+l_^-8     ^-9 
^-2'"a?-l~a?-6     ^-7' 
^+5     j?-6_;p-4     x-y^ 
x+i     x-l'~  x-b     a?-16' 
^-7  _  3?-9  _ :y-13  _  ^-15 
^-9     a?-ll~^-15     ^-17' 
:r+3     ;g  +  6     .a?4-2     ^+5 
5+6     ^+9~a?+5     ;f+8* 
07+2     07-7     o?+3     x-6 


^-        X    '^  x-h     x+l     x-4' 

4g-l7      10j?-13     8J7-30     5.a?-4 

25.       ^_4   +   2JF-3  *"  207-7       07-l  ' 
5o7-8     607-44     1007-8^0^-8 

2^-      J^TF"*"    .17-7  07-1        t7-6* 

H.  A. 
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97  SLf-3  _    -iar-e  ^      j;-2      J:-4 

'^''  •3jr--4'"-Ofia;--07'  -05       "^^25 

29.  -083  (a  -  -625)  =  -oS  (^  -  -69375). 

30.  (2ar+ 1-5)  (ar -  2*25)  =  (2x- 1-125)  (aF+ 1-25). 

-ar-l       '5  +  l-2jr  ^^      1 -I'^ar     -7(3?-l) 

^^*  •5ar--4       2a7-l*  '        "2  +  ^^  l-'Sar' 

33.  i2^^^-l^-Z.-,)=-^-^ 


Literal  Equations. 

151.  In  the  equations  we  have  discussed  hitherto  the  co- 
efficients have  been  numerical  quantities,  but  equations  often 
involve  literal  coefficients.  [Art.  6.]  These  are  supposed  to  be 
known,  and  will  appear  in  the  solution. 

Example  1.     Solve  {x+a){x  +  b)~c{a+c)={x-c){x+c)  +  db. 
Multiplying  out,  we  have 

whenoe  ax+bx=ac, 

(a  +  b)x=ac; 

ac 
.*.  x=  — r. 
a+b 

^  ,    «      «  1         "  ^        a-b 

Example  2.    Solve ,  = . 

"^  x-a     x-b     x-c 

Simplifying  the  left  side,  we  have 

a{x-b)~b{x-a)  _  a-b 

(x-a)(x-~b)  x-c* 

(a-b)x      _  «  -  & , 

(x—a)  (x  —  b)  ~aj-c* 

x  1 

*  '  {x-a)(x-b)~  x-c' 

Multiplying  across,  a^-cx=a^-ax-bx+ab, 

ax+bx-'CX=ab, 

{a-{-b-c)xssab\ 

ab 

a  +  b-c 


FRACTIONAL  AND   LITERAL   EQUATIONS.  131 

EXAMPLES  XVn.  b. 

1.     aa?-26=5&j?-3a.  2.  a«(a7-a)  +  6^(ar-6)=a6ar. 

3.     ^+a«=(6-^)2.  4.  (x-a){x+b)  =  (x-a'}-b)K 

5.     a(a:-2)  +  2a:=6  +  a.  6.  m^(m-a;)-mna;'=n^{n+a:). 

7.     (a+^)(6+^)=a7(^-c).  8.  (a-6)(a7-a)  =  (a-c)(a7-6). 

g      23?+3a     2(3jr+2a)  2(a?-6)^  2a?+& 

x+a     '     3a?+a      *  '  3a;-c       3(a7-c)* 

-«      a       ,       iL\  ,  ^  1^       9a     3a:     4ft      2a? 

13.     -=c(a-o)+-.  14.     -i--T-  = • 

X       ^        *     X  b       0       a       a 

--      x-a  _x-b  _^      x-a  _{x-b)^ 

b'-x~ a-x'  '     ~2         2a7-a  ' 

-_      1     ,         .      /x+aY     2a/      a\ 

18.  (a+b)a^-a{bx+a^=bx(x-a)  +  ax{x-b), 

19.  6(a  +  ^)-(a+ar)(6-^)  =  A^+— . 

20.  b{a-x)-^(b+x)^+ab  (^+iy^O. 

21.  ^+a(2a-^)-^=(a;-|y+aa. 

22.  (2a;-a)^^+y)  =  4^^|~ar)-l(a-4r)(2a+3:r). 


CHAPTER  XVIII. 

Problems  leading  to  Fbactional  and  Literal 
Equations. 

152.  We  here  give  some  problems  which  lead  to  equations 
with  fractional  and  literal  coefficients. 

Example  1.    Find  two  numbers  which  differ  by  4,  and  such 
that  one-half  of  the  greater  exceeds  one-sixth  of  the  less  by  8. 
Let  X  be  the  smaller  number,  then  2;+4  is  the  greater. 

One-half  of  the  greater  is  represented  by  5  (a;+4),  and  one-sixth 

1  ^ 

of  the  less  by  ^x. 

Hence  ^(aj+4)-i«=8; 

multiplying  by  6,  Sx+ 12 -x=48  ; 

.-.  2x=36; 

.*.    a;= 18,  the  less  number, 
and  x+4=22,  the  greater. 

Example  2.  A  has  $180,  and  B  has  $84 ;  after  B  has  won  from 
A  a  certain  sum,  A  has  then  five-sixths  of  what  B  has ;  how  much 
did  B  win  ? 

Suppose  that  B  wins  x  dollars,  A  has  then  180— x  dollars,  and 
jB  has  84 -fx  dollars. 

Hence  180-aj=g  (84+x) ; 

1080-6x=420+5«, 
llx=660; 
.•.  x=60. 
Therefore  B  wins  $60. 
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EXAMPLES  XVm. 

1.  Find  a  number  such  that  the  sum  of  its  sixth  and  ninth  parts 
may  be  equal  to  15. 

2.  What  is  the  number  whose  eighth,  sixth,  and  fourth  parts 
together  make  up  13? 

3.  There  is  a  number  whose  fifth  part  is  less  than  its  fourth  part 
by  3 :  find  it. 

4.  Pind  a  number  such  that  six-sevenths  of  it  shall  exceed  four- 
fifths  of  it  by  2. 

6.  The  fifth,  fifteenth,  and  twenty-fifth  parts  of  a  number  together 
make  up  23 :  find  the  number. 

6.  Two  consecutive  numbers  are  such  that  one-fourth  of  the  less 
exceeds  one-fifth  t>f  the  greater  by  1 :  find  the  numbers. 

7.  Two  numbers  differ  by  28,  and  one  is  eight-ninths  of  the  other ; 
find  them. 

8.  There  are  two  consecutive  numbers  such  that  one-fifth  of  the 
greater  exceeds  one-seventh  of  the  less  by  8 :  find  them. 

9.  Find  three  consecutive  numbers  such  that  if  they  be  divided 
by  10,  17,  and  26  respectively,  the  sum  of  the  quotients  will  be  10. 

10.  A  and  B  begin  to  play  with  equal  sums,  and  when  B  has 
lost  five-elevenths  of  what  he  had  to  begin  with,  A  has  gained  ^ 
more  than  hall  of  what  B  has  left :  what  had  they  at  first  ? 

11.  From  a  certain  number  3  is  taken,  and  the  remainder  is 
divided  by  J^ ;  the  quotient  is  then  increased  by  4  and  divided  by  5 
and  the  resiiltis  2 :  find  the  number. 

19.  In  a  cellar  one-fifth  of  the  wine  is  port  and  one-third  claret : 
besides  this  it  contains  15  dozen  of  sherry  and  80  bottles  of  hock. 
How  much  port  and  claret  does  it  contain? 

13.  Two-fifths  of  ^'s  money  is  equal  to  jB's,  and  seven-ninths 
of  JS*s  is  equal  to  C^s :  in  all  they  have  $770,  what  have  they  each? 

14.  A^  JS,  and  Q  have  $1285  between  them:  ^'s  share  is 
greater  than  five-sixths  of  JS's  by  $25,  and  C's  is  loui:-fifteenth8  of 
W^ :  find  the  share  of  each. 

15.  A  man  sold  a  horse  for  $35  and  half  as  much  as  he  gave 
for  it,  and  gained  thereby  $10:  what  did  he  pay  for  the  horse  ? 

16.  The  width  of  a  room  is  two-thirds  of  its  length.  If  the 
width  had  been  3  feet  more,  and  the  length  3  feet  less,  the  room 
would  have  been  square :  find  its  dimensions. 

17.  What  is  the  property  of  a  person  whose  income  is  $430, 
when  he  has  two-thirds  of  it  invested  at  4  per  cent.,  one-fourth  at 
3  per  cent.,  and  the  remainder  at  2  per  cent.? 

18.  I  bought  a  certain  number  of  apples  at  three  for  a  cent,  and 
five-sixths  of  that  number  at  four  for  a  cent ;  by  selling  them  at  six- 
teen for  six  cents,  I  gained  3^  cents ;  how  many  apples  did  I  buy  ? 
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19.  Find  two  numbers  such  that  the  one  may  be  n  times  as 
great  as  the  other,  and  their  sum  equal  to  b. 

20.  A  man  agreed  to  work  a  days  on  these  conditions :  for 
each  day  he  worked  he  was  to  receive  c  cents,  and  for  each  day  he 
was  idle  he  was  to  forfeit  d  cents.  At. the  end  of  a  days  he  received 
m  cents.     How  many  days  was  he  idle  ? 

21.  A  sum  of  money  is  divided  among  three  persons ;  the  first 
receives  a  dollars  more  than  a  third  of  the  whole  sum ;  the  sec- 
ond receives  b  dollars  more  than  a  half  of  what  remains ;  and  the 
third  receives  c  dollars,  the  amount  which  is  left :  find  the  original 
sum. 

22.  Out  of  a  certain  sum  a  man  paid  $96 ;  he  loaned  half  of  the 
remainder,  and  then  spent  one-fifth  of  what  he  had  left.  After 
these  deductions  he  still  had  one-tenth  of  the  onginal  sum.  How 
much  had  he  at  first  ? 

23.  A  man  moves  12  miles  in  an  hour  and  a  half  rowing  with 
the  tide,  and  requires  four  hours  to  return,  rowing  against  a  tide 
one-quarter  as  strong :  find  the  velocity  of  the  stronger  tide. 

24.  A  man  moves  a  miles  in  6  hours,  rowing  with  the  tide,  but 
requires  c  hours  to  return,  rowing  against  a  tide  d  times  as  strong 
as  the  first :  find  the  velocity  of  the  stronger  tide. 

25.  A  has  a  certain  sum  of  money  from  which  he  gives  to  B 
$4  and  one-sixth  of  what  remains ;  he  then  gives  to  G  $5  and  one- 
fifth  of  what  remains,  and  finds  that  he  has  given  to  each  an  equal 
amount.  How  many  dollars  had  A,  and  how  many  dollars  did  B 
receive  ? 

26.  The  fore-wheel  of  a  carriage  is  a  feet,  and  the  hind-wheel 
is  b  feet  in  circumference.  What  is  the  distance  passed  over  when 
the  fore- wheel  has  made  c  revolutions  more  than  the  hind- wheel  ? 

27.  In  a  certain  weight  of  gunpowder  the  nitre  composed  10 
pounds  more  than  two-thirds  of  the  weight,  the  sulphur  4J  pounds 
less  than  one-sixth,  and  the  charcoal  51  pounds  less  than  one-fifth 
of  the  nitre.    What  was  the  weight  of  tiie  gunpowder  ? 

28.  Two-thirds  of  A^s  money  is  equal  to  5's,  and  three-fourths 
of  B^s  is  equal  to  C^b  ;  together  they  have  $650.  What  amount 
has  each  ? 


CHAPTER   XIX. 

Simultaneous  Equations. 

153.     Consider  the  equation  2x+59f= 23,  which  contains  two 
unknown  quantities. 

From  this  we  get  53^ = 23  -  2a:, 

thatis,  y-^ (1). 

From  this  it  appears  that  for  every  value  we  choose  to  give  to 

X  there  will  be  one  corresponding  value  of  y.     Thus  we  shall  be 

able  to  find  as  many  pairs  of  values  as  we  please  which  satisfy 

the  given  equation.     Such  an  equation  is  called  indeterminate, 

21 
For  instance,  if  x=l,  then  from  (1)  y==  v- . 

27 
Again,  if  47=  —2,  then  y  =  — - ;  and  so  on. 
o 

But  if  also  we  have  a  second  equation  of  the  same  kind  ex- 
pressing a  different  relation  between  x  and  y,  such  as 
3a;+4y=24, 

we  have  from  this  y=  — - — (2). 

If  now  we  seek  values  of  a?  and  y  which  satisfy-  both  equa- 
tions, the  values  of  y  in  (1)  and  (2)  must  be  identical 

rp,       -  23-2ar     24-3a? 

Therefore  — - —  =  — - —  . 

5  4 

Multiplying  up,       92  -  8ar==120-  15a?; 

.-.     707=28; 

07  =  4. 

Substituting  this  value  in  the  first  equation,  we  have 
8-|-5y=23; 
.-.     5y=15; 

.-.     y=3,|  . 

and  07=4.  J 

Thus,  if  both  equations  are  to  be  satisfied  by  the  same  values 
of  47  and  y,  there  is  only  one  solution  possible. 
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154.  Definition.  When  two  or  more  equations  are  satis- 
fied by  the  same  values  of  the  unknown  quantities  they  are 
called  simultaneous  equations. 

155.  In  the  example  already  worked  we  have  used  the 
method  of  solution  which  best  illustrates  the  meaning  of  the 
term  simultaneous  equation  ;  but  in  practice  it  will  be  found  that 
this  is  rarely  the  readiest  mode  of  solution.  It  must  be  borne 
in  mind  that  since  the  two  equations  are  simultaneously  true, 
any  equation  formed  by  combining  them  will  be  satisfied  by  the 
values  of  x  and  j/ which  satisfy  the  original  equations.  Our 
object  will  always  be  to  obtain  an  equation  which  involves  one 
only  of  the  unknown  quantities. 

156.  The  process  by  which  we  cause  either  of  the  unknown 
quantities  to  disappear  is  called  elimination.  It  may  be  effected 
in  different  ways,  but  three  methods  are  in  general  use :  (1)  by 
Addition  or  Subtraction;  (2)  by  Substitution;  and  (3)  by 
Comparison. 

Elimination  by  Addition  or  Subtraction. 

157.  Example  1.     Solve  7a;+2y=47 (1), 

6x-4y=  1 (2). 

Here  it  will  be  more  convenient  to  eliminate  y. 

Multiplying  (1)  by  2,        14a;+4y=94, 
and  from  (2)  6x — 4y = 1 ; 

adding,  19a;=96 ; 

.-.  a;=6. 

To  find  y,  substitute  this  value  of  x  in  either  of  the  given 
equations. 

Thus  from  (1)  35+2y=47  ; 

.-.  y=6a 

and  x=5.  i 

In  this  solution  we  eliminated  y  by  addition. 

Example  2.    Solve  Sx+7y=^7 (1), 

5»+2y=16 (2). 

To  eliminate  x  we  multiply  (1)  by  5  and  (2)  by  3,  so  as  to 
make  the  coefficients  of  x  in  both  equations  equal.     This  gives 

15»+35y^l35, 

15a;+  62/=48; 

subtracting  J  29y=87 ; 

.-.  y=3. 
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To  find  X,  substitute  this  value  of  y  in  either  of  the  given  equa- 
tions. 

Thus  from  (1)  3x+21=27; 

.-.  aj=2,'i 

and  y=3.  J 

In  this  soluticm  we  eliminated  x  by  subtraction. 

Rule.  Multiply,  wheiv  necessary,  in  such  a  manner  as  to  make 
the  coefficients  of  the  unknown  quantity  to  be  eliminated  equal  in 
both  equations.  Add  the  resulting  equations  if  these  coefficients  are 
unlike  in  sign;  subtract  if  like  in  sign. 

Elimination  by  Substitution. 

158.    Example,    Solve  2x-by=  1 (1), 

7x+32/=24 (2). 

Transposing  —  6y  in  (1),  and  dividing  by  2,  we  obtain 

x^^y^. 


2 

SubstitiUing  this  value  of  x  in  (2)  gives 


7(^)+3y=24. 


Whence  35y+ 7+6^=48, 

and  41y=41 ; 

.-.  y=l. 
This  value  substituted  in  either  (1)  or  (2)  gives 
a;=3. 

Rule.  From  one  of  the  equations,  find  the  value  of  the  un- 
known quantity  to  be  eliminated  in  terms  of  the  other  and  known 
quantities ;  then  substitute  this  value  for  that  quantity  in  the  other 
equation,  and  reduce. 

Elimination  by  Comparison. 

159.-    Example,    Solve  aj-fl6y= 63 (1), 

y+3a;=27 (2). 

Prom  (1>  x=i63-15y, 

and  from  (2)  ^^27--y 
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Placing  these  values  of  x  equal  to  each  other,  we  have 

53-16,=  ?!i:l?. 

Whence  159 -462/= 27 -y, 

and  442/=132; 

.-.  y=S. 
Substituting  this  value  in  either  (1)  or  (2)  gives 
a;t=8. 

Rule.  From  each  equation  find  the  value  of  the  unknown 
quantity  to  be  eliminated  in  terms  of  the  other  and  known  quantities; 
then  form  an  equation  with  these  values  and  reduce, 

EXAHPLE8  ZOL  a. 

Solve  the  equations : 

1.     3jr+4y  =  10,        .      2.     4?+2y=13,  3.     4ar+'7y=29, 

4r+y=  9.  ap+y=14.                     ^+3y=ll. 

4,    2j?-3/=  9,  5.     6a7+6y=17,  6.     ar+y=10, 

3^_7y  =  19.  6j;+5y=16.                7:r+8y  =  53. 

7.     ar-3/=34,  8.     15a?+7y=29,  9.     14:F-3y=39, 

;r+8y=53.  9ar+15y=39.               &r+17y=35. 

10,    28^-23y=33,  11.     35^+l7y=86,  12.     1547+77^=92, 

63a? -25^=101.  56^-13y=17.              65;F-33y=22. 

13.     5ar-7y=0,  14.     21a?-50g/=60,  15.       39^-8y=99, 

7a7+5y  =  74.  2ar-27y=-199.            52:F-15y=80. 

16.    5a7=7y-21,  17.     6y-64F=18,  18.      &F=5y, 

21:r-9y=75.  iaa7-9y=0.                   iaF=8y  +  l. 

19.    aF=7y,  20.   19:r+17y=0,  21.  93j7+15y=123, 

12y=5a7-l.  2a7-y=53.              15a?+93y=20I. 

160.  We  add  a  few  cases  in  which,  before  proceeding  to  solve, 
it  will  be  necessary  to  simplify  the  equations. 

Example  1.     Solve  5  (a:  +  2y)-(3a;  +  lly)  =  14 (1), 

7a:-9y-3(x-4y)=38 (2). 

From  (1)  Bx  +  lOy-Sx-  lly = 14 ; 

.-.  2a;-y  =  14 (3). 

From  (2)  7aj-9y-3a?  +  12y=38; 

.-.  4a;  +  3y=38 (4). 

From  (3)  air-3y=42 

and  hence  we  may  find  a: =8,  and  y=2. 


SIMULTANEOUS  EQUATIONS.  139 

Example  2.     Solve       3x-^"— = --_"-^ (1), 

^*-|(ar-6)=y (2). 

Clear  of  fractions.    Thas 
from  (1)  42a:  -  2y  +  10=a&F  -  21 ; 

.-.  14x-2y  =  -31 (3). 

From  (2)  9y  +  12-10a?  +  26  =  15y; 

.-.  10x+6y=37 (4). 

Eliminating  y  from  (8)  and  (4),  we  find  that 

14 

*="r3- 

Eliminating  x  from  (3)  and  (4),  we  find  that 

207 
y=-26- 

KoTE.  Sometimes,  as  in  the  present  instance,  the  value  of  the 
second  unknown  is  more  easily  found  by  elimination  than  by  substi- 
tnting  the  value  of  the  unknown  already  found. 


EXAITPLES  XIZ.  b. 

1.  1+^=16.  2.  f +  1=5.  3.  ^-y.3. 

4  D 

4.    x-y=&,  5.     5+1=10,  6.    x=Zy, 

M-2.             l+y-^-  |+y=34. 

4^-y=20.                i«+^y.=a  |y-3«=8. 

la     f+f=l?,  11.    ar-7y=0.  12.     f-|=0, 

*+|=4g.               f^+|y=7.  3*+iy-17. 
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Simultaneous  Equations  involving  Three  Unknown 
Quantities. 

161.  In  order  to  solve  simultaneous  equations  which  contain 
two  unknown  quantities  we  have  seen. that  we  must  have  two 
equations.  Similarly  we  find  that  in  order  to  solve  simultaneous 
equations  which  contain  three  unknown  quantities  we  must  have 
three  equations. 

Rule.  Eliminate  one  of  the  unknovms  from  any  pair  of  the 
equcUionSy  and  then  elimindte  the  same  unknown  from  another  pair. 
Two  equations  involving  two  wilnovms  are  tJius  ootainedfic/iich  maf 
he  solved  by  the  rules  already  ffiven.  The  remaining  unlnoiffn  u 
then  found  by  substituting  in  any  one  of  the  given  equations. 

Example  1.     Solve        6j?  +  2y- 51=13 (1), 

3a:  +  3y-ae;=13 (2), 

Tx  +  5y-3r=26 (3).. 

Choose  y  as  the  unknown  to  be  eliminated. 
Multiply  (1)  by  3  and  (2)  by  2, 

18x  +  6y-15jB=89, 
Gx  +  6y-  4x=26; 

subtracting,  12a:-lLB=13 ^ (4), 

Again,  multiply  (1)  by  5  and  (3)  by  2, 

30x  +  10y-26£=65, 
14a:  +  10y-   6r=62; 

Bubtraoting,  .  16a?-19z=13 (6). 

Multiply  (4)  by  4  and  (5)  by  3, 

4&c-44i=52, 

48a:-57«=39; 

subtraoting,  132=13 

x=l,) 
and  from  (4)  x= 

from  (1)  y  = 

Note.  After  a  little  practice  the  student  will  find  that  the  solution 
may  often  be  considerably  shortened  by  a  suitable  combination  of  the 
proposed  equations.  Thus,  in  the  present  instance,  by  adding  (1)  and 
(2)  and  subtracting  (3)  we  obtain  2x  -  4z=0,  or  a;=2jE.  Substituting 
in  (1)  and  (2)  we  have  two  easy  equations  in  y  and  z* 
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ExampU  2.    Solve     5- 1=1  +  1=^+2, 
^  o  7 

3  +  2="- 

From  the  equation  =r  - 1 = ^  + 1, 

we  have  Bx-y  =  12 (1). 

Also,  from  the  equation    ^  - 1 = = + 2, 
«  7 

wehave  7x-2z=4Z (2). 

And,  from  the  equation  ^  +  a=13i 

wehave  2y  +  3«=78 ....(8). 

Eliminating  z  from  (2)  and  (3),  we  have 
21x  +  4y=282; 
and  from  (1)  12a; -4^=48; 

whence  x=lO,y  =  18.    Also  by  substitution  in  (2)  we  obtain  z= 14. 

Example  3.     Consider  the  equations 

Bx-Sy-  z=^6  (1), 

13a:-7y  +  3jB  =  14 (2), 

7x-4y=8  (3). 

Multiplying  (1)  by  3  and  adding  to  (2),  we  have 
2&r-16y=32, 
or  7a;-4y=8. 

Thus  the  combination  of  equations  (1)  and  (2)  leads  us  to  an 
equation  which  is  identical  with  (3),  and  so  to  find  x  and  y  we  have 
but  a  single  equation  7a;-4y=8,  the  solution  of  which  is  indeter- 
minate.   [Art.  153.] 

In  this  and  similar  cases  the  anomaly  arises  from  the  fact  that 
the  equations  are  not  independent;  in  other  words,  one  equation  is 
deducible  from  the  others,  and  therefore  contains  no  new  relation 
between  the  unknown  quantities  which  is  not  already  implied  in  the 
other  equations. 


EXAMPLES  XIX.  o. 

11,  2.      d7+3j^4 

7,  07+2^4 

&F+4y+«  =14.  2.V+  y+2e=  2. 


1.       a7+2y  +  22:=ll,  2.      a;+Zi/+4z^U, 

2^+y  +«  =  7,  07+2^+  z=  7, 
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3. 

a,-+47/  +  30=lV, 
ar+3y+  «=16, 
2a?+2y+  «=11. 

4. 

3o7-2y+2=2, 

2o7+3y-;8=5, 

x+  y+2=a 

5. 

2a?+  y+  «-16, 
^+2y+  «=9, 
07+  y+a?=3. 

6. 

07-2y+aEr=2, 
2o7-3y+  2=1, 
3o7-  y+22=9. 

7. 

3a?+2y-  ^=20, 

2a?+3y+62=70, 

0?-  y+6;?=41. 

8. 

2o7+3y+42=20, 
3or+4y+52=26, 
3o7+5y+62=31. 

9. 

3a?-4y=62!-16, 
4f-  y-  «=  5, 
07=3^+2(2-1). 

10. 

5o7+2y=14, 
y_C2=-15, 
O7+2y+2=0. 

11. 

.7-1=6, 
^-|=10. 

12. 

y+z     2+07     07+y 
4           3    ~    2     ' 

.r+y+2=27. 

13. 

3           2^"^ 

-407, 

14. 

2o7+3y  =  5, 
22-  y=l, 

y+«=2o7+l. 

7o7-  92=3. 

15. 

2(o7+2-5)=y-; 

? 

16. 

07+20=1^+10 

=  207- 

■  11 

=  22+5 

=9- 

(07+2.). 

=  110-(y+2). 

162.  Definition.  If  the  product  of  two  quantities  be  equal  to 
unity,  each  is  said  to  be  the  reciprocal  of  the  other.  Thus  if 
a6=l,  a  and  h  are  reciprocals.     They  are  so  called  because 

a=T,  and  &=-  ;  and  consequently  a  is  related  to  h  exactly  as 

h  is  related  to  a. 

The  reciprocals  of  o?  and  y  are  -  and  -  resi^ectively,  and  in 

0?         y 

solving  the  following  equations  we  consider  -  and  -  as  the  un- 
known quantities. 
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8     9 

Example  1,     Solve  =  1 (l)i 

X     y 

^  +  5=7 (2). 

X      y 

Multiply  (1)  by  2  and  (2)  by  3;  thus 
X      y 

X      y         *  • 

46 
adding.  -^  =23; 

multiplying  up,  46= 28a;, 

x=2; 
and  by  substituting  in  (1) ,  ^ = 3. 

ExampU2.    Solve      2^  +  4^-3^  =  4  • W' 

i4 ■ «■ 

l-'+S.2=   (31, 

X     5y     z       15 

dearing  of  fractional  coefficients,  we  obtain 

from(l)  M-'=^ <^)' 

from  (2)  ?-i        =0 (6), 

a?     y 

from  (3)  15-?  +  ??=32 (6). 

X      y      z 

Multiply  (4)  by  15  and  add  the  result  to  (6);  we  have 

l-?i  +  ^=77; 
X       y 

dividing  by  7  —  +  -  =  11 (7); 

X     y 

from  (6)  ?-H' 

...5-8=11; 

X 

.*.  «= 

from  (5)  y 

from  (4)  s 


=2,) 
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1.     5  +  5=3. 
X    y 

15  +  ?=4. 
X     y 

X      y 

15-1=44. 
X     y 


?-?=7,         8. 
X     y 


°a-^)-- 
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d. 

X   y     ' 
?+li=3. 

3. 

1^-^=2, 
X     y 

?-?=0. 

j;    y 

?1  +  1?=5, 
1    1     1 

y     «     42- 

6. 

5  +  ?=30. 

*  y 

?-5=2. 

*  y 

9. 

^  +  H^=42. 
*     y 

14     15  _  J 

j;       y 

i+3V'' 
1-1=1. 

y    ^ 

12. 

2y-a;=4ty, 
l-?=9. 

y    « 

-H 

-i- 

=36, 

1^1 

_1 

=28, 

1+1+1= 

x^3y^2» 

=20. 

10.     ?  +  5=«,        11. 
X     y      15' 

9y-22*.=§. 

13.     l-|+4=0, 

1-1+1=0, 

y    « 

i+-«=14. 

Literal  Simultaneous  Equations. 

163.    Example  1.    Solve     aa;+  62/=6    (1), 

a'x-{-b'y=zc' (2). 

The  notation  here  first  used  is  one  that  the  student  will  fre- 
quently meet  with  in  the  course  of  his  reading.  In  the  first  equa- 
tion we  choose  certain  letters  as  the  coefficients  of  x  and  y,  and  we 
choose  corresponding  letters  with  accents  to  denote  corresponding 
quantities  in  the  second  equation.  There  is  no  necessary  connec- 
tion between  the  values  of  a  and  a^  and  they  are  as  different  as 
a  and  h ;  but  it  is  often  convenient  to  use  the  same  letter  thus 
slightly  varied  to  mark  some  common  meaning  of  such  letters,  and 
thereby  assist  the  memory.  Thus  a,  a'  have  a  common  property 
as  being  coefficients  of  x ;  &,  &'  as  being  coefficients  of  y. 

Sometimes  instead  of  accents  letters  are  used  with  a  svffiXy  such 
as  au  Oa>  oa ;  6i,  621  &81  &c. 
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To  return  to  the  equations  ax+by=c    (1), 

a'x+b'y=c' (2). 

Multiply  (1)  by  6'  and  (2)  by  6.    Thus 
a¥x+bb'y=b'c, 
a'bx+bb'y=bc' ; 
by  subtraction,  (a6' — a'6)x = b^c — be' ; 

b^c—bc'  ,o\ 

•'•''=w^h ^^^- 

As  previously  explained  in  Art.  157,  we  might  obtain  y  by  sub- 
stituting this  value  of  x  in  either  of  the  equations  (1)  or  (2)  ;  but 
y  is  more  conveniently  found  by  eliminating  je,  as  f ollovrs : 

Multiplying  (1)  by  a'  and  (2)  by  a,  vre  have 
aa'x-\-a'by=a'c^ 
aa'x+ab'y=ac' ; 
by  subtraction  (a'6  - ab')y= a'c— ad  ; 

__  a'c—ac' 
•'•  ^""  a'b-ab'' 

or,  changing  signs  in  the  terras  of  the  denominator  so  as  to  have 
the  same  denominator  as  in  (3), 

^-ab'-a'b'  *'''*  ""-ab'-^a'b 

Example^.    Solve      ^:i?  +  ?^=l   (1), 

c—a     c—o  ^ 

x±a     yj-a_a 

From  (1)  by  clearing  of  fractions,  we  have 

»(c-6)-a(c-6)+y(c-«)~&(c-a)=(c-a)(c-6), 
a;(c— 6) +y(c— a)  =ac—a6+6c—a6+c2—ac-6c+a6, 

x(c-6) +2/(c-a)  =c^-ab (3). 

Again,  from  (2),  we  have 

a;(a— 6)+a(a~6)+cy— ca=a(a— 6) 

a5(a-6)+cy=ac (4). 

Multiply  (3)  by  c  and  (4)  by  c—a  and  subtract, 

x{c(c-b)  —  (c—a)(a—b)}—<fl-abc—ac(c—a), 
x(^c^-ac+a^'-ab)=c(c^-ab-ac'^a^) ; 
.'.  x=c; 
and  therefore  from  (4)  y=6. 

H.  A.  JO 
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EXAMPLES  XIX.  e. 


1.     cuc+btf:=l  2.     Lc+m^^n  3.     aa;^ht/ 

hx+ay^m,                  px+qy^^r.  hx+ay^^c. 

4.     ax+hy^a^  5.       x+ay^a'  6.     px-qy^r 

hx+ay^h^,                   €uc+a'y=l.  rx-py^q. 


a 


10.     qx-Tb^p(a-y)  11.     £  +  |>-l 

^        ^  mm 

12.    iM?+2y=0  13.     (a-i»)a7=(a+i»;y 

^+my=n.  x-^-y^^c, 

14.     (a-&):p+(a  +  6)y«2a«-26«  15.     ^+|=1 

(a  +  6)a;-(a-&)y=4a6.  ^      ^  ^g 

3a  "^66  ""3* 

16.     5+f=2  17.     ^-1=1 

a     6  aft 

^-y  ?  +  2  =  T. 

a'""6''  5     a     6 

(a7+y)  (ma  +  ;2)=2  (m8  +  ^3)4- wZ  (a7+y). 

19.  &a?+cy==a  +  6 

/I           1    \  .       /I  1    \       2a 

20.  (a-6)^  +  (a+5)y=2(a2-62) 

aa?-63^=a2+6*. 


CHAPTER  XX. 
Pboblems  leading  to  Simultaneous  Equations. 

164.  In  the  Examples  discussed  in  the  last  chapter  we  have 
seen  that  it  is  essential  to  have  as  many  equations  as  there  are 
unknown  quantities  to  determine.  Consequently  in  the  solution 
of  problems  which  give  rise  to  simultaneous  equations,  it  will 
always  be  necessary  that  the  statement  of  the  question  should 
contain  as  many  independent  conditions  as  there  are  quantities 
to  be  determined. 

Example  1.  Find  two  numbers  whose  difference  is  11,  and 
one-fifth  of  whose  sum  is  9. 

Let  X  be  the  greater  number,  y  the  less ; 

Then  x-y=n (1), 

Also  ^=9, 

o 

or  aj+y=45 (2). 

By  addition  2x=66 ;  and  by  subtraction  2y=34. 

The  numbers  are  therefore  28  and  17. 

Example  2.  If  16  lbs.  of  tea  and  10  lbs.  of  coffee  together  cost 
915.60,  and  25  lbs.  of  tea  and  13  lbs.  of  coffee  together  cost  $24.55, 
find  the  price  of  each  per  poimd. 

Suppose  a  pound  of    tea    to  cost  x  cents 
and  a  pound  of  coffee  to  cost  y  cents. 
Then  from  the  question,  we  have 

15x+10y=1550 (1), 

25a;+13y=2455 (2). 

Multiplying  (1)  by  5  and  (2)  by  3,  we  have 
75a;+50y=7750, 
76x+39y=7365. 
Subtracting,  lly=385, 

?/=35. 
And  from  (1)  15a; +350 =1650. 

Whence  15a;=1200; 

.-.  x=80. 
.*.  the  cost  of  a  pound  of    tea    is  80  cents, 
and     the  cost  of  a  pound  of  coffee  is  35  cents. 
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Example  8.  A  person  spent  $  6.80  in  buying  oranges  at  the  rate 
of  3  for  10  cents,  and  apples  at  16  cents  a  dozen ;  if  he  had  bought 
five  times  as  many  oranges  and  a  quarter  of  the  number  of  apples 
he  would  have  spent  $  26.46.    How  many  of  each  did  he  buy  ? 

Let  X  be  the  number  of  oranges  and  y  the  number  of  apples. 

X  oranges  cost  -^  cents, 
3 

y  apples  cost  —1?  cents ; 

••.¥  +  §=««>  CD. 

Again,  6x  oranges  cost  6xx  -5-,  or  -^  cents, 

m  y       ,  V     16        16«/ 

and  I  apples  cost  |  x  thj  ^^  -4^  ^^^^  J 

.-.^+'§=2^6 (2). 

Multiply  (1)  by  6  and  subtract  (2)  from  the  result ; 

"»°        (ii-it)»=»»' 

.-.  y=144; 
and  from  (1)  a;=160. 

Thus  there  were  160  oranges  and  144  apples. 

Example  4.  If  the  numerator  of  a  fraction  is  increased  by  2 
and  the  denominator  by  1,  it  becomes  equal  to  f ;  and,  if  the  nu- 
merator and  denominator  are  each  diminished  by  1,  it  becomes 
equal  to  ^ :  find  the  fraction. 

Let  X  be  the  numerator  of  the  fraction,  y  the  denominator ;  then 
the  fraction  is  — 

y 

From  the  first  supposition, 

y+l"8  ^^^' 

from  the  second, 

^  =  1 (2). 

y-1     2  ^''^' 

These  equations  give  x=8,  ^=16. 

Q 

Thus  the  fraction  is  —. 
16 
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Example  5.  The  middle  digit  of  a  number  between  100  and 
1000  is  zero,  and  the  sum  of  the  other  digits  is  11.  If  the  digits  be 
reversed,  the  number  so  formed  excee(£  the  original  number  by 
495 :  find  it. 

Let  X  be  the  digit  in  the  units'  place, 

y hundreds'  place ; 

then,  since  the  digit  in  the  tens'  place  is  0,  the  number  will  be 
represented  by  lOOy+x,     [Art.  76,  Ex.  4.] 

And  if  the  digits  are  reversed  the  number  so  formed  will  be 
represented  by  lOOx+y. 

.-.  100»+y-(100y+ic)=495, 
or                       100a;+y-100y-a;=495 ; 
.-.  99x-99y=495, 
that  is,  X— y=6 (1). 

Again,  since  the  sum  of  the  digits  is  11,  and  the  middle  one  is 
0,  we  have  x+y=ll (2). 

From  (1)  and  (2)  we  find  a;=8,  y=3. 

Hence  the  number  is  308. 

EXAMPLES  XX. 

1.  Find  two  numbers  whose  sum  is  34,  and  whose  difference  is 
10. 

2.  The  sum  of  two  numbers  is  73,  and  their  difference  is  37  ; 
find  the  numbers. 

3.  One  third  of  the  sum  of  two  numbers  is  14,  and  one  half  of 
their  difference  is  4 ;  find  the  numbers. 

4.  One  nineteenth  of  the  sum  of  two  numbers  is  4,  and  their 
difference  is  30 ;  find  the  numbers. 

5.  Half  the  sum  of  two  numbers  is  20,  and  three  times  their 
difference  is  18 ;  find  the  numbers. 

6.  Six  pounds  of  tea  and  eleven  pounds  of  sugar  cost  $  5.66, 
and  eleven  pounds  of  tea  and  six  pounds  of  sugar  cost  $  9.65.  Find 
the  cost  of  tea  and  sugar  per  pound. 

7.  Six  horses  and  seven  cows  can  be  bought  for  $  250,  and  thir- 
teen cows  and  eleven  horses  can  be  bought  for  ^461.  What  is  the 
value  of  each  animal  ? 

8.  A,  J?,  C,  D  have  $  290  between  them ;  A  has  twice  as  much 
as  C,  and  B  has  three  times  as  much  as  D ;  also  C  and  D  together 
have  $  50  less  than  A.    Find  how  much  each  has. 

9.  A,  B,  C,  D  have  $  270  between  them ;  A  has  three  times  as 
much  as  C,  and  B  five  times  as  much  as  D ;  also  A  and  B  together 
have  9  50  less  than  eight  times  what  C  has.  Find  how  much  each 
has. 
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10.  Four  times  B*8  age  exceeds  A*b  age  by  twenty  years,  and  one 
third  of  A*a  age  is  less  than  B'a  age  by  two  years :  find  their  ages. 

11.  One  eleventh  of  A' a  age  is  greater  by  two  years  than  one 
seventh  of  B's,  and  twice  B'b  age  is  equal  to  what  ^'s  age  was 
thirteen  years  ago :  find  their  ages. 

12.  In  eight  hours  A  walks  twelve  miles  more  than  B  does  in 
seven  hours;  and  in  thirteen  hours  B  walks  seven  miles  more  than  A 
does  in  nine  hours.    How  many  miles  does  each  walk  per  hour? 

18.  In  eleven  hours  C  walks  12}  miles  less  than  D  does  in  twelve 
hours;  and  in  five  hours  Z>  walks  3|  miles  less  than  C  does  in  seven 
hours.    How  many  miles  does  each  walk  per  hour? 

14.  Find  a  fraction  such  that  if  1  be  added  to  its  denominator  it 
reduces  to  },  and  reduces  to  f  on  adding  2  to  its  numerator.  ' 

15.  Find  a  fraction  which  becomes  }  on  subtracting  1  from  the 
numerator  and  adding  2  to  the  denominator,  and  reduces  to  J  on  sub- 
tracting 7  from  the  numerator  and  2  from  the  denominator. 

16.  If  1  be  added  to  the  numerator  of  a  fraction  it  reduces  to  •}-; 
if  1  be  taken  from  the  denominator  it  reduces  to  f :  required  the 
faction. 

17.  If  )  be  added  to  the  numerator  of  a  certain  fraction  the  frac- 
tion will  be  increased  by  -^,  and  if  J  be  taken  from  its  denominator 
the  fraction  becomes  j :  find  it. 

18.  The  sum  of  a  number  of  two  digits  and  of  the  number  formed 
by  reversing  the  digits  is  110,  and  the  difference  of  the  digits  is  6: 
find  the  numbers. 

19.  The  sum  of  the  digits  of  a  number  is  13,  and  the  difference 
between  the  number  and  that  formed  by  reversing  the  digits  is  27 : 
find  the  numbers. 

20.  A  certain  number  of  two  digits  is  three  times'  the  sum  of  its 
digits,  and  if  45  be  added  to  it  the  digits  will  be  reversed:  find  the 
number. 

21.  A  certain  number  between  10  and  100  is  eight  times  the  sum 
of  its  digits,  and  if  45  be  subtracted  from  it  the  digits  will  be  reversed: 
find  the  number. 

22.  A  man  has  a  number  of  silver  dollars  and  dimes,  and  he 
observes  that  if  the  dollars  were  tamed  into  dimes  and  the  dimes 
into  dollars  he  would  gain  $2.70 ;  but  if  the  dollars  were  turned 
into  half-dollars  and  the  dimes  into  quarters  he  would  lose  $  1.30. 
How  many  of  each  had  he  ? 

28.  In  a  bag  containing  black  and  white  balls,  half  the  number 
of  white  is  equal  to  a  third  of  the  number  of  black ;  and  twice  the 
whole  number  of  balls  exceeds  three  times  the  number  of  black 
balls  by  four.    How  many  balls  did  the  bag  contain  ? 
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2S4.  A  number  consists  of  three  digits,  the  right  hand  one  being 
zero.  If  the  left  hand  and  middle  digits  be  interchanged  the  num- 
ber is  diminished  by  180 ;  if  the  left  hand  digit  be  halved  and  the 
middle  and  right  hand  digits  be  interchanged  the  number  is  dimin- 
ished by  454.    Find  the  number. 

25.  The  wages  of  10  men  and  8  boys  amount  to  $  22.30 ;  if  4 
men  together  receive  $  3.40  more  than  6  boys,  what  are  the  wages 
of  each  man  and  boy  ? 

26.  A  grocer  wishes  to  mix  sugar  at  8  cents  a  pound  with  an- 
other sort  at  5  cents  a  pound  to  make  60  poimds  to  be  sold  at  6 
cents  a  pound.    What  quantity  of  each  must  he  take  ? 

27.  A  traveller  walks  a  certain  distance ;  had  he  gone  half  a 
mile  an  hour  faster,  he  would  have  walked  it  in  four-fifths  of  the 
time :  had  he  gone  half  a  mile  an  hour  slower,  he  would  have  been 
2^  hours  longer  on  the  road.    Find  the  distance. 

28.  A  man  walks  85  miles  partly  at  the  rate  of  4  miles  an  hour, 
and  partly  at  5 ;  if  he  had  walked  at  5  miles  an  hour  when  he 
walked  at  4,  and  vice  versft,  he  would  have  covered  two  miles  more 
in  the  same  time.    Find  the  time  he  was  walking. 

29.  Two  persons,  27  miles  apart,  setting  out  at  the  same  time 
are  together  in  9  hours  if  they  walk  in  the  same  direction,  but  in  3 
hours  if  they  walk  in  opposite  directions :  find  their  rates  of  walking. 

80.  When  a  certain  number  of  two  digits  is  doubled,  and  in- 
creased by  10,  the  result  is  the  same  as  if  the  number  had  been 
reversed,  and  doubled,  and  then  diminii^ed  by  8 ;  also  the  number 
itself  exceeds  3  times  the  sum  of  its  digits  by  18 :  find  the  number. 

81.  If  I  lend  a  sum  of  money  at  6  per  cent.,  the  interest  for  a 
certain  time  exceeds  the  loan  by  $  100 ;  but  if  I  lend  it  at  3  per 
cent.,  for  a  fourth  of  the  time,  the  loan  exceeds  its  interest  by 
$  425.    How  much  do  I  lend  ? 

32.  A  takes  3  hours  longer  than  B  to  walk  30  miles ;  but  if  he 
doubles  his  pace  he  takes  2  hours  less  time  than  B :  find  their 
rates  of  walking. 


CHAPTER  XXI. 

Indeterminate    and    Impossible    Problems.     Negative 
Results. 

Indeterminate  and  Impossible  Problems. 

165.  By  reference  to  Art.  153  it  will  be  seen  that  a  single 
equation  involving  two  unknown  quantities  is  satisfied  by  an 
indefinitely  great  number  of  sets  of  values  of  the  unknowns 
involved,  and  that  it  is  essential  to  have  as  many  equations 
expressing  different,  or  independent  conditions,  as  there  are  un- 
known quantities  to  be  determined.  If  the  conditions  of  a 
problem  furnish  a  less  number  of  independent  equations  than 
quantities  to  be  determined,  the  problem  is  said  to  be  indeter- 
minate. If,  however,  the  conditions  give  us  a  greater  number 
of  independent  equations  than  there  are  unknown  quantities 
involved,  the  problem  is  impossible. 

Suppose  the  problem  furnishes 

3x4-y=10, 

2x+y=  5, 

x+y=  3. 

From  (1)  and  (2)  we  obtain  x=6  and  y=— 5.  From  (2) 
and  (3)  we  obtain  x=2  and  y=l.  It  is  evident  that  these 
values  cannot  all  be  true  at  the  same  time,  hence  the  problem 
is  impossible. 

Negative  Results. 

166.  A  is  40  years  old,  and  B*s  age  is  three-fifths  of  A*8, 
When  will  A  be  five  times  as  old  as  Bi 

Let  X  equal  the  number  of  years  that  will  elapse.  Then  by 
the  conditions 

40  +  a:=5(24+a:). 

Therefore  40  +  a: = 120  +  5x, 

or  a:=-20. 
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According  to  this  analysis,  A  will  be  five  times  as  old  as  B  in 
—20  years.  The  meaning  of  this  result  ought  to  be  at  once 
evident  to  a  thoughtful  student.  Were  the  result  any  positive 
number  of  years  we  should  simply  have  to  count  that  number 
forward  from  the  present  time  (represented  by  the  word  "  is  "  in 
the  problem) ;  manifestly  then  the  —20  years  refers  to  past  time. 
Hence  the  problem  should  read  ^^A  is  40  j^ears  old,  and  B*^  age 
is  three-fifths  of  il's.     When  waa  A  five  times  as  old  as  B? " 

Suppose  the  problem  read 

-4  is  40  years  old,  and  5*s  age  is  three-fifths  of  -4*s.     Find 
the  time  at  which  ^'s  age  is  five  times  that  of  B, 
Let  us  assume  that  x  years  wiU  elapse. 
Then  by  the  conditions 

404-a:=5(24-f-a:); 
.-.  a:=-20. 

Interpreting  this  result  as  above,  we  see  that  we  should  have 
assumed  that  x  years  had  elapsed. 

The  student  will  notice  that  the  word  "  will "  in  the  first  state- 
ment suggested  that  we  should  assume  x  as  the  number  of  years 
that  would  elapse,  and  that  the  negative  result  showed  a  fault 
in  the  enunciation  of  the  problem;  but  that  the  problem  as 
given  in  the  next  discussion  permitted  us  to  make  one  of  two 
possible  suppositions  as  to  the  nature  of  the  unknown  quantity, 
so  that  the  negative  result  indicates  simply  a  wrong  choice. 

Hence  in  the  solution  of  problems  involving  equations  of 
the  first  degree  negative  results  mdicate 

(1)  A  fault  in  the  enunciation  of  the  problem^  or 

(2)  A  ujrong  choice  between  two  possible  suppositions,  as  to  the 
nature  of  the  unknown  quantity,  allowed  by  the  problem. 

Generally  it  will  be  easy  for  the  student  to  make  such 
changes  as  will  give  an  analogous  possible  problem. 

Meaning  of  -?1  ,   ?,   g.,   2. 

167.     If  we  were  to  write  the  largest  possible  number,  thus : 

792481127  .  .  . 

putting  down  any  numerals,  at  random  or  not,  and  continuing 
the  writing  forever  before  placing  a  decimal  point,  we  shoula 
have  a  number  called  infinity,  and  represented  by  the  character 
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00,  just  as  the  number  of  sides  of  a  triangle  is  called  three  and 
represented  by  3. 

Also,  if  we  write  the  smallest  decimal  fraction  possible  by 
putting  down  a  row  of  one  or  more  numerals  with  a  decimal 
point  to  the  left  of  them,  and  then  writing  forever  between  the 
;)oint  and  the  numerals  a  row  of  ciphers  (or  any  other  character 
expressing  simply  the  absence  of  the  figures  1,  2,  3,  4,  5,  6,  7, 
8, 9),  we  have  a  decimal  fraction  called  zero  and  often  expressed 
by  the  character  0. 

With  this  explanation  of  go  and  0  we  see  that  for  all  values 

of  a  greater  than  —go  and  less  than  oo,  —  =0. 

^  a 

Also  for  values  of  a  less  than  —  0  and  greater  than  +  0,  ^ =ao. 

00  ft 

168.     —  and  j,  are  said  to  be  in  indeterminate  form  because 
00         0  "^ 

their  values  will  depend  on  those  of  the  numerator  and  de- 
nominator when  written  out,  or  otherwise  fully  expressed. 

Thus  2=  —  becomes  —  when  x  is  supposed  to  be  infinity,  and 

2=    ^  ^^  becomes  -^  when  x  is  supposed  to  be  1,  so  that  we 

must  know  just  what  the  oo*s  and  O's  are  before  we  can  tell  the 
value  of  the  fractions.    In  the  same  way  we  might  be  required 

0001 
to  find  the  value  of  the  fraction   *        ,  which  we  cannot  do 

•OOUo 

satisfactorily  without  knowing  what  the  next  decimal  figures 
should  be. 

CO  0 

On  the  other  hand  — ,   jr,   and  other  related  forms  may 

00       u 

not  only  be  in  indeterminate  form,  but  the  value  may  be  really 
indeterminate.    Thus,  solving  in  the  regular  way  the  equations 

a:+  y+2=0, 
2ar  +  2y+4=0, 

we  get  a:=^ — o  =  a»  *^^  ^^  ^^^  easily  see  that  x  can  have 

any  value  whatever  if  we  give  y  a  value  to  suit,  so  that  the  value 

of  X  is  indeterminate.    Inasmuch  as  —  =0,  what  is  true  of  - 
00  «  0 

is  equally  so  of  — . 
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Involution. 

169.  Definitiok.  Involution  is  the  general  name  for  multi- 
plying an  expression  by  itself  so  as  to  find  its  second,  third, 
fomiih,  or  any  other  power. 

Involution  may  always  be  eflfected  by  actual  multiplication. 
Here,  however,  we  shall  give  some  rules  for  writing  down  at 
once 

(1)  any  power  of  a  simple  expression ; 

(2)  the  square  and  cube  of  any  binomial ; 

(3)  the  square  and  cube  of  any  multinomial. 

170.  It  is  evident  from  the  Rule  of  Signs  that 

(1)  no  even  power  of  any  quantity  can  be  negative; 

(2)  any  odd  power  of  a  quantity  will  have  the  tame  sign  as 
the  quantity  itself. 

Note.  It  is  especially  worthy  of  notice  that  the  iq-aare  of  every 
expression,  whether  positive  or  negative,  is  positive, 

171.  From  definition  we  have,  by  the  rules  of  multiplication, 

(_a6)s=(-a6)(-a6)(-a6)=-a6'^fi+6=-a". 
( -  3a3)*=(  -  3)*(a8)*=:81ai«. 

Hence  we  obtain  the  following  rule : 

Rule.  To  raise  a  simple  expression  to  any  proposed  power: 
(1)  Raise  the  coefficient  to  the  required  power  by  Arithmetic,  and 
prefix  the  proper  sign  found  by  Art,  35. 

(2)  Multiply  the  index  of  every  factor  of  the  expression  by  the 
exponent  of  the  power  required. 
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Examples.  (1)     {-2x^'  =-32xW 

(2)     (-3a53)«  =  729a«6i8. 

/2a6»Y  _  16a^&" 

^^     \3a:V/     "81a;V 
It  will  be  seen  that  in  the  last  case  the  numerator  and  the  denomi- 
nator are  operated  upon  separately. 

EZAKPLES  XXn.  a. 

Write  down  the  square  of  each  of  the  following  expressions  : 


1. 

3a6». 

2. 

<^e. 

3. 

5. 

4a»^a^. 

6. 

5^. 

7. 

9. 

4xyA 

10. 

-|«'63. 

11. 

13. 

lab 
3  • 

14. 

3a8Z>3 

15. 

17. 

5a6» 

18. 

13c6^. 

19. 

lab*. 

4. 

lltV. 

-2abc'. 

8. 

-3cjrl 

2^ 

12 

4 

3/- 

3^ 

1 

16. 

-2^2. 

1 

3a« 

4a*' 

20. 

5;f3- 

2:py 

Write  down  the  cube  of  each  of  the  following  expressions : 
21.     2a62.  22.     3a;3.  23.     4^.  21      -Sa^ft. 

25.      -5a63.       26.      -l^c^a:,      27.      -6a«.         23.      -2a'6-2. 

29-     4"^-  ^-      -£.       31.     V^*.         32.      -|a« 

Write  down  the  value  of  each  of  the  following  expressions : 
33.     (30263)4.      34.     (-a8^)«.     35.     (-^a^)^.  36.     (^Y. 

"•  m'-  -  (1)'  =»■  (-0-  «•  (-£)*■ 

To  Square  a  Binomial. 
172.    By  multiplication  we  have 

(a+6)2=(a+6)(a+6) 

=a^  +  2ab+b^ (1), 

(a-by=(a-b)(a-b) 

=:a^-2ab+b^ (2). 

Rule  1.  The  square  of  the  sum  of  two  quantities  is  equal  to 
the  sum  of  their  squares  increased  by  twice  their  product. 

Rule  2.  The  square  of  the  difference  of  two  quantities  is  equal 
to  the  sum  of  their  squares  diminished  by  twice  their  product* 
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Example  1.        {x + 2y)»=ar» + 2 .  a; .  2y  +  (2y)« 

Example  2.    (2a«-86«)'=(2a')"-2.  2a«.86«+(86«)* 
=4a«-12a»6»+96*. 

173.    These  rules  maj;  sometimes  be  conveniently  applied  to 
find  the  squares  of  numerical  quantities. 

Example  1,     The  square  of  1012=  (1000  + 12)* 

=  (10ClO)«  +  2 .  1000 .  12  +  (12)« 
=  1000000+24000  +  144 
=  1024144. 

Example  2.    The  square  of  98     =  (100  -  2)' 

=  (100)>-2.100.2  +  (2)« 
=  10000-400+4 
=9604. 

To  Square  a  Multinomial. 
174.    We  may  now  extend  the  rules  of  Art.  172  thus : 
(a+6+c)a={(a+&)+c}a 

=  (a+ft)H2(a+6)c+c«  [Art.  172,  Rule  1.] 

=aa+&3+c«+2a6+2ac+26c. 

In  the  same  way  we  may  prove 
(a_5+c)2=a2+62+c2-2a5+2a<j-26c 
(a+6+<j  +  flO*=a»+6'+ca+flP+2a6  +  2a<j+2afl?+2^  +  26G?+2crf. 

In  each  of  these  instances  we  observe  that  the  square  con- 
sists of 

(1)  the  sum  of  the  squares  of  the  several  terms  of  the  given 
expression ; 

(2)  twice  the  sum  of  the  products  two  and  two  of  the  several 
terms,  taken  with  their  proper  signs ;  that  is,  in  each  product 
the  sign  is  +  or  -  according  as  the  quantities  composing  it 
have  like  or  unlike  signs. 

Note.    The  equate  terme  are  always  positive. 
The  same  laws  hold  whatever  be  the  number  of  terms  in  the 
expression  to  be  squared. 

Rule:.     Tofoid  the  square  of  any  muUinomM :  to  the  ewn  oj 
the  squares  of  the  severed  terms  add  tunce  the  product  {with  t 
proper  sign)  of  each  term  into  each  of  the  terms  that  follow  it. 
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Ex,  1.    (x-2y-3«)2=aB^+4y2+0«^-2.aj.2y-2.x.3«+2.2y.3« 
=x2+4y2+0«*-4a;y-6x»+12y«. 

JKc.2.  (l+2a;-3a5^)a=l+4a^+0a^+2.1.2x-2.1.3x2-2.2x.3x» 
=  l+4xa+to*+4x-6x2-12x' 
=  l+4x-2x«'-12x'+9x*. 

EXAMPLES  ZXn.  b. 

Write  down  the  square  of  each  of  the  following  expressions : 


1. 

a+36.        2. 

a -36.           3. 

X— 5y. 

4.    2x+3y. 

5. 

3x-».         6. 

3x+5y.          7. 

9x-2y. 

8.    5a6-c. 

9. 

m-r.      10. 

x—ahc,       11. 

ax-\-2hy. 

12.    x^-l. 

13. 

a—b—c 

14.    a+6-c. 

15. 

a+26+c. 

16. 

2a-86+4c. 

17.    x«-y2-«a. 

18. 

xy+y«+«x. 

19. 

Zp-iq+ir. 

20.    x«-x+l. 

21. 

2x«+3x-l. 

22. 

x—y-\-a—b. 

23.    2x+3y+a 

-26. 

24. 

m— n— i)-g. 

25. 

\.-^*i 

26.   l-Zb-l 

27. 

3^^-^+ 2- 

173.    By  actual  multiplication,  we  have 
(a+6)«=(a+6)(a+6)(a+6) 

=a«+3a26+3a6H6« (1), 

(a-6)«=a»-3a%+3a6a-6» (2). 

From  these  results  we  obtain  the  following  rule :  — 
EuLE.     To  find  the  cube  of  any  binomial:  take  the  cube  of  the 
first  term,  three  times  the  square  of  the  first  by  the  second j  three  times 
thie  first  by  the  square  of  the  second,  and  the  cube  of  the  last. 

If  the  binomial  be  the  sum  of  the  (juantities,  all  signs  will 
be  + ;  if  the  difference  of  two  quantities,  the  signs  will  be 
alternately  +  and  — ,  commencing  with  the  first. 

EXAMPLES  ZXn.  o. 

Write  down  the  cube  of  each  of  the  following  expressions : 

1.    «+o.  2.    x-a.  3.    x-2y.  4.    2a6-3c. 

5.    x2+4y«.         6.    4x3-6y2.        7.    2cfl-Zb^.        8.    6x6-4y*. 

9.    a-y.         10.    1+2.  11.    J-3x.         12.    g+2x. 
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To  Cube  any  Multinomial. 

176.     Consider  a  trinomial : 
(a:+y+2)«=[a:+(y+2)]» 

=a:8+3x2(y+2)  +  3ar(y+2)H(y+2)» 

It  can  be  readily  shown  that  the  law  of  formation  holds  for 
any  multinomial,  hence  we  obtain  the  following  rule : 

Rule.  To  cvhe  a  multinomial:  take  the  cube  of  each  term, 
three  times  the  square  of  each  term  by  every  other  term,  and  six  times 
the  product  of  every  three  different  terms.  The  signs  are  determined 
by  the  law  of  signs  for  multiplication. 

EXAMPLES  y^TT  d. 

Write  the  cube  of  each  of  the  following  expressions : 
1.    l-\-x+x^.  2.     l+x-x*.  3.    l-2a;+3x2. 

4.    a+6x+aj2.  5^    2a+bx-ca^.         6.    3x+2a;2-a*. 

7.    |  +  ^-«'-  8.    H-x+xHx*.         9.    2-3x+a;H2x8. 


CHAPTER  XXIII. 

Evolution. 

177.  The  root  of  any  proposed  expression  is  that  quantity 
which  being  multiplied  by  itself  the  requisite  number  of  times 
produces  the  given  expression.    [Art.  15.] 

The  operation  of  finding  the  root  is  called  EvGlution:  it  is 
the  reverse  of  Involution. 

178.  By  the  Rule  of  Signs  we  see  that 

(1)  any  even  root  of  a  positive  quantity  may  be  either  positive 
or  negative;  * 

(2)  no  negative  quantity  can  have  an  even  root ; 

(3)  every  odd  root  of  a  quantity  has  the  same  sign  as  the 
quantity  itsell 

NoTB.  It  is  especially  worthy  of  notice  that  every  positive 
quantity  has  two  square  roots  equal  in  magnitude,  but  opposite  in 
sign. 

Example,  ^{^a^sfi)=  ^^aa^. 

In  the  present  chapter,  however,  we  shall  confine  our  atten- 
tion to  the  positive  root. 

Examples.  (1)       ^(a%*)=a»62. 

(2)  ^(-a:»)=-a;'. 

(3)  i^(c«0)=c^. 

(4)  ^y(81a:")=3x». 

179.  Hence  we  obtain  a  general  rule  for  extracting  any  pro- 
posed root  of  a  simple  expression : 

Rule.  (1)  Find  the  root  cf  the  coefficient  hy  Arithmetic,  and 
prefix  the  proper  sign  found  hy  Art.  35. 

(2)  Divide  the  exponent  of  every  factor  of  the  expression  hy  the 
index  of  the  proposed  root. 

Examples,  (1)         ^(  -  64r«)  =  -  ^\ 

(2)  ;^(16a8).-.2a«. 

It  will  be  seen  that  in  the  last  case  we  oi)erate  separately  upon  the 
numerator  and  the  denominator. 
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EXAMPLES  XZm  a. 

"Write  down  the  square  root  of  each  of  the  following  ex- 
pressions : 


9. 
13. 


1.    4a264.  2.    dafiyK  3.     25^.  4.     16a*6V. 

5.    81a«fe8.  6.     lOOpS.  7.    a«>6Wc*.         8.    a^b^(^\ 

289y* 
26    • 

400a«'6«> 

Write  down   the  cube  root  of  each  of  the  following  ex- 
pressions : 
17.    27€fil^<P.     18.     -Saiajo.     19.     64^^".     20.     -.343ai26w. 

^Y        09      _^_  "-      125a86«       «^         27d?«' 

729yi5  • 


64a;<^w 

324^ 
"l69y«  • 


21.    -t 


6. 
10. 

14. 


22. 


lOOrS. 
36 

81a" 
3661** 


3. 

7. 

11. 
15. 


23. 


"16'- 
256xy 
289pi*  • 


4. 
8. 

12. 
16. 


24.     -- 

^^        64^<o' 


125  •       "     729/5-        ™     216a;*^/* 
Write  down  the  value  of  each  of  the  following  expressions : 
25.    4^(a8x»2).  26.    lUx^Y^),  27.    4^(32ar^io). 

28.    4^(729aW6o).        29.    y(256aV*).       30.    i/^-a^hf^). 
7128  ^^       i7a«>^  ^.        7ai8 

VflWo'  Y~i^^~*  \b-c^' 


31 


To  Find  the  Square  Root  of  a  Compound  Expression. 

180.  Since  the  square  of  a+b  is  a^+2ab+b^f  we  have  to  dis- 
cover a  process  by  which  a  and  &,  the  terms  of  the  root,  can  be 
found  wnen  a^+2ab-{'b^  is  given. 

The  first  term,  a,  is  the  square  root  of  aK 

Arrange  the  terms  according  to  powers  of  one  letter  a. 
The  first  term  is  a\  and  its  square  root  is  a.  Set  this  down  as  the 
first  term  of  the  required  root.  Subtract  a^  from  the  given 
expression  and  the  remainder  is  2a&+ ^  or  (2a +b)  x  b. 

Thus,  bj  the  second  term  of  the  root,  will  be  the  quotient 
when  the  remainder  is  divided  by  2a+&. 

This  divisor  consiste  of  two  terms : 

1.  The  double  of  a,  the  term  of  the  root  already  foimd. 

2.  b,  the  new  term  itself. 

The  work  may  be  arranged  as  follows : 


2a-hft 


i2a6-h6* 
i2a6H-y 
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Example  1.    Find  the  square  root  of  9a:*  -  A2xy + 49y". 


^-ly 


9a;*  -  4:2xy + 49y*  (3a;  -  ly 
^x^      

-42a:y  +  49y* 

-42a:y  +  49y* 


Explanation,  The  square  root  of  9a;*  is  3x,  and  this  is  the  first 
term  of  the  root. 

By  doubling  this  we  obtain  6a;,  which  is  the  first  term  of  the 
divisor.  Divide  -42a;y,  the  first  term  of  the  remainder,  by  6a;  and 
we  get  -  7y,  the  new  term  in  the  root,  which  has  to  be  annexed  both 
to  the  root  and  divisor.  Next  multiply  the  complete  divisor  by  -  ly 
and  subtract  the  result  from  the  first  remainder.  There  is  now  no 
remainder  and  the  root  has  been  found. 

The  process  can  be  extended  so  as  to  find  the  square  root  of  any 
multinomial.  The  first  two  terms  of  the  root  will  be  obtained  as 
before.  When  we  have  brought  down  the  tecond  remainder,  the  first 
part  of  the  new  divisor  is  obtained  by  doubling  the  terms  of  the  root 
already  found.  We  then  divide  the  first  term  of  the  remainder  by 
the  first  term  of  the  new  divisor,  and  set  down  the  result  as  the  next 
term  in  the  root  and  in  the  divisor.  We  next  multiply  the  complete 
divisor  by  the  last  term  of  the  root  and  subtract  the  product  from  the 
last  remainder.  If  there  is  now  no  remainder  the  root  has  been 
found ;  if  there  is  a  remainder  we  continue  the  process. 

Example  2.     Find  the  square  root  of 

25a;*a*  -  12a;a3  +  lGa;4  +  4^4  _  24a:3a. 

Bearrange  in  descending  powers  of  x. 

16a;*  -  24a;3a  +  26ar»a*  -  12a;a8  +  4a*  (4a;*  -  3ara+  2a* 
16a;* 
8a;*  -  3a;a 


8a;*-6a;a+2a* 


-  24^a+26a;*a* 
-24fl;3a+  9a;*a* 


IBa;*^^^n:2a;aJf+4a* 
16a;%*-12ara8+4a* 


Explanation.  When  we  have  obtained  two  terms  in  the  root, 
4a;*  -  3xa,  we  have  a  remainder 

16x*a*-12a;a»+4a*. 

Double  the  terms  of  the  root  already  found  and  place  the  result, 
8a;*-6a;a,  as  the  first  part  of  the  divisor.  Divide  16x^0*,  the  first 
term  of  the  remainder,  by  8a;*,  the  first  term  of  the  divisor ;  we  get 
+  2a*  which  we  annex  both  to  the  root  and  divisor.  Now  multiply 
the  complete  divisor  by  2a*  and  subtract  There  is  no  remainder  and 
the  root  is  found. 
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EXAMPLES  XZm.  b. 

Find  the  square  root  of  each  of  the  following  expressions : 

1.  ^  +  4^+4y2.  2.     9a^+l2ab+4bK 

3.  a^-l0an/+2:)f.  4.    4^2  _  120:^+9^2, 

5.  Sla^+lSa:^+f.  6.     2bar^-30anf+9f. 

7.  x^-2xh/^+^.  8.     l-2a3+a*. 

9.  a*-2a3+3a2-2a+l.  10.     4a;*-12a:^+29a^-30a;-{-2b. 

11.  9^-12a;3_2j?2+4a7+l.       12.     ^--4jr^  + 6^^2-4^+1. 

13.  4«*+4a3-7a2-4a+4.         14.     1- 10^7+27:172  _i(Xjf3+^. 

15.  4a^+9i/^  +  25^2  + 12^  -  303^2:  -  20s;z. 

16.  lG^+16d;^-4a^-4^+^^<^. 

17.  ^-22:F*+34a73+121^- 374^+289. 

18.  2oa^  -  30flW73+49a2:r2  -  24a3a7+  16a*. 

19.  4x^+4xhf^  -  \2a^z'^-{'y^  -  6/^2+92*. 

20.  Ca62c-4a26c+a262+4a2c2+962c2_i2a6c2. 

21.  -  G62c2 + 9c* + 6*  -  12c2a2 + 4a*  +  4a262. 

22.  4a;*+9y*+13a72y2_.6^3_4^, 

23.  G7a;2 + 49 + 9474  _  7007  -  30^73. 

24.  1 -4^+ 10j72-2aF3+2547*- 24^76+16070. 

25.  6aGa^+462ar*+a2o7W+9c2-126ciF2-4a&a?^ 

181.  When  the  expression  whose  root  is  required  contains 
fractional  terms,  we  may  proceed  as  before,  the  fractional  part 
of  the  work  being  performed  by  the  rules  explained  in  Chap.  xv. 

182.  There  is  one  important  point  to  be  observed  when  an 
expression  contains  powers  of  a  certain  letter  and  also  powers  of 
its  reciprocaL     Thus  in  the  expression 

207  +  -+4  +  073  +  -  +  7a72  +  - 

X*  X  or 

the  order  of  descending  powers  is 

^+7^+2^+4+1  +  ^  +  1; 

and  the  numerical  quantity  4  stands  between  x  and  - . 

The  reason  for  this  arrangement  will  appear  in  Chap.  xxxi. 
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Example.    Find  the  square  root  of  24  +  --— +  — .  — -^ . 

^  x^       y      y^      X 

Arrange  the  expression  in  descending  powers  of  y, 

X*      X  y    y^\x        y 


16y« 


8y 


-4 


-'±y^^ 

X 

-?i?+16 

X 

X 

Bx 

x^ 

+- 

8- 

+  -J 

y 

^ 

^ 

8- 

y 

^^ 

Here  the  second  term  in  the  root,  -  4,  arises  from  division  of 

~  by  -^ ,  and  the  third  term,  - ,  arises  from  division  of  8  by  — ; 

«  a;  y  ^  x 

thns8-^???=:8X;?-=:-. 


8y    y 


EXAMPLES  XZm.  c. 


1. 

3. 

5. 

7. 

9. 
11. 
13. 
15. 


Find  the  Bquare  root  of  each  of  the  following  expressions: 
4" 
25"^   5 


-307+9. 


.+=i^+y^- 


64  +  -8-«+^- 
-3a34.^+o*-5a+ga2 


4^       ^  3^9  3 


2. 

4. 

6. 

8. 
10. 
12. 
14. 


407     a^ 

4- 

— +"-2- 

y    y' 

^ 

1007 

-oH-  — +25. 

y* 

y 

a^ 

2ax  ,  a' 
"Tf  +  P 

?" 

9^ 

«      25 

25 

-^+9-^- 

07*+2o:'-O7  +  -T. 
4 

1       90 
o^-2o?  +  ^  +  yA'2-6o;». 

^  2       2^16 


4aar 
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•      a^      50?"^  25       Iba'^da^' 

16  4  4 

17.  16w*  +  — w27i+8m2+-n2+on  +  l. 

18.  4j:*+32^+96+?^  +  ^. 

To  Find  the  Cube  Root  of  a  Compound  Expression. 

183.  Since  the  cube  of  a + ft  is  a» + Sa^ft + ^ab^ + 6«,  we  have  to 
discover  a  process  by  which  a  and  ft,  the  terms  of  the  root,  can 
be  found  when  o^+Sa^ft+Gaft^+ft^  is  given. 

The  first  term  a  is  the  cube  root  of  a\ 

Arrange  the  terms  according  to  powers  of  one  letter  a ;  then 
the  first  term  is  a\  and  its  cube  root  a.  Set  this  down  as  the 
first  term  of  the  required  root.  Subtract  o'  from  the  given 
expression  and  the  remainder  is 

3a2ft+3aft2+ft8  or  (3a2+3aft+ft2)xft. 

Thus  ft,  the  second  term  of  the  root,  will  be  the  quotient 
when  the  remainder  is  divided  by  3o'+3aft+ft2. 

This  divisor  consists  of  three  terms : 

1.  Three  times  the  square  of  a,  the  term  of  the  root  already 
found. 

2.  Three  times  the  product  of  this  first  term  a,  and  the  new 
term  ft. 

a    The  square  of  ft. 

The  work  may  be  arranged  as  follows : 

a?+3a2ft+3aft2-f-ft3  (a  +  6 
a» 
3(a)2      =3a« 
3xaxft=       +3aft 

(ft)2         «  +ft3 


3aa+3aft+ft3 


3a2ft+3a^^63 
3a2ft+3aft8+ft' 


Example  1.    Find  the  cube  root  of  8x*  -  S6a^  +  54xy^  -  21y\ 

ar»  -  86xV  +  64ary2  -  27y»  (2aj  -^  a 

8«« 

3(2j:)«  =12a:«  I  -  36a:»y  +  54ary=' -  27y' 

3x2a?x(-3y)=         -18«y 

(-3y)-= +9y« 

12a:3_i8a:y  +  yy«        -  3Ga:«y  +  54x3/«  -  27y» 
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5      .«M    3   >« 
^   M   O    O   O 

I  n3 
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EXAMPLES  XXin.  d. 

Find  the  cube  root  of  each,  of  the  following  expressions : 

1.  a3  +  3a2+3a+l.  2.    x^+6x^+l5b:+8. 

3.  a^a^  -  Sa^a^f+Saxi/*-^.        4.    8m^  -  Um^+6m-l. 

5.  64a3  -  lUa^b  +  I08ab^  -  2W, 

6.  l  +  Sa^+ea^+lx^+^+^  +  a^^ 

7.  l-6a:+21x2_44^+63<p4_54^  +  27:p«. 

8.  a3+6a26-3a"c+12a62-12a5c+3ac2+853-126-c+66c2-cS. 

9.  8a«-36a6+66a4-63a»+33a2-9a+l. 

10.  ^-3y5+62^*-7y3+6y2-.3y  +  l. 

11.  8a^+12a;*-30a:*-35a73+45a;2+27:F-27. 

12.  27a;«-54i:fia+117^a2-liar3a3+ii'7^a*-54d7a5+27a«. 

13.  2lafi-27x^-l8x^+l1a^+Q^-^-l' 

14.  24^y2+96<p2y4_6^y4.-pfl_96ar3^6+64yj_66^. 

15.  216 +  342:pa+171a^  +  27:p«-27aH*-109a:3_  10807. 


184.     We  add  some  examples  of  cube  root  where  fractional 
terms  occur  in  the  given  expressions. 

Example,    Find  the  cube  root  of  64  -  27x' + -^  — ^-, 

Arrange  the  expression  in  ascending  powers  of  x, 

8^ 
-re 


3x 


(!)• 


12 


3x    J     x(-3ar)=      -- 
a;*       X 


x^ 


_|^  +  64-27^« 
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KXAMPT.TW  XXTTL  e. 

Find  the  cube  root  of  each  of  the  following  expressions : 

3.    8^-4^«+V-^.  4.     ^-^^-?^+?^-8 

5.  .^-9a?+^-^.  6.     ^-6ar4+12:Fy-V- 

8      ^-^+2^-7  +  18-27     27 


^     12:f2     54^     __.^108a     48a«     Sa^ 


-^      64a»     192a2  ,  240a     ,^^  .  60a?     \23^  .  ^ 

„      65^  6a    ^  ,  a3     3a2     362  ,  &3 

"•      a+6~^  +  5J~-62--^  +  ^- 

-o      60^7*     80^:3     90^     az?«,  lOar    _     48a;5 

^  185.  The/owr/A  root  of  an  expression  is  obtained  by  extract- 
ing the  square  root  of  the  square  root  of  the  expression. 

Similarly  by  successive  applications  of  the  rule  for  finding  the 
square  root,  we  may  find  the  eiaJuhy  sixteenth... root.  The  sixth 
root  of  an  expression  'is  found  by  taking  the  cube  root  of  the 
square  root,  or  the  square  root  of  the  cube  root. 

Similarly  by  combining  the  two  processes  for  extraction  of 
cube  and  square  roots,  certain  other  higher  roots  may  be  ob- 
tained. 

Example  1.    Find  the  fourth  root  of 

81a:*  -  216a?8y  +  216j:2y»  -  OGajy*  +  16y<. 

Extracting  the  square  root  by  the  rule  we  obtain  9««-12a;y+4««; 
and  hy  inspection^  the  square  root  of  this  is  8ic-  2y, 
which  is  the  required  fourth  root. 
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Hxample  2.    Find  the  sixth  root  of 

(-4)'-'(-i)(--i)"(-i)'- 

By  inspection,  the  square  root  of  this  is 

3      1 
which  may  he  written         c^-Sx+ = ; 

X      Or 

and  the  cuhe  root  of  this  is        or  >-  - , 

x' 

which  is  the  required  sixth  root. 

186.  When  an  expression  is  not  an  exact  square  or  cube, 
we  may  perform  the  process  of  evolution,  and  obtain  as  many 
terms  of  the  root  as  we  please. 

Example,     To  find  four  terms  of  the  square  root  of  1  +  2as  -  2ae^« 


1 
2+x                2x-^ 

2x+  x^ 

2  +  2a:-|a;« 

-Sar» 
-3ar»-3(r»  +  jaj* 

2  +  2a:-3a:2  +  |a^ 

--.,».-i.. 

3         3 

Thus  the  required  result  is  1  +  re  -  ^  «'+  ^  «*. 

EXAMPLES  XXm.  f. 

Find  the  fourth  roots  of  the  following  expressions : 

1.  a:* -28a:»  + 294^ -1372a? +  2401. 

«     ,^     32      24       8        1 

2.  16 +  -0--3  +  — 1. 

m     m^     m^     m* 

3.  a* + Sa'x  +  16^?*  +  32flwr»  +  24a^a:^ 
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4.     l+4x+2a;2-8a:8~5jK*+8a^+2«6_4a;7+a.8. 

6.  l+8x+20a;2+8a^-26x*-8a:6+20a:6-8x7+a^. 

Find  the  sixth  roots  of  the  following  expressions : 

7.  a;^  -  12a^+240a*ar2  -  I92a^x  +  oOa^^  -  160aV+ 64a«. 

8.  a»  -  18a6d7+  135a*a^»  -  540a»^  +  1215a«a^  -  1458a^+ 729^. 
Find  the  eighth  roots  of  the  following  expressions : 

9.  a;«-8a;yy  +  28a;V«-56aV+70a^ 

-  56^7^ + 2ar2yi  _  q^^t  +^8, 

10.  {^H-2(p-l)ar3+(p2-2/>- 1)^-2(^0-1)07+1}*. 
Find  to  four  terms  the  square  root  of 

11.  1+07.  12.     1-207.         13.    4+207.  14.     l-o;-o^. 
15.    rt2-07.         16.    a^-{-a^        17.    a*-3o:«.       18.     9a*+12aor. 

Find  to  three  terms  the  cube  root  of 

19.     078 -a3.  20.     8  +  07.  21.     ^+9o7. 

22.     l-Go7+21o?2.    23.     27o:«- 27076-180^.     24.     64-48o7+9o?«. 

Square  and  Cube  Root  of  Numbers. 

187 .  Before  leaving  the  subject  of  Evolution  it  may  be  useful 
to  remark  that  the  ordinary  rules  for  extracting  square  and  cube 
roots  in  Arithmetic  are  based  upon  the  algebraical  methods  we 
have  explained  in  the  present  chapter. 

Example  1.    Find  the  square  roct  of  5329. 

Since  5329  lies  between  4900  and  6400,  that  is  between  (70)^  and 
(80)^,  its  square  root  consists  of  two  figures  and  lies  between  70  and 
80.  Hence,  corresponding  to  a  the  first  term  of  the  root  in  the 
algebraical  process  of  Art.  119,  we  here  have  70. 

The  analogy  between  the  algebraical  and  arithmetical  methods 
will  be  seen  by  comparing  the  cases  we  give  below. 

a^+2ab  +  b^{a  +  b  5329(70  +  3  =  73. 

^ 4900 

2a  +  6        [2ab  +  W  140+3=143  [429* 

2db  +  h^  U29 
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Example  2.    Find  the  square  root  of  53824. 

Here  53824  lies  between  40000  and  90000,  that  is  between  (300)» 
and  (300)2. 

a       b     e 
53824  (200 + 30 + 2 = 232. 
40000 
13824 


2a+b 400+30=430 

[12900 

2(a+&)+c 460  +  2=462      1924 


Example  3.    Find  the  cube  root  of  614125. 

Since  614126  lies  between  512000  and  729000,  that  is  between  (80)» 
and  (90)',  therefore  its  cube  root  consists  of  two  figures  and  lies 
between  60  and  90. 

a+b 
614126(80+5=85. 
512000 


3aa=3x(80)a  =19200 

3xax6=3x80x5=  1200 

63=    5x5=:   26 


20425 


102125 
102125 


188.  In  the  preceding  paragraph  we  have  |)ointed  out  the- 
similarity  between  the  arithmetical  and  algebraical  methods  of 
extracting  square  and  cube  roots.  We  shall  now  show  that  in 
extracting  either  the  square  or  the  cube  root  of  any  number, 
when  a  certain  number  of  figures  have  been  obtained  bjr  the 
common  rule,  that  number  may  be  nearly  doubled  by  ordmary 
division. 

189.  If  the  square  root  of  a  number  consists  of  2n  +  l  figures^ 
when  the  first  n  + 1  of  these  have  been  obtained  by  the  ordinary 
method,  the  remaining  n  mai/  be  obtained  by  division. 

Let  N"  denote  the  given  number ;  a  the  part  of  the  square 
root  already  found,  that  is  the  first  n+1  figures  found  by  the 
common  rule,  with  n  ciphers  annexed ;  x  the  remaining  part  of 
the  root. 

Then  ^N^a+x-, 

.-.      N^a^+^ax+a^\ 

••       ■^5-^^  +  25 (')• 

Now  N—a^  is  the  remainder  after  n+\  figures  of  the  root, 
represented  by  a,  have  been  found ;  and  2a  is  the  divisor  at  the 
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same  stage  of  the  work.    We  see  from  (1)  that  iV-a'  divided  by 
2a  gives  ^,  the  rest  of  the  quotient  required,  increased  by  q-  , 

We  shall  show  that  —  is  ^proper  fraction,  so  that  by  neglecting 

the  remainder  arising  from  the  diviision,  we  obtain  a?,  the  rest  of 
the  root. 

For  X  contains  n  figures,  and  therefore  x^  contains  2n  figures 
at  most ;  also  a  is  a  number  of  2n+ 1  figures  (the  lasi  n  of  which 
are  ciphers)  and  thus  2a  contains  2n+l  figures  at  least;  and 

therefore  «-  is  a  proper  fraction. 

From  the  above  investigation,  by  putting  »i=l,  we  see  that 
tvDO  at  least  of  the  figures  of  a  square  root  must  have  been  ob- 
tained in  order  that  the  method  of  division,  which  is  employed  to 
obtain  the  next  figure  of  the  square  root,  may  give  that  figure 
correctly. 

Example,    Find  the  square  root  of  290  to  five  places  of  decimals. 

296(17-02 

1 

271100 

|189 

8402 


10000 
6804 


8196 

Here  we  have  obtained  four  figures  in  the  square  root  by  the 
ordinary  method.  Three  more  may  be  obtained  by  division  only, 
using  2  X 1702,  that  is  8404,  for  divisor,  and  8196  as  remainder.    Thus 

8404)31960(938 
80636 
18240 
10212 
30280 
27282 
3048 
And  therefore  to  five  places  of  decimals  ^290=17-02988. 
When  the  divisor  consists  of  several  digits,  the  method  of  con- 
tracted division  may  be  employed  with  advantage. 

Again,  it  may  be  noticed  that  in  obtaining  the  second  figure  of 
the  root,  the  division  of  190  by  20  gives  9  for  the  next  figure;  this  is 
too  great,  and  the  figure  7  has  to  be  obtained  tentatively.  This  is 
one  of  the  modifications  of  the  algebraical  rule  to  which  we  referred 
in  Art.  187. 
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190.  If  the  cube  root  of  a  number  consists  of  2ii-\-2  figures, 
when  the  first  n+2  q/'  these  have  been  obtained  by  the  ordinary 
method^  the  remaining  n  may  be  obtained  by  division. 

Let  J/'  denote  the  given  number;  a  the  part  of  the  cube  root 
already  found,  that  is  the  first  n+2  figures  found  by  the  common 
rule,  with  n  ciphers  annexed ;  ■  a?  the  remaining  part  of  the  root. 

Then  yj^=a+x; 

••     -3^=^^+ a +3^2 (^>- 

Now  N-a^  is  the  remainder  after  n+2  figures  of  the  root, 
represented  by  a,  have  been  found  ;  and  3o*  is  the  divisor  at  the 
same  stage  of  the  work.  We  see  from  (1)  that  N—a^  divided  by 
3a*  gives  x,  the  rest  of  the  quotient  required,  increased  by 

—  +  «— a .     "We  shall  show  that  this  expression  is  a  proper  frao- 

tion,  so  that  by  neglecting  the  remainder  arising  from  the  division, 
we  obtain  a?,  the  rest  of  the  root. 

By  supposition,  a?  is  <  10*»,  and  a  is  >102»»+i ; 

^  .         102*        .,    .   .  1 

•••       a   ^^^io^n-TiJ   that  IS,   <~; 

a^  10**  1 

a^d  ^-»  is  <  - — ,>,,—;«;    that  is,  <- — --^. , ; 

3a*  3x10***+*'  '      3xl0'*+i' 

^  .   ^    .         1    .         1 


a"*'3a*^  ^^   ^10"^3xl0*»+i' 


and  is  therefore  a  proper  fraction. 


CHAPTER  XXIV. 

Harder  Problems. 

191,  In  previous  chapters  we  have  given  collections  of 
problems  which  lead  to  simple  equations.  We  add  here  a  few 
examples  of  somewhat  great^  difficulty. 

Example  1.  A  grocer  buys  15  lbs.  of  figs  and  28  lbs.  of  currants 
for  $2.60 ;  by  selling  the  figs  at  a  loss  of  10  per  cent,  and  the  cur- 
rants at  a  gain  of  SO  per  cent.,  he  clears  30  cents  on  his  outlay : 
how  much  per  pound  did  he  pay  for  each  ? 

Let  X,  y  denote  the  number  of  cents  in  the  price  of  a  pound  of 
figs  and  currants  respectively ;  then  the  outlay  is 
16x+28j/  cents. 
Therefore  16x-|-28y=260 (1). 

The  loss  upon  the  figs  is  -i  x  15x  cents,  and  the  gain  upon  the 

q 

currants  is  —  x  2Sy  cents ;  therefore  the  total  gain  is 

^^^  cents; 
6        2 

...  42|/_3x^3Q (2). 

6        2  ^  ^ 

From  (1)  and  (2)  we  find  that  x=8,  and  y=5 ;  that  is  the  figs 
cost  8  cents  a  pound,  and  the  currants  cost  5  cents  a  pound. 

Example  2.  At  what  time  between  4  and  5  o'clock  will  the 
minute-hand  of  a  watch  be  13  minntes  in  advance  of  the  hour-hand? 

Let  X  denote  the  required  number  of  minutes  after  4  o'clock; 
then,  as  the  minute-hand  travels  twelve  times  as  fast  as  the  hour- 
hand,  the  hour-hand  will  move  over  j^  minute  divisions  in  x  minutes. 

At  4  o'clock  the  minute-hand  is  20  divisions  behind  the  hour-hand, 
and  finally  the  minute-hand  is  13  divisions  in  advance;  therefore  the 
minute-hand  moves  over  20-f- 13,  or  33  divisions  more  than  the  hour- 
hand. 
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Henoe  aj=^+33, 

.'.  aj=36. 

Thus  the  time  is  86  minutes  past  4. 

If  the  question  be  asked  as  follows :  '<  At  what  times  between  4  and 
5  o'clock  will  there  be  13  minutes  between  the  two  hands?"  we 
must  also  take  into  consideration  the  case  when  the  minute-hand  is 
13  divisions  behind  ^^e  hour-hand.  In  this  case  the  minute-hand 
gains  20  - 13,  or  7  divisions. 

Henoe  *~i2"^^* 

7 
which  gives  j;=7— - , 

7' 
Therefore  the  times  are  7  ^r  past  4,  and  86'  past  4. 

Example  3.  Two  persons  A  and  B  start  simultaneously  from 
two  places,  c  miles  apart,  and  walk  in  the  same  direction.  A  travels 
at  the  rate  of  p  miles  an  hour,  and  B  at  the  rate  of  q  miles;  how  far 
will  A  have  walked  before  he  overtakes  2?? 

Suppose  A  has  walked  x  miles,  then  B  has  walked  x-c  miles. 

A  walking  at  the  rate  of  p  miles  an  hour  will  travel  x  miles  in  - 

hours :  and  B  will  travel  x-c  miles  in hours :  these  two  times 

q 

being  equal,  we  have 

X     x-c 

p~T' 

qx=px-pc\ 

whence  x  =  — — . 

p-q 

Therefore  A  has  travelled  ^^  miles. 
p-q 

Example  4.  A  train  travelled  a  certain  distance  at  a  uniform  rate. 
Had  the  speed  been  6  miles  an  hour  more,  the  journey  would  have 
occupied  4  hours  less;  and  had  the  speed  been  6  miles  an  hour  less, 
the  journey  would  have  occupied  6  hours  more.     Find  the  distance. 

Let  the  speed  of  the  train  be  x  miles  per  hour,  and  let  the  time 
occupied  be  y  hours;  then  the  distance  traversed  will  be  represented 
by  xy  miles. 
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On  the  first  Boppoation  the  speed  per  hoar  ia  x+ 6  miles,  and  the 
time  taken  is  y  -  4  hoars.  In  this  ease  the  distance  tzaversed  wUl  be 
represented  hy  (z+ 6)  {y  -  4)  miles. 

On  the  second  sapposition  the  distance  traveraed  will  he  repre- 
sented hy  (x  -  6)  ^ + 6)  miles. 

All  these  expressions  for  the  distance  most  he  eqaal ; 

From  these  equations  we  haye 

ay=«y+6y-4«-24. 

or  6y-ix=24 (1); 

and  «y=j:y-6y+6x-36, 

or  6x-6y=36 (2). 

From  (1)  and  (2)  we  ohtain  c=30,  y=24. 

Hence  the  distance  is  720  miles. 

Example  6.  A  peison  invests  $3770,  partly  in  3  per  Cent. 
Bonds  at  f  102,  and  partly  in  Bailway  Stock  at  1 84  which  -p&ja  a 
dlTidend  of  ^  per  cent. :  if  his  income  from  these  investments  is 
$  136.25  per  annum,  what  sum  does  he  invest  in  each  ? 

Let  X  denote  the  number  of  dollars  invested  in  Bonds,  y  the 
number  of  dollars  invested  in  Bailway  Stock ;  then 

a;4-y=3770 (1). 

The  Income  from  Bonds  is  $-^»  ^^  ^^»  ^^^  *^**  ^'^^  ^^^' 

way  Stock  is  $^,  or  $?|. 
o4  oo 

Therefore  ^  +  ||=i36t (2). 

From  (2)  a;+|^y=4632i; 

therefore  by  subtracting  (1) 
23. 


-y= 

28 

whence  y=28x37J=1050 ; 

and  from  (1)  x=2720. 

Therefore  he  invests  $  2720  in  Bonds  and  $  1050  in  Bailway 
Stock. 

EXAMPLES  XXI7. 

1.  A  sum  of  $  100  is  divided  among  a  number  of  persons ;  if 
the  number  had  been  increased  by  one-fourth  each  would  have 
received  a  half-dollar  less :  find  the  number  of  persons. 
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2.  I  bought  a  certain  number  of  marbles  at  four  lor  a  cent ;  I 
kept  one-fifth  of  them,  and  sold  the  rest  at  three  for  a  cent,  and 
gained  a  cent :  how  many  did  I  buy  ? 

8.  I  bought  a  certaiij  jiumber  of  ^.rticles  at  five  for  six  cents.;  if 
they  had  been  eleven  for  twelve  cents,  I  should  have  spent  six' cents 
less :  how  many  did  I  buy  ? 

4.  A  man  at  whist  wins  twice  as  much  as  he  had  to  begin  with, 
and  then  loses  |16 ;  he  then  loses  four-fifths  of  what  remained,  and 
afterwards  wins  as  much  as  he  had  at  first :  how  much  had  he 
originally,  if  he  leaves  o£E  with  $S0  ? 

6.  I  spend  ^69.80  in  buying  20  yards  of  calico  and  30  yardis  of 
silk ;  the  silk  costs  as  many  quarters  !>«:  yard  as  the  calico  costs 
cents  per  yard ;  find  the  price  of  each. 

6.  A  number  of  two  digits  exceeds  five  times  the  sum  of  iti^ 
digits  by  9,  and  its  ten-digit  exceeds  its  unit-digit  by  1 :  find  -tiie 
number.  -  • .  - 

7.  The  sum  of  the  digits  of  a  number  less  than  100  is  6 ;  if  the 
digits  be  reversed  the  resulting  number  will  be  less  by  18  than  the 
original  number :  find  it.  ' 

8.  A  man  being  asked  his  age  replied,  **  If  you  take  2  years  from 
my  present  age  the  result  will  be  double  my  wife's  age,  and  3  years  ago 
her  age  was  onerthird  of  what  mine  will  be  in  12  years. "  What  were 
their  ages? 

9.  At  what  time  between  one  and  two  o'clock  are  the  hands  of  a 
watch  first  at  right  angles? 

10.  At  what  time  between  3  and  4  o'clock  is  the  minute-hand  one 
minute  ahead  of  the  hour-hand? 

11.  When  are  the  hands  of  a  clock  together  between  the  hours  of 
6  and  7? 

12.  It  is  between  2  and  3  o'clock,  and  in  10  minutes  the  minute- 
hand  will  be  as  much  before  the  hour-hand  as  it  is  now  behind  it: 
what  is  the  time? 

13.  At  an  election  the  majority  was  162,  which  was  three-elevenths 
of  the  whole  numbers  of  voters :  what  was  tJie  number  of  the  votes  on 
each  side?  . 

14.  A  certain  number  of  persons  paid  a  bill ;  if  there  had  been 
10  more  each  would  have  paid  #2  less ;  if  there  had  been  5  less 
each  would  have  paid  $2.50  more:  find  the  number  of  persons, 
and  what  each  had  to  pay. 

16.  A  man  spends  $  100  in  buying  two  kinds  of  silk  at  $  4.60 
and  $4  a  yard ;  by  selling  it  at  $  4.26  per  yard  he  gains  2  per  cent. : 
how  much  of  each  did  he  buy  ? 

H.  A.  12 
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16.  Ten  yean  ago  the  sum  of  the  ages  of  two  sons  was  one-third 
of  their  father's  age:  one  is  two  years  older  than  the  other,  and  the 
present  sum  of  tiieir  ages  is  fourteen  years,  less  than  their  father's 
age :  how  old  are  they? 

17.  A  and  B  start  from  the  same  place  walking  at  different  rates; 
when  A  has  walked  15  miles  B  doubles  his  pace»  and  6  hours  later 
passes  ^ :  if  ^  walks  at  the  rate  of  5  miles  an  hour,  what  is  ^'s  rate 
at  first? 

18.  A  basket  of  oranges  is  emptied  by  one  person  taking  half  of 
them  and  one  more,  a  second  person  taking  half  of  the  remainder 
and  one  more,  and  a  third  person  taking  half  of  the  remainder  and 
six  more.    How  many  did  the  basket  contain  at  first? 

19.  A  person  swimming  in  a  stream  which  runs  1}  nules  per 
hour,  finds  that  it  takes  him  four  times  as  long  to  swim  a  mile  np  the 
stream  as  it  does  to  swim  the  same  distance  down:  at  what  rate  does 
he  swim? 

30.  At  what  times  between  7  and  8  o'clock  will  the  hands  of  a 
watch  be  at  right  angles  to  each  other?  When  will  they  be  in  the 
same  straight  line? 

21.  The  denominator  of  a  fraction  exceeds  the  numerator  by  4 ; 
and  if  5  is  taken  from  each,  the  sum  of  the  reciprocal  of  the  new 
fraction  and  four  times  the  original  fraction  is  5:  find  the  original 
fraction. 

22.  Two  persons  start  at  noon  from  towns  60  miles  apart.  One 
walks  at  the  rate  of  four  miles  an  hour,  but  stops  2^  hours  on  the 
way;  the  other  walks  at  the  rate  of  3  miles  an  hour  without  stopping: 
when  and  where  will  they  meet? 

23.  A,  B,  and  G  trayel  from  the  same  place  at  the  rates  of  4,  5, 
and  6  miles  an  hour  respectively;  and  B  starts  2  hours  after  A,  How 
long  after  B  must  O  start  in  order  that  they  may  overtake  A  at  the 
same  instant? 

24.  A  dealer  bought  a  horse,  expecting  to  sell  it  again  at  a  price 
that  would  have  given  him  10  per  cent,  profit  on  his  purchase ;  but 
he  had  to  sell  it  for  $50  less  than  he  expected,  and  he  then  found 
that  he  had  lost  15  per  cent,  on  what  it  cost  him :  what  did  he  x>ay  for 
the  horse? 

25.  A  man  walking  from  a  town,  A,  to  another,  B,  at  the  rate  of 
4  miles  an  hour,  starts  one  hour  before  a  coach  travelling  12  miles  an 
hour,  and  is  picked  up  by  the  coach.  On  arriving  at  B,  he  finds  that 
his  coach  journey  has  lasted  2  hours :  find  the  distance  between  A 
andB. 

26.  What  is  the  property  of  a  person  whose  income  is  $1140, 
when  one-twelfth  of  it  is  invested  at  2  per  cent.,  one-half  at  3  per 
cent.,  one-third  at  4^  per  cent.,  and  the  remainder  pays  him  no 
dividend? 
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27.  A  person  spends  one-third  of  his  income,  saves  one-fourth, 
and  pays  away  5  per  cent,  on  the  whole  as  interest  at  7^  per  cent,  on 
debts  previously  incurred,  and  then  has  'fllO  remaining:  what  was 
the  amount  of  his  debts? 

28.  Two  vessels  contain  mixtures  of  wine  and  water ;  in  one  there 
is  three  times  as  much  wine  as  water,  in  the  other  five  times  as  much 
water  as  wine.  Find  how  much  must  be  drawn  off  from  each  to  fill  a 
third  vessel  which  holds  seven  gallons,  in  order  that  its  contents  may 
be  half  wine  and  half  water. 

29.  There  are  two  mixtures  of  wine  and  water,  one  of  which  con- 
tains twice  as  much  water  as  wine,  and  the  other  three  times  as 
much  wine  as  water.  How  much  must  there  be  taken  from  each 
to  fill  a  pint  cup,  in  which  the  wat^  and  the  wine  shall  be  equally 
mixed? 

30.  Two  men  set  out  at  the  same  time  to  walk,  one  from  A  to 
P,  and  the  other  from  £  to  J,  a  distance  of  a  miles.  The  former 
walks  at  the  rate  of  jp  miles,  and  the  latter  at  the  rate  of  q  miles  an 
hour:  at  what  distance  from  A  will  they  meet? 

81.  A  train  runs  from  ^  to  ^  in  3  hours ;  a  second  train  runs 
from  -4  to  (7,  a  point  16  miles  beyond  B^  in  SJ  hours,  travelling  at 
a  speed  which  is  less  by  1  mile  per  hour.  Find  distance  from  A 
toB. 

82.  Coffee  is  bought  at  86  cents  and  chicory  at  9  cents  per  lb. ; 
in  what  proportion  must  they  be  mixed  that  10  per  cent,  may  be 
gained  by  selling  the  mixture  at  33  cents  per  lb.  ? 

88.  A  man  has  one  kind  of  coffee  at  a  cents  per  pound,  and 
another  at  b  cents  per  pound.  How  much  of  each  must  he  take  to 
form  a  mixture  of  a— ft  lbs.,  which  he  can  sell  at  c  cents  a  pound 
without  loss? 

84.  A  man  spends  c  half-dollars  in  buying  two  kinds  of  silk  at 
a  dimes  and  h  dimes  a  yard  respectively ;  he  could  have  bought  3 
times  as  much  of  the  first  and  half  as  much  of  the  second  for  the 
flame  money.    How  many  yards  of  each  did  he  buy? 

85.  A  man  rides  one-third  of  the  distance  from  ^  to  ^  at  the  rate 
of  a  miles  an  hour,  and  the  remainder  at  the  rate  of  2b  miles  an  hour. 
If  he  had  travelled  at  a  uniform  rate  of  Sc  miles  an  hour,  he  could 
have  ridden  from  A  to  B  and  back  again  in  the  same  time.    Prove 

that  ?  =  ia. 

cab 

36.  A,  Bt  G  are  three  towns  forming  a  triangle.  A  man  has  to 
walk  from  one  to  the  next,  ride  thence  to  the  next,  and  drive  thence 
to  his  starting  point.  He  can  walk,  ride,  and  drive  a  mile  in  a,  &,  c 
minutes  respectively.  If  he  starts  from  B  he  takes  a+c  —  b  hours,  if 
he  starts  from  C  he  takes  &  +  a-c  hours,  and  if  he  starts  from  A  he 
takes  c-k-b-a  hours.    Find  the  length  of  the  circuit. 


CHAPTER  XXV. 
Inequalities. 

192.  Any  quantity  a  is  said  to  be  greater  than  another 
quantity  b  when  a— 6  is  positive;  thus  2  is  greater  than  —3, 
oecause  2  — (  —  3),  or  5  is  positive.  Also  6  is  said  to  be  less 
than  a  when  6— a  is  negative ;  thus  —5  is  less  than  —2,  because 
—  5— (—2),  or  —3  is  negative. 

In  accordance  with  this  definition,  zero  must  be  regarded  as 
greater  than  any  negative  quantity. 

193.  The  staternent  in  algebraic  language  that  one  expres- 
sion is  greater  or  less  than  another  is  called  an  inequality. 

194.  The  sign  of  inequality  is  >,  the  opening  being  placed 
towards  the  greater  quantity.  Thus  a>h  is  read  "  a  is  greater 
than  6." 

195.  The  first  and  second  members  are  the  expressions  on 
the  left  and  right,  respectively,  of  the  sign  of  inequality. 

196.  Inequalities  subsist  in  the  same  sense  when  correspond- 
ing members  in  each  are  the  greater  or  the  less.  Thus  the 
inequalities  a>b  and  7>5  are  said  to  subsist  in  the  same  sense. 

In  the  present  chapter  we  shall  suppose  (unless  the  contrary 
is  directly  stated)  that  the  letters  always  denote  real  and  posi- 
tive quantities. 

197.  If  a>bj  then  it  is  evident  that 

a+c>b+c] 

a  —  c>b  —  c; 

ac>bc  • 

C       C 
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that  is,  an  inequality  will  stUl  hold  after  each  side  has  been  increased, 
diminished,  multiplied,  or  divided  by  the  same  positive  quantity. 

198.  If  a-c>b, 
by  adding  c  to  each  side, 

a>b-\-c\ 

which  shows  that  in  an  inequality  any  term  may  be  transposed 
from  one  side  to  the  other  if  its  sign  be  changed, 

199.  K  a>b,  then  evidently  b<a ; 

that  is,  if  the  sides  of  an  inequality  be  transposed,  the  sign  of 
inequality  must  be  reversed, 

200.  K  a>b,  then  a-&  is  positive,  and  6 -a  is  negative; 
that  is,  —a— (—6)  is  negative,  and  therefore 

-a<-b', 

hence,  if  the  signs  of  all  the  terms  of  an  inequality  be  changed,  the 
sign  of  inequality  must  be  reversed, 

201.  Again,  if  a>b,  then  —  a<— ft,  and  therefore 

—  ac<,—bc; 

that  is,  if  the  sides  of  an  inequality  be  multiplied  by  the  same 
negative  quantity,  the  sign  of  inequality  must  be  reversed, 

202.  K  a{>b^,  a2>b^  Os>bs,  •••  an>bnu  it  is  clear  that 

ai+a2+a8+  ••  +an>b^-{-b^-{-b^+  —  +&«; 
and  a^a^^  •  af,^^b^bjb^*"bf^, 

203.  K  a>6,  and  if  j9,  ^  are  positive  integers,  then  -^a>-^6, 

or  a'>6' ;  and  therefore  a^>¥ ;  that  is,  a'»>6»,  where  n  is  any 
positive  quantity. 

Further,  —  <7r;  that  is,  a-«<6-». 
a"     cr 

204.  The  subtraction  of  two  inequalities  subsisting  in  the 
same  sense  does  not  necessarily  give  an  inequality  subsisting  in 
the  same  sense. 

205.  The  division  of  an  inequality  by  another  subsisting  in 
the  same  sense  does  not  necessarily  give  an  inequality  subsisting 
in  the  same  sense. 
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The  truth  of  these  last  statements  is  readily  seen  by  consid- 
ering the  inequalities  5^4 

3>2! 
Subtracting  member  for  member  would  give  2>2. 

Dividing  member  by  member  would  give  o>2. 
Example  1.    Find  limit  of  x  in  the  inequality 

Clearing  of  fractions,  we  have 

16x-26>3a;+ll. 
Transposing  and  combining 

12x>36 ; 
.-.  a;>3. 

Example  2.    If  a,  &,  c  denote  positive  quantities,  prove  that 

For  62+c2>2&c, 

c2+a2>2co, 

a^+h^>2ab. 
Whence  by  addition  a'^^-b^+c^>bc+ca+ab. 

Example  3.    If  x  may  have  any  real  value  find  which  is  the 
greater,  x'+l  or  x^+x, 

iii^+l-(x^+x)=ofi-x^-(x-l) 
=  (x2-l)(a;-l) 
=  {x-l)\x+l). 
Now  (x— 1)^  is  positive,  hence 

x8+l>or  <x«+a; 
according  as  x+1  is  positive  or  negative;  that  is,  according  as 
x>  or  <— 1. 

If  x=  —  1,  the  inequality  becomes  an  equality. 

EXAMPLES  XXV. 

Find  limit  of  x  in  the  following  three  inequalities : 

1.  llx-f  <5  +  3J. 

2.  (x+2)(x+3)>(x-4)(x-5). 

3.  6x+5ax-6a6>62  when  a  >  6. 

4.  Prove  that  (ab + xy)  {ax + by)  >4abxy. 

5.  Prove  that  (b+c){c+a){a+b) >8a6c. 
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6.  Show  that  the  sum  of  any  real  positive  quantity  and  its 
reciprocal  is  never  less  than  2. 

7.  If  a2+62=i,  and  z^+y^=l,  show  that  ax+by<h 

8.  If  a2+62+(J2=l,  and  x^+^+sfl-1,  show  that 

ax+by+cz<l. 

9.  Which  is  the  greater  ^  or  ^? 

2         a+& 

10.  Show  that  (x^-{-^z+z'hi) (pcj/^-\-yz^-\-zoi^>W^s^. 

11,  Find  which  is  the  greater  Sab^  or  a8+268. 

12.  Prove  that  a^b+ab^<a!^-\-  6*. 

13,  Prove  that  6a6c<6c(&+c)+ca(c+a)+a6(a+6). 

14.  Show  that  l^+c^a^+a^h^>abc(a+b+c). 

15,  Show  that  2(a8+6'+c*)>&c(6+c)+ca(c+a)  +  a6(a+6). 


OHAPTERr  XXVL 
Quadratic  Equations. 

206.  Suppose  the  following  problem  were  proposed  for  solu- 
tion: 

A  dealer  bought  a  number  of  horses  for  $280.  If  he  had 
bought  four  less  each  would  have  cost  ^  more :  how  many  did 
he  buy?  "  ^ 

We  should  proceed  thus : 

280 
Let  ^=the  number  of  horses;  then  —  =  the  number  of 

dollars  each  cost. 

If  he  had  bought  4  less  he  would  have  had  ^  -  4  horses,  and 

280 

each  would  have  cost r  dollars. 

x—\ 

_^280       280 

whence  d?  (^  -  4)  +  35  (or  -  4) = Zhx ; 

.-.  a?>-447+35a;-140=35jF; 
.-.  ^-4r=:140. 
Here  we  have  an  equation  which  involves  the  square  of  the 
imknown  quantity;    and   in  order  to  complete  the  solution 
of  the  problem  we  must  discover  a  method  of  solving  such 
equations. 

207.  Definition.  An  equation  which  contains  the  square 
of  the  unknown  quantity,  but  no  higher  power,  is  called  a  quad- 
ratic equation,  or  an  equation  of  the  second  degree. 

If  the  equation  contains  both  the  square  and  the  first  power 
of  the  unknown  it  is  called  an  q^c^ea  quadratic ;  if  it  contains 
only  the  square  of  t^e  unknown  it  is  said  to  be  9k  pure  quadratic 

Thus  2.r*  -  5a;  =?  3    is  an  adfected  quadratic, 
and  5a:2=2Q  is  a  pure  quadratic. 
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208.    A  pure  quadratic  may  be  considered  as  a  simple  equa- 
tion in  which  the  square  of  the  unknown  quantity  is  to  be  found. 

JSoMimple,    Solve 


a;8-27'"a;a-ll 
Multiplying  across,  9*2 -99 =26x2 -676; 
.-.  16a;2=676; 
.-.  a;a=36; 
and  taking  the  'square  root  of  these  equals,  we  have 

a;=±6. 
Note.    We  prefix  the  double  sign  to  the  number  on  the  right- 
hand  side  for  the  reason  given  in  Art.  178. 

209.  In  extracting  tHe  square  root  of  the  two  sides  of  the 
equation  a:2=36,  it  might  seem  that  we  ought  to  prefix  the 
double  sign  to  the  quantities  on  both  sides,  and  write  ia:=  ±6. 
But  an  examination  of  the  various  cases  shows  this  to  be  un- 
necessary.   For  ±a;=  ±6  gives  the  four  cases : 

-fa:=-f-6,  +a:=-6,  -a;=-f-6,  -a;=-6, 
and  these  are  all  included  in  the  two  already  given,  namely, 
x=  -f-  6,  a;=  —  6.    Hence,  when  we  extract  the  square  root  of  the 
two  sides  of  an  equation,  it  is  sufficient  to  put  the  double  sign 
before  the  square  root  of  one  side. 

EXAMPLES  XXVI.  a. 

Solve  the  following  equations : 

1.    4a:a-f-6=«a-M7. 

2aJ3 
2;    8flS«+3=:^-f24.- 
8,    (x+l)(a;-l)=2a;2-.4.  ^ 
^      2a;2-6     aj2-4     6a;»-*10    ^ 

3(a;g-l)     4(x«-4)         3(9x^-1) 
°*      aj2-l    ^    a;H3        (aj«-l)(a;2+3)      ' 
6,    (2a;-c)(a;-fd)  +  (2a;+c)(a-d)=2cd(2cd-l). 

ic-fa     x—a 
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Affected  Quadratic  Equations. 

210.    The  equation  x^=36  is  an  instance  of  the  simplest 
form  of  quadratic  equations.     The  equation  {x  —  3)'  =  25  may  be 
solved  in  a  similar  way;  for  taking  the  square  root  of  both 
sideSy  we  have  two  simple  equations, 
4?- 3=  ±5. 
Taking  the  upper  sign,    4;  —  3  =  +  5,  whence  ^= 8 ; 
taking  the  lower  sign,      a?  —  3  =  —  5,  whence  a?=  —  2. 
.•.  the  solution  is  ^=8,  or  -2. 

Now  the  given  equation  (a? -3)* =25 
may  be  written  ar*  -  6a?H-  (3)*=25, 

or  d;«-&ir=16. 

Hence,  by  retracing  our  steps,  we  learn  that  the  equation 
a?8-&ir=16 

can  be  solved  by  first  adding  (3)'  or  9  to  each  side,  and.  then 
extracting  the  square  root;  and  the  i*eason  wh^  we  add  9  to 
each  side  is  that  this  quantity  added  to  the  left  side  makes  it  a 
perfect  square. 

Now  whatever  the  quantity  a  may  be, 
a:a+2aa:+a3=(a;H-a)3, 
and  a;2  _  2ar  +  a^s  (a:  -  ay ; 

so  that,  if  a  trinomial  is  a  perfect  square,  and  its  highest  potoer, 
x^,  has  unity  for  a  coefficient,  the  term  without  x  must  be  equal 
to  the  square  0/ half  the  coefficient  ofx. 

Example  1.   Solve  7x=x^-S. 

Transpose  so  as  to  have  the  terms  involving  a  on  one  side,  and 
the  square  term  positive. 

Thus  aa-.7*=8.  ^ 

(•7\9  49 

7     ^9 

.%  a!=8,  or  -1. 
Note.    We  do  not  work  out  (^  j  on  the  left-hand  side. 
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Example  2.    Solve       32-3a;2=i0a;. 

Transposing,  8x> + lOx = 32. 

Divide  throughoat  by  3,  so  as  to  make  the  coefficient  of  ob*  unity. 

mu  ,     10        32 

Thus  *^  +  'S*='3» 

1  *-      .X.  ^^1<>    ^/^V     82^26 

completmg  the  square,  ^^^^     \s)  "T     T' 


that  is. 


/      By     121 

l^+s)  =-9-' 

5        11 


Example  S,  Solve  7  («+ 2a)» + 8a* = 6a  (7aj+ 23a). 

Simplifying,  7a;'  +  28aa5+28a2+3a'=86aaj+115a', 
that  is,  7a5»-7aa;=84a« 

Whence  ae^-ctx^  12a* ; 


completing  the  square,    a:*-a«+(--j  =  12a*  +  j ; 

,,    , .  /      a\*     49a* 

that  18,  V-2]  ^1"' 

a      .  7a 
•*"2==*2^' 
.%  0=40,  or  -8a, 

211.  We  see  then  that  thefollomng  are  the  steps  required  for 
solving  an  affected  quadratic  equation. 

(1)  If  necessary,  simplify  the  equation  so  that  the  terms  in 
sfi  and  X  are  on  one  side  of  the  equation,  and  the  term  without 
X  on  the  other. 

(2)  Make  the  coefficient  of  a^  unity  and  positive  by  dividing 
throughout  by  the  coefficient  of  ^. 

(3)  Add  to  each  side  of  the  equation  the  square  of  half  the 
coefficient  of  a:, 

(4)  Take  the  square  root  of  each  side. 

(5)  Solve  the  resulting  simple  equations. 

212.  In  all  the  instances  considered  hitherto  the  quadratic 
equations  have  had  two  roots.  Sometimes,  however,  there  is 
only  one  solution.  Thus  if  a:* — 2a: + 1  =  0,  then  (x  —  1  )* = 0,  whence 
x=l  is  the  only  solution.  Nevertheless,  in  this  and  similar 
cases  we  find  it  convenient  to  say  that  the  quadratic  has  two 
equal  roots. 
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EXAMPLES  XXVI.  b. 


1. 

4. 

7. 
10. 
12. 
14. 
16. 
18. 
20. 
22. 
24. 

25. 
28. 
30. 
32. 
34. 


5a;2+143r=.55.    2. 
&r2+^=30.         5. 


ar2+12I=444?. 
3^  +  35=22^. 


15  =  17^+4f2.     8.     21+^=2x8. 


3.     26x=6a^+2h 
6.    j:+22-6a;2=0. 
9.     9jc3-143-&p=0. 


12a;2^29a;-14. 
ip^=15-aF«.    . 
50j?2-15^=27. 

21^=2aa?+3a«, 


11.  2Qr2=12-j;. 

13.  21^+2207+6=0. 

15.  18a;8-27^-26=0. 

17;  15^-2ar=a«. 

19,  6ar*=nib7+7it«. 

21.  12a7*-Gr-20c2=o. 

2(ar-3)  =  3(;F+2)(ar-3).     23.  (ar+l)(2^+3)  =  4:F2-S 
(3j:-5)(2a:-5)=.r2  +  2a7-3. 


5^+7 
3:r-l 


=3^7+?.      26. 


5_^.^.     27. 
^+1       2 


=  1- 


16_ 

4r+7     *     07+7 
^+3       2:r-l 


2a?-7  07-3 
07+4  or-2  . 
^34  + ,^-3==^^' 
JL 5_^3 

07-1        O7  +  2~07' 

36. 
37. 


=0. 


29. 
31. 
33. 


3o7-8  _  5^-2 
o?-2  ~  ^ +5  ' 

07-5 


_5 8__ 

x+1     x+2         2a;+4 
13 
20* 


507-7  ^ 

7.r-5  ""207-13' 

_1 ?_^A 

1+07     3-0?     35* 

3-07     5~'9-2o?* 
5        4        3 

07—2        07~07+6' 
X 


X     .     2 
a;+3     a;+6 


Solution  by  Formula. 

213.    After  suitable  reduction  and  transposition  every  quad- 
ratic equation  can  be  written  in  the  form 

ax^-\-bx+c  =  Oy 
where  a,  &,  c  may  have  any  numerical  values  whatever.    If 
therefore  we  can  solve  this  quadratic  we  can  solve  any. 
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Transposing,  (m:^ + &x  =  -  c ; 

dividing  by  a,  x^4-  -a:=  —  -. 

''  Q  a 

Completing  the  square  by  adding  to  each  side  (s-)  > 

,.    .  .  f    .   by    6>-4ac 

thatis,  ^^+_J=__; 

extracting  the  square  root, 

NoTE.  The  student  will  observe  that  &,  the  first  term  of  the 
numerator  of  the  fraction,  is  the  coefficient  of  x  in  the'  original 
equation  with  its  sign  changed,  and  that  4ac,  under  the  radical,  is 
plMs  or  minus  according  as  the  signs  of  a  and  c  in  the  original 
equation  are  like  or  unlike. 

214.  Instead  of  ^oing  through  the  process  of  completing  the 
square  in  each  particular  example,  we  may  now  make  use  of 
this  general  formula,  adapting  it  to  the  case  in  question  by 
substituting  the  values  of  a,  &,  c. 

Example.    Solve       6x^1  la; -12=0. 

Here  a=5,  6=11,  c=-12. 

__-ll±V(ll)2_4.6(-12) 
.-.  X-  j^-. 

-11±V301      -11±19     4  g 

= 10 =       10       =6'^''""^- 

215.  In  the  result    ^^z^^^l^lz^^ 

2a 

it  must  be  remembered  that  the  expression  ^(h^—^ac)  is  the 
square  root  of  the  compound  quantity  h^—^ac,  taken  as  a  whole. 
We  cannot  simplify  the  solution  unless  we  know  the  numerical 
values  of  a,  h,  c.  It  may  sometimes  happen  that  these  values 
do  not  make  6^— 4ac  a  perfect  s(][uare.  In  such  a  case  the  exact 
numerical  solution  of  ttie  equation  cannot  be  determined. 
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We  have 


Example  1.    Solve      5«*-15a!  +  ll=0. 

*""  2.6 

_15rfaV5 

""      10      • 

Now  y/H  —  2*236  approximately. 

15  di:  2-236    ,  „^^^ 
\  x= j^ =1-7236,  or  1-2764. 

These  solutions  are  correct  only  to  four  places  of  decimals,  and 
neither  of  them  will  be  found  to  exactly  satisfy  the  equation. 

Unless  the  numerical  values  of  the  unknown  quantity  are  required 
it  is  usual  to  leave  the  roots  in  the  form 

15  +  V5     15-V5 
10      *        10      • 

Example  2.     Solve          «*-3a;  +  5=0. 
We  have  «= ^^-^ ~ 


2 

2 

But  — 11  has  no  square  root  exact  or  approximate  [Art.  178] ; 
so  that  no  real  value  of  x  can  be  found  to  satisfy  the  equation. 
In  such  a  case  the  roots  are  said  to  be  imaginary  or  impossible. 

Solution  by  Factoring. 

216.  The  following  method  will  sometimes  be  found  shorter 
than  either  of  those  already  given. 

7 
Consider  the  equation    a;^  +  -  a:^  2. 

o 

Clearing  of  fractions,     3a^+7a;-6='0  (1); 

by  resolving  the  left-hand  side  into  factors  we  have 

(3a?-2)(a?+3)=0. 
Now  if  either  of  the  factors  3a: -2,  a?  4- 3  be  zero  their  product  is 
zero.     Hence  the  quadratic  equation  is  satisfied  by  either  of  the 
suppositions 

3a7-2=0,  or  07  +  3=0. 
2 
Thus  the  roots  are  ^ ,      -  3. 
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It  appears  from  this  that  when  a  quadratto  eqtuUum  has  heen 
mmplified  and  hnxught  to  the  form  of  equation  (l),  its  solution 
can  always  be  readily  obtained  if  the  expression  on  the  left-hand 
side  can  be  resolved  into  factors.  Each  of  these  factors  equated 
to  zero  gives  a  simple  equation,  and  a  corresponding  root  of  the 
quadratic. 

Example  1.     Solve    2iK^-ax+2hx=ah, 

Transposing,  so  as  to  have  all  the  terms  on  one  side  of  the  equation^ 
we  have 

ar*  -  oa? + 26x  -  oi = 0. 
Now  2a?-aa;  +  26as-a&a=x(2aj-a)  +  6(2a8-a) 

=  (2«-a)(«+6). 
Therefoie  (2x-a){x+b).=0; 

whence  2x-a=0,  ora5+6=0. 

Example  2.    Solve      2  (2>  -  G) = 8  (a;  -  4). 
Wehave  2x'-12=3aj-12; 

that  is,  2a:2=3aj (1). 

Transposing,  205*  -  3a! = 0, 

a:(2x-8)=0. 
.•.  a:=0,  or  2«-3  =  0. 

o 

Thus  the  roots  are  0,  - . 

Note.     In  equation  (1)  above  we  might  have  divided  both  sides 

by  X  and  obtained  the  simple  equation  2a;=3  3,  whence  jb  =  ^,  which  is 

one  of  the  solutions  of  the  given  equation.  But  the  student  must  be 
particularly  careful  to  notice  that  whenever  an  a;  is  removed  by  division 
from  every  term  of  an  equation  it  must  not  be  neglected,  since  the 
equation  is  satisfied  by  x=0,  which  is  therefore  one  of  the  roots. 

217.  There  are  some  equations  which  are  not  really  quad- 
ratics, but  which  may  be  solved  by  the  methods  explained  in  this 
chapter. 

Example  1.     Solve  a5*-13a:«+36=0. 

By  resolution  into  factors,  {o^  -  9)  (sc'  -  4)  =0 ; 
.-.  re* -9=0,  or  a:*-4=0; 
that  is,  a? =9 J  or  4, 

and  a;=±3,  or  i2. 
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1. 
4. 

7. 

9. 

11. 

13. 
15. 

17. 

19. 
21. 
23. 
25. 
27. 
29. 

31. 


EXAMPLES  XXVI.  c. 

Solve  by  the  aid  of  the  f ornmla  in  Art.  213 : 

3^=15 -4a?.        2.    2a^+7x=l6.  3,    2j«;^+7-9j?=0. 

a^=Sx+6.  5.     5^+4+21a?=0.      6.    ^+11=7a-. 

ar2=a?  +  7.  3.    5a;»=17^-'lO. 

35+9^-2a?2=0.  10.    3a!^^a;+l. 

3ar2+5a;=2.  12.     2a;a+5r-33=0. 

Solve  by  resolution  into  factors : 

26a7-21  +  ll^*=0. 


14.     21  +  ar3=26a?. 
16.     5:r2+2ar+24=a 


4a;2=      ^+3. 
io 


18.    ^-2=f2ar. 


7^=28-96^. 

25^=5^+6. 

12ar2-ll<w7=.36a2. 

^-2cM?+4a6=26^. 
3a?2-2cw?-6a?=0. 
Solve  as  explained  in  Art.  217  : 
4=5.1-2-^.  32. 

a;«+7^=8.  34. 


2a  ^9&c2=4a7  +  15. 

22.  35-4a?=4^. 

24.  12a?2+36a2=:43flw?. 

26.  36078-3562=1264?. 

28.  :r2- 2007+80?=  16a. 

30.  ao?2+2o7=6o7. 


0?*+ 30  =130^2. 
j5«-19or^=216. 


CHAPTER  XXVII. 
Equations  in  Quadratic  Form. 

218.  An  equation  in  the  form  ax^-\-hx^=ic,  n  being  a  posi- 
tive or  negative  integer  or  fraction  is  in  quadratic  form.  Thus 
a:* +4x2  =117,  art +7x^=44,  and  x-^+x-i=a  are  equations  in 
quadratic  form. 

In  Art.  217  we  solved  an  equation  of  this  character  by  factor- 
ing. We  now  give  a  few  more  examples  showing  that  the 
ordinary  rules  for  quadratic  equations  are  applicable  to  those 
in  quadratic  form. 

Example  1.    Solve  ic*-  13a;2=  -36. 

Using  the  formula  of  [Art.  213]. 


13±V(13)2-4(36) 
*-  2 

_13i:Vl69-144 

2 
_13±5 
~     2 
=9  or  4 ; 
.-.  a;=±3or  ±2. 

Example  2.     Solve  2x*-3x*=2. 

A      V                                   ^     3dbV9Tl6 
As  above  x«= ^ 

_3±6 
"    4 

=2or-l. 
Raising  to  the  third  power,  x=8,  or  —  q. 

o 
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Exai 

nple  3.    Solve  2x-* 
^rmola, 

-©x-i=-4. 

,     9±V8 
x-i=          4 

Byf< 

1-32 

9±7 
■    4 

= 

.«»i 

Raising  to  the  fourth  power, 

x-i= 

:  266  or 

1  . 

16' 

tifl, 

1_ 
x~ 

:256or 

1  . 
16' 

.*.  x= 

=  2^^"^ 

16. 

EXAMPLES 

>  XXVU.  a. 

1. 

8«6+65x»+8=0. 

2. 

3Va-3x-*=8. 

3. 

27x1-1=26x1. 

4. 

x*-74xa=-1226. 

5. 

x-a-2x-i=8. 

6. 

9+x-*=10x-«. 

7. 

2Vx+2x-*=5. 

S                    1 

8. 

6xt=7xi-2x-i. 
1       1 

9. 

x»+6=5a?». 

10. 

3x2»-x»-2=0. 

11. 

6Va;=5x-*-13. 

12. 

l+8x»+9^x»=0. 

1.  L 

13.    8x««-8x"an=63. 

219.    Any  equation  which  can  be  thrown  into  the  form 
ax^-\-hX'\-c-\-py/ax^-\-bx-\-c=q 


may  be  solved  as  follows.    Putting  y=  Vox^+fcx+c,  we  obtain 

Let  a  and  p  be  the  roots  of  this  equation,  so  that 
Vax^+6x+c=a,  VaxM-6x+c=j8; 
from  these  equations  we  shall  obtain /our  values  of  x. 

When  no  sign  is  prefixed  to  a  radical  it  is  usually  under- 
stood that  it  is  to  be  taken  as  positive ;  hence,  if  a  and  P  are 
both  positive,  all  the  four  values  of  x  satisfy  the  original  equa- 
tion. If  however  a  or  ^  is  negative,  the  roots  found  from  the 
resulting  quadratic  will  satisfy  the  equation 

0x2+ 6x-f  c  — j9  Vax^+ 6x+ c  =  ^, 
but  not  the  original  equation. 
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NoTB.    The  Greek  letters  a,  /3,  7,  0  (read  Alpha,  Beta,  Gamma, 
and  Phi),  are  of  frequent  occurrence  in  mathematical  discussions. 


Example  1.    Solve  x^-6x-\-2Vi^^^^^xT^=12. 
Add  3  to  each  side ;  then 

a;2-5a;H-3H-2\/»?-5xH-3=15. 


Putting    Vx^--5x+3=y,   we  obtain    y^-\-2y—16=0;   whence 

y=3  or  —5^ 

Thus  V«2_6x+3=H-3,  or  Vx2-6x+3=-5. 

Squarmg  and  solving  the  resulting  quadratics,  we  obtain  from 

the  first  x=6  or  —  1 ;  and  from  the  second  x=  -^^- — •    The  first 

pair  of  values  satisfies  the  given  equation,  but  the  second  pair 
satisfies  the  equation 

xa-5x-2Vx2-6xH-3=12. 


Example  2.     Solve  3x^-7+3  V3x*-16x+21  =  16x. 
Transposing,  3x2-16x-7H-3V3x2-16x+21=0. 
Add  28  to  each  side ;  then 

3x2-.16x+21+8V3x2-16xH-21=28. 
Proceeding  as  in  Example  1,  we  have 

^2+3^=28;  whence  y=4  or  —7. 
Thus  V3x2-16x+21=4  or  V3x2-16xH-21  =  -7. 

Squaring  and  solving,  we  obtain        

-    1        8±2V37 

*=^'  3'  °"  —3 

The  values  6  and  J  satisfy  the  original  equation.    The  other 
values  satisfy  the  equation 

3x2-7-3  V3x2-16x+21  =  16x. 

220.    Occasionally  equations  of  the  fourth  degree  may  be 
arranged  in  expressions  that  will  be  in  quadratic  form. 

Example.    Solve  x*-8x»H-10x?+24xH-6=0. 
This  may  be  written  x* -8x8+ 16x2 -6x2+24x=  -5, 
or  (x2_4x)2-6(x2-4x)  =  -6 ; 

V   X         1                        ^    A       6±V36-20 
by  formula,  x2— 4x= 5 

__6±4 
"■    2 
=5  or  1 ; 

whence  x=5,  — 1,  or  2±  V6. 
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The  student  will  notice  that  in  such  examples  he  should  di- 
vide the  term  containing  x*  by  twice  the  square  root  of  the  first 
term  and  then  square  the  result  for  the  third  term.  In  this 
case  a  third  term  of  16x^  is  required,  therefore  we  write  the 
term  lOx*  of  the  original  equation  in  the  form  16x*— 6a;'. 

22 1 .    Equations  like  the  following  are  of  frequent  occurrence. 
Example,    Solve h  .^__^  =6. 

x^—6 
Write  y  for :  thus 

y+^=6,  ory2-6y+5=0; 

whence  y=5,  or  1. 

.-.  =5,  or =  1; 

that  is,  x2-6x-6=0,  or  x2-x-6=0. 

^  Thus  x=6,  -1;  orx=3,  -2. 

EXAMPLES  XZVn.  b. 

Solve  the  following  equations : 

1.  ^*.*.=^     a.  ^^^=.». 


x-f8         6    _3x+14  g        3         V2x 


„     3x-6  .  11 -2x     Qi  ^       „         / 

7.    -Tr^+TfTlAZ^^i'  8.    xH2v^?+65=24-6x. 


6-x      10-4x 


9. 


(x-^y+4x-^=5.  10.    27x1-4=26x1. 


20 


11.  7Vx-8-V2ix+12=2V3.  12.    x3+3x-^^5T^=^- 

13.  x+2  =  V4+xV8^.  14.    3x«-4xH-  \/3x2-4x-6=18. 

15.  2x2-2x+2V2x2-.7x+6=5x-6. 

16.  x3+6Vxa-2xH-5=lH-2x. 

17.  2Vx2-6xH-2+4x+l=x2-2x. 

18.  V4x2+2x+7  =  12xH6x-119. 
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19.  ar(3-jr)  =  ll-4V^2-3^H-5. 

20.  a;^-a;+3  \/2.r2^'^+2=f +7. 

2 

21  /E5_      /"^     3  /a         /r_a2-l 

•   V   3^     \/ 2-x   r    ^'  vS"v« — «~' 

23.  (a-5)^-f(S-'c)^+c-a=0. 

24.  «(5-c)^H-ft(c-a)^4-c(a-i>)  =  0. 

25.  i^a-x-if  i\lh-x  =  »Ja  +  h-2x. 

26.  J_+    1    =^+    1    . 
a-;j7     6-.r     a-c     ft— c 

27.  V^^+ V^^=-7^=  +  -p-^. 

\/x-q     *Jx—p 

28.  V(^-  2)  (:r  -  3)  +  5  a/^  -  V^-^Te^+s; 

29.  V^+4a?-44-V^+4a7-10=6. 

30.  vir^--inr^=iib::z, 

31.  «*-8x8-12a2+112x=128. 

32.  «*+2x8-3a2-4a~96=0. 

33.  «*-10x8+30x2~26x+4=0. 

34.  a:*~14x8461x2-84x+20=0. 


CHAPTER  XXVIII. 

Simultaneous  Quadratic  Equations. 

222.  We  shall  now  consider  some  of  the  most  useful  methods 
of  solving  simultaneous  equations,  one  or  more  of  which  may  be 
of  a  degree  higher  than  the  first ;  but  no  fixed  rules  can  be  laid 
down  which  are  applicable  to  all  cases. 

Equations  solved  by  finding  the  Values  op 
(x+y)  AND  (x-y). 

Example  1.    Solve  a;+y=16 (1), 

xy=S6 (2). 

From  (1)  by  squaring,  a;»  +  2«y+y>=225; 
from  (2)  4xy=lU; 

by  subtraction,  x-  -  2xy + y* = 81 ; 

by  taking  the  square  root,  x-y=  A^Q. 

Combining  this  with  (1)  we  have  to  consider  the  two  oases, 
a:+y=15,)         x+y=    15,) 
x-y=  9.)         aj-y=-  9.J 

from  which  we  find  "~  «  c  ""-lo  ( 

y=s  3.)  y=12.) 

Example  2,    Solve  a;-y=12 (1), 

a?y=86 (2). 

From  (1)  ar*  -  2a;y + y ' = 144 ; 

from  (2)  4xy=840; 

by  addition,  «» + 2a:y + y* = 484 ; 

by  taking  the  square  root,  x + y  =  ±  22. 

Combining  this  with  (1)  we  have  the  two  cases, 
a;+y=22,)         a:+y=- 22,) 
/=12.i         x-y=     12.J 


"Whenoe 


x-y= 

«=17,)  x=-  6,) 

y=  5.)  y  =  -17.5 
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223.  These  are  tHe  simplest  cases  that  arise,  but  they  are 
speciallj  important  since  the  solution  in  a  large  number  of  other 
cases  is  dependent  upon  them. 

As  a  rule  our  object  is  to  solve  the  proposed  equations  tyror- 
metrically y  by  finding  the  values  of  x-\-y  and  x—y.  From  the 
foregoing  examples  it  will  be  seen  that  we  can  always  do  this  as 
soon  as  we  have  obtained  the  product  of  the  unknowns,  and  either 
their  sum  or  their  difference. 

Example  1.    Solve  a;»+y*=74 (1), 

a;y=35 (2). 

Multiply  (2)  by  2;  then  by  addition  and  subtraction  we  have 
aj»  +  2afy  +  y«=144, 
a;«-2a:y+y>=     4; 
Whence  a;+y=±12, 

a;-y==fc  2. 
We  have  now  four  oases  to  consider ;  namely, 
a;+y=12,}         a:+y=    12,)         x+y  =  -12,)         aj+y  =  -12,) 
a:-y=  2.)  a;-y  =  -  2.1  x-y^      2.)         a5-y  =  -   2.) 

From  which  the  values  of  x  are     7,  6,  -  5,  -  7; 
and  the  corresponding  values  of  y  are  5,  7,  -  7,  -  5. 

Example  2.    Solve  aB»+y«=185 (1), 

»+y=17 (2). 

By  subtracting  (1)  from  the  square  of  (2)  we  have 
2a5y  =  104; 

.•.    ajyzs  62 (3). 

Equations  (2)  and  (3)  can  now  be  solved  by  the  method  of  Art.  222, 
Example  1;  and  the  solution  is 

a5=l3,  or    4,) 
y=  4,  oris.} 

EXAMPLES  XXVm.  a. 

Solve  the  following  equations : 

1.    4?+y=28,  2.    ^+y=51,  3.    ^+^="74, 

^=187.  ^=518.  arj^=1113. 

4.    x-y=h,  5.    ^-3^=8,  6.      ^=1075, 

47^=126.  4?y=513.  ^-y=18. 

7.     ^=923,  a    ^-y=-8,  9.    x-y^-^% 
4?+y=84.                          .i«y=:1353.  ^y=3848. 
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10.      a;y=-2193,     11.    ^-^==-18,      12.      ^=-1914, 
^+y=-8.  07^  =  1363.  jr+y=-^65. 

13.    :r2+2/2=89,         14.    x^+y^^VlO,      15.    .r2+y2=66, 
;i;y=40.  a:y=-13.  ^=28. 

16.    ;r2+/=178,       17.      a:+y=15,         18.      a;-y=4, 
:F+y  =  16.  ^2+2^2=125.  j^+y2=106. 

19.    0:2 +3^2=,  180,  20.    ^+y2=i85,  21.      :F+y=13, 
x-y^Q.                     x-y  =  3,  a^+y^  =  97. 

22.        ^+y=9,  23.        ^-y=3,  24.    a;2^j^+^==76^ 

^  +  Ay+2^2^61.  j^-3xy+y^=-l9.  ^^+3^=14. 

25.     l(.-y)=l,     26.    1  +  1=2,  27.    1  +  1  =  /^, 

a?2-4^+y2=:52.  ^+y=2.  0:3^=12. 

28.    ax+by=2,  29.    ^+p^+y2=jo+2, 

dbxy=l.  qa^+xy  +  qy^—2q+l. 

224.    Any  pair  of  equations  of  the  form 

a^:hpxy+y^=a^ (1), 

^±y=2^ (2), 

where  p  is  any  numerical  quantity,  can  be  reduced  to  one  of  the 
cases  already  considered ;  for  by  squaring  (2)  and  combining  with 
(1),  an  equation  to  find  xy  is  obtained;  the  solution  can  then  be 
completed  by  the  aid  of  equation  (2). 

Example  1.     Solve  ix?-y^=999 (1), 

x-y=     3 (2). 

By  division,  x^  +  xy+y^=:SSS (3); 

from  (2)  a;2-2«y  +  y2_     9. 

by  Bubtraotion,  Sxy = 324, 

ajy=108  (4). 


From  (2)  and  (4)  "'"^^'''".ol 

^  ^         ^  '  y=  9,  or  -12.j 


Example  2.     Solve    aj*  +  ajV  +  y*=2613 (1), 

aj2+a^  +  y2=     67 (2). 

Dividing  (1)  by  (2)         a?-tey+y^=     39 (3). 

From  (2)  and  (3)  by  addition,  ix?+y^=53; 
by  BubtxaQtion,  2:^=14; 

whence  *"  =*=!'  "^1*1  [Art.  223,  Ex.  1.1 

y=±2,  =1=7.)  ■-  -^ 
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Examples.     Solve  i^i^a ^^^* 

1+1=5         (2), 

12       11 
From  (1)  by  squarmg,  ~  -  _  +  -^  =  -; 

2      4 
by  subtraction,  «/  ~  9 ' 

12       1 

adding  to  (2),  ia  +  ^  +  p^^' 

...Ul=.l. 

a?     y 

12  1 

Oombining with (1),        -  =  g,or  -^, 

11  2 

,v  a;=2,  or-3,| 
y  =  3,  or-^- 

exampi.es  xxvm.  b. 

1.    ^+v3=407,        2.    ^+y3=637,        3.    ^+y=23, 
^+y=ll.  ^+y=13.  ^+/=3473. 

4.    ^-y3=218,        5.      ar-y=4,  6.    ^-y3=2197, 

:p-y=2.  a:3_^=,988.  ^-y=13. 

7.    ;r*+^y2+y=2128,  8.     ^+aiV+y*=2923, 

9.    ^+^2+/=9211,  10.    .r*+^Hy*=737l, 

n       1^1      481  .„      1.1_61  .o     ^^l-oL 

11.    ^  +  ^2  =  576'  12-    ^  +  p-900'  ^'^-    y^^-'^^' 

1      1^29  ^  =  30.  .v+i/=6. 

5"*'y"'24* 

14.    ?+?=2if,       15.     -^2=~,       16.  .r3-y3=56, 

y     :v       ^1'  ^+y2     ^'  .r2+:n/+y2=28. 

^-.y=4  .T+y=8. 

17.    4(a?2+y2)  =  17A^,  18.  ^+y3=126, 

a?-y=6.  ^2_^4.y2=21. 
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19.   ^+^=lTh.  20.   ^-p=W. 

X     y      ^  X     y 

Homogeneous  Equations  of  the  Same  Degree. 

225.    The  following  method  of  solution  may  always  be  used 
when  the  equations  Bxeofthe  same  degree  and  homogeneous. 

Example,    Solve  a;»+«y+2y*=74 (1), 

2x^+2xy+y^=7S (2). 

Pat  y=mx,  and  Babstitate  in  both  eqaations.     Thnf; 

a.«(l+TO+2m»)=74 (3), 

and  «3(2  +  2m+w«)=73 (4). 

.-.  73  +  73TO+146m»=148  +  148fii+74TO»; 
.-.  72i»«- 75m -75=0, 
or  24m>-25m-25=0; 

.'.  {8m+6)(3m-6)=0; 

5         5 

.-.m^-g,  or^. 

(i)    Take  i?i= -  g ,  and  sabstitnte  in  either  (3)  or  (4). 


From  (3)  a:i(l-|  +  g)=74; 


64)<74__^. 

.  A;=db8; 

6  ^ 


(11)   Take  m=| ;  then  from  (3),  x^  (l+|  +  ^)  =74, 

.-.  x=±3;  .-.  y=mx=^x=±6. 

The  student  will  notice  that,  having  found  the  values  of  x, 
we  obtained  those  of  y  from  the  equation  y=mx,  using,  in  each 
case,  the  value  of  m  employed  in  obtaining  those  particular  values 
ofx. 
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226.  When  one  of  the  equations  is  of  the  first  degree  and 
the  other  of  a  higher  degree,  we  may  from  the  simple  equation 
find  the  value  of  one  of  the  unknowns  in  terms  of  the  other, 
and  substitute  in  the  second  equation. 

Uxample,    Solve  3x--4y=5  (1), 

3xa-a;y-3y2=21 (2). 

From  (1)  we  have  x=— ~-^ ; 

and  substitutmg  m  (2),  ^Jt^  « Jlit^  -3y2=21 ; 

.-.  75+120y+48y2-15y-12y2-27y2=189  ; 
9y2+106y_114=0, 
3y2+35y-38=0; 
.-.  (y-l)(3y+«8)=0; 

38 
.-.  y=l,  or  -^; 

137 
and  by  substituting  in  (1),  aj=3,  or  — ^ 

Symmetrical  Equations. 

227.  The  following  method  of  solution  may  always  be  used 
when  the  given  equations  ai*e  symmetrical,  that  is,  when  the 
unknown  quantities  in  each  equation  may  be  interchanged 
without  destroying  the  equality.  The  same  method  may  gener- 
ally be  employed  with  advantage  where  the  given  equations 
are  symmetrical  except  with  respect  to  the  signs  of  the  terms. 

Example,    Solve  x^+y*=S2 (1), 

x-y=2  (2). 

Put  x-=u-\-v,  and  y=u—v] 

then  from  (2)  we  obtain  v=l. 

Substitutmg  m  (1),    (w+l)H(w-l)*=82 ; 
.-.  2(w*+6m«+1)=82; 
w*H-6m2-40=0  ; 

whence  tt2=4,  or  —10; 

and  w=±2,  or  J:V-10.     . 

Thus,  x=wH-t?=3,  -1,  1:1:V-10; 

y=zu-v=l,  -3,  -1±V-10. 

Note.  We  may  assume  x+y=2u  and  x— y=2v,  u  and  v  be- 
ing any  unknown  quantities,  whence  we  obtain  x=u-\-v,  and 
y=u—v,  the  values  used  in  the  above. 
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228.  The  examples  we  have  given  will  be  sufficient  as  a 
general  explanation  of  the  methods  to  be  employed;  but  in 
some  cases  special  artifices  are  necessary. 

Example  1.     Solve       x^-Qx=Si-Sy    (1), 

Sxy-\-y=2(9-\-x) (2). 

From  (1)  ajV-6x+3y=34 ; 

from  (2)  9a;y-0a;+3y=64; 

by  subtraction,  x^y^  _  935^  =  —  20, 

9±V802  =  »±l=5or4. 
_  2  2 

(i)  Substituting  05^=6  in  (2)  gives  y-2a;=3. 

5 


From  these  equations  we  obtain  x= 


=l,or_-,| 
=5,  or  -2.  i 


(ii)  Substituting  xy=4  in  (2)  gives  y-2«=6. 

From  these  equations  we  obtain  x=  ~     ^^ — , 

and  y=S±^n. 

Example  2.    Solve        x^-\-yz-\-z'^=49  (1), 

z^+zx+x^=19  (2), 

x^+xy+y^=39  (3). 

Subtracting  (2)  from  (1) 

y2_x2+«(y-x)=30; 

that  is,  (y_a;)(x+yH-«)=30  (4). 

Similarly  from  (1)  and  (3) 

(^g^x)(x+y-\-z)  =  lO  (6)/ 

Hence  from  (4)  and  (6),  by  division 

z—x 
whence  y^Sz—2x. 

Substituting  in  equation  (3),  we  obtain 
x^Sxz-^-Sz^^lS. 
From  (2),  x^+xz-\-z^=19. 

Solving  these  homogeneous  equations,  we  obtain 
x=  ±2,  z=  ±3 ;  and  therefore  y=  ±6 ; 

or  x=  ±  -^,  «=  ±  -^ ;  and  therefore  y=  T  -^- 
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1.     6x-y=17,         2. 

x2+xy=16. 

3.                   x-y=10, 

xy=12. 

y2+xy=10. 

x2-^2xy-3y2=84. 

4.    3a;+2y=16,          5. 

3x-y=ll, 

6.                  x-3y=l. 

xy=10. 

3x2-y2=47. 

x2-2xy+9y2=:i7. 

7.      x+2y=9,           8. 

x2+y2=5, 

9.                 5x+y=3, 

3^2-5x2=43. 

2xy-y2=3. 

2x2-3xy-y2=l. 

10.3x2-5^2=28,        11. 

3x2-y2=23, 

12.        x2+xy+y2=3J, 

3xy-4y2=8. 

2x2-xy=12. 

2x2-3xy+2y2=2J. 

13,    x2-3xy+y2+i=0, 

14.    7xy-8x2=X0, 

3x2-xy+3y2=l3. 

8y2_9xy=18. 

15.    x2-2xy=21,      16. 

x2+3xy=54, 

17.      x8+y«=162, 

xy+y2=18. 

xy+4y2=ii6. 

x2y+xy2=i20. 

18.       x8-y8=127,     19. 

,    x8-y8=208, 

20.    x2y2+5a;y=84. 

x2y-xy2=42. 

xy{x-y)=4S. 

x+y=8. 

21.    x2+4y2+80=15x+30y,         22.     9x2+y2_63x-21y+ 128=0, 

xy=6. 

xy=4. 

no       1       1       46 

1       1      243 

23'    x.  +  ^«  =  T' 

24. 

^-^y^^^' 

1     1_3 

1^1     9 

-+-  =  -. 

X     y     2 

X     y     2 

25.    x*+x2y2+y4=931, 

26. 

x2+xy+y2=84, 

x2-xy+y2=l9. 

x-VxyH-y=6. 

27.    x+v^H-y=65, 

28. 

x+y=7H-Vxy, 

x2+xyH-y2=:2275. 

x2+y2=133-xy. 

29.    3x2-5y2=7,        30. 

.    5y2-7x2=17, 

31.    3x2+165=16xy, 

3xy-4y2_2. 

5xy-6x2=6. 

7xy+3y2=132. 

32.    3x2+xy+y2:=i5, 

33. 

x2H-y2-3=3xy, 

31xy-3x2-6y2=46. 

2x2-6+y2=0. 

34.    x*+y*=706,       36. 

,    x*+y*=272. 

36.     x6-y«=992. 

;Kcfy=8. 

x-y=2. 

x-y=2. 

37.    x2y*-5xy2=_9, 

38. 

2x8+2y8=9xy, 

xy-y=2. 

x+y=3. 

39.    x+y=1072,            40.    xyi+yxi=20,           41.    x4+yi=5, 

x»+y»=16. 

x*+y»=65.           6  (x-i+y"i)  =5. 
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42. 


«•  ^.*4-'i- 


45. 


xH-yr=10. 

46.    4x24-5y=6+20a;y-26y*H-2x, 
7x-lly=17. 

48.    9x2+33x-12=12xy-4y2+22y, 
x2-xy=18. 

50.      (x«-y2)(a;-y)=16xy, 
(x*-y*)(x2-y«)=640xV. 

52.         xHy»-««=21, 
3x«H-3y;s-2xy=18, 
x+y-af=5. 

64.    a;Hy«+«'=49, 
a'+xyH-yarzSQ. 


y+Vx^=2, 
Vx+l  -  Vx--1  =  y/y. 

Va;-Vy     yx+yy^H^ 
Vx+Vy     -s/^-y/y     4' 
x2+y2=706. 

47.    x2y2+400=41xy, 
y9+4x2=6xy. 

49.        xy+a6=2ax, 
xV+«^&'=26V. 

51.    2x2-xy+y2=2y. 
2x«+4xy=6y. 

53.       x-y-«=2, 

x2H-y^-«2=22, 
xy=5. 


CHAPTER  XXIX. 

Pboblehs  leading  to  Quadratic  Equations. 

229.  We  shall  now  discuss  some  problems  which  give  rise 
to  quadratic  equations. 

Example  1.  A  train  travels  800  miles  at  a  uniform  rate ;  if  the  rate 
had  been  6  miles  an  hour  more,  the  journey  would  have  taken  two 
hours  less :  find  the  rate  of  the  train. 

Suppose  the  train  travels  at  the  rate  of  x  miles  per  hour,  then  the 

time  occupied  is  —  hours. 

300 
On  the  other  supposition  the  time  is  — =  hours; 

x+o 


.'.  r  =  ^^-2  (1); 

x+5       *  ^  '• 


300      800 

X 

whence  x^+5x-  750 = 0, 

or  («  +  80)(«-25)=0, 

.*.  a? =25,  or  -80. 

Hence  the  train  travels  25  miles  per  hour,  the  negative  value 
being  inadmissible. 

It  will  frequently  happen  that  the  algebraical  statement  of  the 
question  leads  to  a  result  which  does  not  apply  to  the  actual  problem 
we  are  discussing.  But  such  results  can  sometimes  be  explained  by 
a  suitable  modification  of  the  conditions  of  the  question.  In  the 
present  case  we  may  explain  the  negative  solution  as  follows. 

Since  the  values  d;=25  and  -30  satisfy  the  equation  (1),  if  we 
write  —xtoTx  the  resulting  equation, 

800    __300    2 

will  be  satisfied  by  the  values  d;=  -25  and  30.    Now,  by  changing 
signs  throughout,  equation  (2)  becomes ^  =  —  +  2; 

and  this  is  the  algebraical  statement  of  the  following  question  r 

A  train  travels  300  miles  at  a  uniform  rate;  if  the  rate  had  been 
5  miles  an  hour  less,  the  journey  would  have  taken  two  hours  more : 
find  the  rate  of  the  train.     The  rate  is  30  miles  an  hour. 
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Example  2.  A  person  selling  a  horse  for  $72  finds  that  his  loss 
per  cent,  is  one-eighth  of  the  number  of  dollars  that  he  paid  for  the 
horse :  what  was  the  cost  price  ? 

Suppose  that  the  cost  price  of  the  horse  is  x  dollars ;  then  the 

loss  on  $100  is  9|- 
o 

Hence  the  loss  on  $x  is  «  x  — — ,  or  _- -  dollars ; 
800         800 

.  •.  the  selling  price  is  ^—^q  dollars. 

Hence  ""^m"^^^' 

or  a;3- 800a; +  67600=0; 

that  is,  (a:-80)(x-720)=0; 

.-.  a;  =  80,  or  720; 

and  each  of  these  yalues  will  be  found  to  satisfy  the  oonditions  of  the 
problem.     Thus  the  cost  is  either  $80,  or  $720. 

Example  3.  A  cistern  can  be  filled  by  two  pipes  in  33|  minutes ; 
if  the  larger  pipe  takes  15  minutes  less  than  the  smaller  to  fill  the 
cistern,  find  in  what  time  it  will  be  filled  by  each  pipe  singly. 

Suppose  that  the  two  pipes  running  singly  would  fill  the  cistern 
in  X  and  a; -15  minutes.    When  running  together  they  will  fill 

(-  +  — ^-i  I  of  the  dstem  in  one  minute.    But  they  fill  ^r^-r ,  or  ^^^ 
X     a? -16/  83^         100 

of  the  cistern  in  one  minute ; 

1         1  ^ 

Hence  -  + 


X     «- 16  "100* 
100(2a;-16)=i3a;(x-16), 
3a;2-246a;  +  1500=0, 
(a5-76)(3a;-20)=0; 

.-.  x=76,  or6|. 
Thus  the  smaller  pipe  takes  76  minutes,  the  larger  60  minutes. 
The  other  solution  6|  is  inadmissible. 

Example  4.  The  small  wheel  of  a  bicycle  makes  136  revolutions 
more  than  the  large  wheel  in  a  distance  of  260  yards ;  if  the  circum- 
ference of  each  were  one  foot  more,  the  small  wheel  would  make 
27  revolutions  more  than  the  large  wheel  in  a  distance  of  70  yards; 
find  the  circumference  of  each  wheel. 
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Suppose  the  small  wheel  to  be  x  feet,  and  the  large  wheel  y  feet  in 

circumference. 

780  780 

In  a  distance  of  260  yards  the  two.  wheels  make  —   and  — 

X  y 

revolutions  respectively. 

„  780     780    ,_„ 

Hence  =  135, 

X        y 


(1). 


(2). 


1      1       9 

5-y  =  62  

Similarly  from  the  second  condition,  we  obtain 

210       210 

1    _    1    _£ 
"  x  +  1     y  +  l~70- ■ 

From(l)  '=-^y' 

whence  ^  +  1=^^. 

BnbBUtutingia(2).g±^.-^=»^. 

70xV=9(61y  +  62)(y  +  l). 
9y2_ii3y_52=o, 
(y-13)(9y  +  4)=0, 

.-.  y=13,  or  -^. 

Putting  2^=13  we  find  that  x=4.  The  other  value  of  y  is  inad- 
missible; hence  Uie  small  wheel  is  4  feet,  the  large  wheel  13  feet  in 
circumference. 

Example  5.  On  a  river  there  are  two  towns  24  miles  apart.  By 
rowing  one  half  of  the  distance  and  walking  the  other  half,  a  man 
performs  the  journey  down  stream  in  6  hours,  and  up  stream  in  7 
hours.  Had  ^ere  been  no  current,  each  journey  would  have  taken 
5|  hours :  find  the  rate  of  his  walking,  and  rowing,  and  the  rate  of  the 
stream. 

Suppose  that  the  man  walks  x  miles  per  hour,  rows  y  miles  per 
hour,  and  that  the  stream  flows  at  the  rate  of  z  miles  per  hour. 

With  the  current  the  man  rows  y  +  z  miles,  and  against  the 
ourrent  y-z  miles  per  hour. 
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Henoe  we  have  the  following  equations : 

12       12      .  ,,. 

«+y— «=^ <''• 

?-^.- (^. 

?.?=5|  (3). 

From  (1)  and  (3)  by  Bubtraction, —  =  — (4). 

Similarly,  from  (2)  and  (3)  ^-J  =  ^ (5)- 

From  (4)  16z=y{y+z) (6); 

and  from  (5)  9z=y{y-z)  (7). 

From  (6)  and  (7)  by  division,  2=^^ ; 

whence  y  =  ^; 

.*.  from  (4)  z  =  H;  and  hence  y =4),  x=i. 

Thas  the  rates  of  walking  and  rowing  are  4  miles  and  4}  miles 
per  hour  respectively ;  and  the  stream  flows  at  the  rate  of  1}  miles 
per  hour. 

EXAMPLES  XXIX. 

1.  Find  a  number  whose  square  diminished  by  119  is  equal  to 
ten  times  the  excess  of  the  number  over  8. 

2.  A  man  is  five  times  as  old  as  his  son,  and  the  sum  of  the 
squares  of  their  ages  is  equal  to  210G :  find  their  ages. 

8.  The  sum  of  the  reciprocals  of  two  consecutive  numbers  is 
vg ;  find  them. 

4.  Find  a  number  which  when  increased  by  17  is  equal  to  60 
times  the  reciprocal  of  the  number. 

5.^  Find  two  numbers  whose  sum  is  9  times  their  difference,  and 
the  difference  of  whose  squares  is  81. 

6.  The  sum  of  a  number  and  its  square  is  nine  times  the  next 
highest  number ;  find  it. 

7.  If  a  train  travelled  5  miles  an  hour  fiaster  it  would  take  one 
hour  less  to  travel  210  miles :  what  time  does  it  take  ? 
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8.  Find  two  numbers  the  Btun  of  whose  squares  is  74,  and  whose 
sum  is  12. 

9.  The  perimeter  of  a  rectangular  field  is  500  yards,  and  its  area 
is  14400  square  yards :  find  the  length  of  the  sides. 

10.  The  perimeter  of  one  square  exceeds  that  of  another  by  100 
feet ;  and  the  area  of  the  larger  square  exceeds  three  times  the  area  of 
the  smaller  by  325  square  feet :  find  the  length  of  their  sides. 

11.  A  cistern  can  be  filled  by  two  pipes  running  together  in 
22}  minutes  :  the  larger  pipe  would  fill  the  cistern  in  24  minutes  less 
than  the  smaller  one :  find  the  time  taken  by  each. 

12.  A  man  travels  108  miles,  and  finds  that  he  could  have  made 
the  journey  in  4A  hours  less  had  he  travelled  2  miles  an  hour  faster : 
at  what  rate  did  he  travel  ? 

13.  I  buy  a  number  of  foot-balls  for  $100 ;  had  they  cost  a 
dollar  apiece  less,  I  should  have  had  five  more  for  the  money :  find 
the  cost  of  each. 

14.  A  boy  was  sent  out  for  40  cents'  worth  of  eggs.  He 
broke  4  on  his  way  home,  and  the  cost  therefore  was  at  the  rate 
of  3  cents  more  tiian  the  market  price  for  6.  How  many  did  he 
buy?  , 

15.  What  are  the  two  parts  of  20  whose  product  is  equal  to  24 
times  their  difference  ? 

16.  A  lawn  50  feet  long  and  84  feet  broad  has  a  path  of  uniform 
width  round  it ;  if  the  area  of  the  path  is  540  square  feet,  find  its 
width. 

17.  A  hall  can  be  paved  with  200  square  tiles  of  a  certain  size;  if 
each  tile  were  one  inch  longer  each  way  it  would  take  128  tiles :  find 
the  length  of  each  tile. 

18.  In  the  centre  of  a  square  garden  is  a  square  lawn  ;  outside 
this  is  a  gravel  walk  4  feet  wide,  and  then  a  flower  border  6  feet  wide. 
If  the  flower  border  and  lawn  together  contain  721  square  feet,  find 
the  area  of  the  lawn.  •;' 

19.  By  lowering  the  price  of  apples  and  selling  them  one  cent 
a  dozen  cheaper,  an  apptewoman  ffiids  that  she  can  sell  60  more 
than  she  used  to  do  for  60  cents.  At  what  price  per  dozen  did  she 
sell  them  at  first  ? 

20.  Two  rectangles  contain  the  same  area,  480  square  yards. 
The  difference  of  their  lengths  is  10  yards,  and  of  their  breadths 
4  yards ;  find  their  sidtes. 

21.  There  is  a  number  between  10  and  100 ;  when  multiplied  by 
the  digit  on  the  left  the  product  is  280;  if  the  sum  of  the  digits 
be  midtiplied  by  the  same  digit  the  product  is  55:  required  the 
numbex* 
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22.  A  farmer  haying  sold  at  $75  each,  horses  which  cost  him 
X  dollars  apiece,  finds  that  he  has  realised  x  per  cent,  profit  on  his 
outlay :  find  x. 

23.  A  merchant  bought  a  number  of  yards  of  cloth  for  $100 ; 
he  kept  5  yards  and  sold  the  rest  at  $2  per  yard  more  than  he  gave, 
and  received  #20  more  than  he  originally  spent :  how  many  yards 
did  he  buy  ? 

24.  If  a  carriage  wheel  14f  ft.  in  circumference  takes  one  sec- 
ond more  to  revolve,  the  rate  of  the  carriage  per  hour  will  be  2| 
miles  less :  how  fast  is  the  carriage  travelling  ? 

25.  A  broker  bought  as  many  shares  of  stock  as  cost  him  $1875 ; 
he  reserved  15,  and  sold  the  remainder  for  $1740,  gaining  $4  a 
share  on  their  cost  price.     How  many  shares  did  he  buy  ? 

26.  A  and  B  are  two  stations  300  miles  apart.  Two  trains  etart 
simultaneously  from  A  and  B,  each  to  the  opposite  station.  The  train 
from  A  reaches  B  nine  hours,  the  train  from  B  reaches  A  four  hours 
after  they  meet:  find  the  rate  at  which  each  train  travels. 

27.  A  train  A  starts  to  go  from  P  to  Q,  two  stations  240  miles 
apart,  and  travels  uniformly.  An  hour  later  another  train  B  starts 
from  P,  and  after  travelling  for  2  hours,, comes  to  a  point  that  A  had 
passed  45  minutes  previously.  The  pace  of  B  is  now  increased  by  5 
miles  an  hour,  and  it  overtakes  A  just  on  entering  Q,  Find  the  rates 
at  which  they  started. 

28.  A  cask  P  is  filled  with  50  gallons  of  water,  and  a  cask  Q  with 
40  gallons  of  brandy ;  x  gallons  are  drawn  from  each  cask,  mixed  and 
replaced;  and  the  same  operation  is  repeated.  Find  x  when  there  are 
8}  gallons  of  brandy  in  P  after  the  second  replacement. 

29.  Two  farmers  A  and  B  have  80  cows  between  them ;  they  sell 
at  different  prices,  but  each  receives  the  same  sum.  If  A  had  sold  his 
at  jB's  price,  he  would  have  received  $320 ;  and  if  B  had  sold  his  at 
^'s  price,  he  would  have  received  $245.    How  many  had  each? 

30.  A  man  arrives  at  the  railroad  station  nearest  to  his  house 
1^  hours  before  the  time  at  which  he  had  ordered  his  carriage  to  meet 
hun.  He  sets  out  at  once  to  walk  at  the  rate  of  4  miles  an  hour,  and, 
meeting  his  carriage  when  it  had  travelled  8  miles,  reaches  home 
exactly  1  hour  earlier  than  he  had  originally  expected.^  How  far 
is  his  house  from  the  station,  and  at  what  rate  was  his  carriage 
driven  t 


CHAPTER  XXX. 
Indeterminate  Equations  of  the  First  Degree. 

230.  In  Art.  153  we  saw  that  if  the  number  of  unknown 
quantities  is  greater  than  the  number  of  independent  equations, 
there  will  be  an  unlimited  number  of  solutions,  and  the  equa- 
tions will  be  indeterminate.  By  introducing  conditions,  how- 
ever, we  can  limit  the  number  of  solutions.  When  positive 
integral  values  of  the  unknown  quantities  are  required,  the 
equations  are  called  simple  indeterminate  equations. 

The  introduction  of  this  restriction  enables  us  to  express 
the  solutions  in  a  very  simple  form. 

Eonample  1.    Solve  7x4-12^=220  in  positive  integers. 

Transpose  and  divide  by  the  smaller  coefficient ;  thus 

Since  x  and  j^  are  to  be  integers,  we  must  have 

,  ^=  mteger. 

Now  multiplying  the  numerator  by  such  a  number  that  the 
division  of  the  coefficient  ofy  may  give  a  remainder  of  unity,  in  this 
case  3,  we  have 

9-15y      .  ^ 
J      =  integer; 

2— V 

that  is,  1  —  2y  H — =-^  =  integer ; 

and  therefore  ~ — 2=  integer. 

7 


2-2 
7 
Then  y=2-7m (A). 


2  y 

Let  — =-^  =m,  an  integer. 
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Substitutiiig  this  value  in  the  original  equation,  we  obtain 
7x+24-84m=220; 

.-.  x=28+12m (B). 

Equation  (A)  shows  that  m  may  be  0  or  have  any  negative 
integral  value  but  cannot  have  a  positive  integral  value. 

Equation  (B)  shows  in  addition  that  m  may  be  0  but  can- 
not have  a  negative  integral  value  greater  than  2.  Thus  the 
only  positive  integral  values  of  x  and  y  are  obtained  by  placmg 
m=0,  -1,  -2. 

The  complete  solution  may  be  exhibited  as  follows : 
m=  0,  -1,  -2, 
x=28,    16,     4, 
y=  2,      9,    16. 

Example  2.    Solve  6x—liy=ll  in  positive  integers (1). 

Proceeding  as  in  Example  1,  we  obtain 

.-.  a;-2y-2=-^!!ii=:  integer. 

Now  multiplying  the  numerator  by  4,  we  obtain 

16y+4      .  , 

— Y"  =  integer ; 

that  is,  3y  +  ^^  =  integer. 

v+4 
Let  ^-^  =  m,  an  mteger ; 

.'.  y=  5m— 4^ 
and  from  (1)  sc=14m-9/ 

This  is  called  the  general  solution  of  the  e(juation,  and  by 
giving  to  m  any  positive  integral  value,  we  obtain  an  unlimited 
numl^r  of  values  for  x  and  y :  thus  we  have 

m=l,    2,    3,    4 

y=l,    6,11,16 

a;  =  5, 19,  33,  47 

From  Examples  1  and  2  the  student  will  see  that  there  is  a 
further  limitation  to  the  number  of  solutions  according  as  the 
terms  of  the  original  equations  are  connected  by  +  or  — .  If 
we  have  two  equations  involving  three  unknown  quantities,  we 
can  easily  combine  them  so  as  to  eliminate  one  of  the  unknown 
quantities,  and  can  then  proceed  as  above. 
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EXAMPLES  XXX. 

Solve  in  positive  integers : 

1.  3aj+8y=103.  2.  5a;+2y=53.  8.  7a;+12y=162. 

4.  13aj+lly=414.      5.  23a;+26y=915.      6.  41a; +47y= 2191. 

Find  the  general  solution  in  positive  integers,  and  the  least 
values  of  x  and  y  which  satisfy  the  equations : 

7.  5a;-7y=3.  8.  6aj-13y=l.  9.  8a;-21y=33. 

10.  17y-13a;=0.        11.  19y-23x=7.        12.  77y-30fl;=295. 

18.  A  farmer  spends  $762  in  buying  horses  and  cows ;  if  each 
horse  costs  $37  and  each  cow  $23,  how  many  of  each  does  he  buy  ? 

14.  In  how  many  ways  can  $100  be  paid  in  dollars  and  half- 
dollars,  including  zero  solutions  ? 

15.  Divide  81  into  two  parts  so  that  one  may  be  a  multiple  of 
8  and  the  other  of  5. 

16.  Find  a  number  which  being  divided  by  39  gives  a  remain- 
der 16,  and  by  66  a  remainder  27.  How  many  such  numbers  are 
there  ? 

17.  Divide  136  into  two  parts  one  of  which  when  divided  by  6 
leaves  remainder  2,  and  the  other  divided  by  8  leaves  remainder  3. 

18.  I  buy  40  animals  consisting  of  rams  at  $4,  pigs  at  $2,  and 
oxen  at  $17  :  if  I  spend  $301,  how  many  of  each  do  I  buy  ? 


CHAPTER  XXXI. 
The  Theory  of  Indices. 


231.  Hitherto  all  the  definitions  and  rules  with  regard  to 
indices  have  been  based  upon  the  supposition  that  they  were 
positive  integers;  for  instance 

(1)  a^^=^a,a.a to  fourteen  factors. 

(2)  ai*xa8=ai*+3=ai7. 

(3)  a"-^a»=al*-3=.all. 

(4)  (a")3==a"'^3=a*2. 

The  object  of  the  present  chapter  is  twofold :  first,  to  give 
general  proofs  which  shall  establish  the  laws  of  combination  in 
the  case  of  all  positive  integral  indices;  secondly,  to  explain 
how,  in  strict  accordance  with  these  laws,  intelligible  meanings 
may  be  given  to  symbols  whose  indices  are  fractional,  gero,  or 
negativa 

"We  shall  begin  by  proving,  directly  from  the  definition  of  a 
positive  integral  index,  three  important  propositions. 

232.  Definition.  When  wi  is  a  positive  irUeger,  a"^  stands 
for  the  product  of  m  factors  each  equal  to  a. 

233.  Prop.  I.  To  prove  that  a™xa"=a""*"",  when  m  andn 
are  positive  integers. 

By  definition,  a'^=a ,a,a to  m factors; 

a^=a.a,a ton  factors; 

.'.     a**  X  a^^(a  .a. a  ...torn  factors)  x  (a .  a ,  a...  to  n  factors) 
'==a.a,a ...  to  m+n  factors 
=a"*+*,  by  definition. 
Cor,     If  p  is  also  a  positive  integer,  then 
a***  X  a**  X  a* = a*" + ♦» +«* ; 
and  so  for  any  niunber  of  factors. 
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234.  Prop.  II.  To  prove  that  a^-r  a"=:a"-",  when  m  and  n 
are  positive  integers^  anava  >  n. 

^,    ^_a[|*_a.  a.a...  to  mfactors 
~~a^'~a,a.a...ton  factors 
=a .  a .  a ...  to  wi - n  factors 

235.  Prop.  III.  To  prove  that  (a'")"=a"",  w?ieniaand  n  are 
positive  integers, 

(a'»)»»=a'»» .  a*^ .  a*"  ...  to  71  factors 

=(a .  a .  a ...  to  m  factors)(a .  a .  a ...  to  wi  factors) 

the  bracket  being  repeated  n  times, 

=a .  a  .  a  ...  to  mn  factors 

236.  These  are  the  fundamental  laws  of  combination  of 
indices,  and  they  are  proved  directly  from  a  definition  which  is 
intelligible  only  on  the  supposition  that  the  indices  are  positive 
and  integral. 

But  it  is  found  convenient  to  use  fractional  and  negative 
i  p 

indices,  such  as  a',  a~^ ;  or,  more  generalhr,  a* ,  a~" ;  and  these 
have  at  present  no  intelligible,  meaning.  For  it  is  plain  that  the 
definition  of  a"^,  [Art.  232]  upon  which  we  based  the  three  pro- 
positions just  proved,  is  no  longer  applicable  when  mis  fractional, 
or  negative. 

Now  it  is  important  that  all  indices,  whether  positive  or 
negative,  integral  or  fractional,  should  be  governed  by  the  same 
laws.    We  therefore  determine  meanings  for  symbols  such  as 

2 
a*,  a~**,  in  the  following  way:  we  assume  that  they  conform  to 
the  fundamental  law,  a"*  x  «**=*«"*  "•"'*,  and  accept  the  meaning  to 
which  this  assimiption  leads  us.  It  will  b©  found  that  the 
symbols  so  interpreted  will  also  obey  the  other  laws  enimciated 
in  Props,  ii.  and  in. 

p 

237.  To  find  a  meaning  for  a**,  p  and  q  being  positive 
integers. 

Since  a"*  x  a«=a"*+**  is  to  be  true  for  all  values  of  m  and  n, 

by  replacing  each  of  the  indices  m  and  n  by  -  ,  we  have 

p      P       P+p      ^ 
a''xa^=a^  ««a«. 
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P       t        P        ^P        P        ?P^?        ¥ 

Similarly,      cPxa^xa''=^a^  xa''=a^   «=a«. 

Proceeding  in  this  way  for  4,  5, q  factors,  we  have 

p      g      t  fp 

cfixcfixa* to  q  factors—a^; 

that  is,  (cfi)^^a^. 

Therefore,  by  taking  the  ^^  root, 

or,  in  words,  a»  is  equal  to  "the  g^  root  of  a".^ 

5 

Examples,     (1)     x^=ljx^, 
1 

(2)  a^=ija. 

(3)  4«=:V4»=V64=8. 

f         6         «     6        t 

(4)  a»xa«=a»'*^«=a«. 

a        f         mi        8a-M 

(5)  Aax*»=*a+i=*  3  . 

a  1        16  >  .  1    1 ,  »  »  * 

(C)    8a»6Sx4a«6«  =  12a3"^«  &2"^«=12a«6». 

238.     To  find  a  meaning  for  aP. 

Since  a"*  x  a*«=a"*+*  is  to  be  true  for  oZ^  values  of  m  and  n, 
by  replacing  the  index  m  by  0,  we  have 


=  1. 

Hence  any  quantity  with  zero  index  is  equivalent  to  1. 

[See  Art.  47.] 
ExampU.    a:*"'xa;''"*=a?*-''-^''"'=A^  =  l. 

239.     Tofiivd  a  meaning  for  a"». 

Since  a^  x  a^^a*""*"**  is  to  be  true  for  aU  values  of  m  and  n,  by 
replacing  the  index  m  by  -  n,  we  have 

=  1. 
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I 

1 


Hence  a-"=  .. 

a* 


and  a*  = 

a-* 

From  this  it  follows  that  any  factor  may  be  transferred  from 
the  numerator  to  the  denominator  of  an  expression,  or  vice-versa,  by 
merely  changing  the  sign  of  the  index. 

Examples.     (1)    x~*=-^, 

(2)    ^=y*-s/y. 
y-i 

240.  To  prove  that  a"*-7-  a" = eJ^'^for  all  values  of  m  and  n. 

a" 

=a"*"",  by  the  fundamental  law. 
Examples,     (1 )     a'  t-  a* = a'"*' = a~^  =  -5 . 

(2)  C-r-C   »=C*+»=C». 

(3)  d:«-*-j-aj«-«=a;»-*-(«-«)=3a;«-», 

241.  The  method  of  finding  a  meaning  for  a  symbol,  as  ex- 
plained in  the  preceding  articles,  deserves  careful  attention.  The 
usual  algebraical  process  is  to  make  choice  of  symbols,  give  them 
meanings,  and  then  prove  the  rules  for  their  combination.  Here 
the  process  is  reversed;  the  symbols  are  given,  and  the  law  to 
whicn  they  are  to  conform,  and  from  this  the  meanings  of  the 
symbols  are  determined. 

242.  The  following  examples  will  illustrate  the  different  prin- 
ciples we  have  established. 

Sg-*  _   3a? 

5x~^y  *"  Ba'^y ' 

2JxJx6a-^_.4j^-^.^|_4  j^ 

^^  _?      ?      "   a  "3  8a 

9a  «xa« 


Examples,     (1) 
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(3)  -jJ^J^yl-A^iA^Ji-VA^afiy-y 

y  *xx^ 
30115 

(4)  V«  +  -j  +  «2=2a2  +  3a«+a« 

a  « 

1      s 

1 
=a«(5  +  a'). 

EXAMPLES  XXXI.  a. 

Express  with  positive  indices  : 
1  f 

1.     2^7"*.  2.     3a"».  3.    4i?-«a3  4.     Z^a-\ 

5      J-  fi         ^  7      ^^"'^  ft     ^"^"^ 

^-     4a-2  *  -r  5y2c-*  •        ^-      ft-"   • 

I  1 

9.     2a;axar-i.     10.   l4-2a"«.    11.  xy^xar\    12.     a-2jri4-3a?. 

13.     -^S-  14-     TIT— 3-      15.    -7?-3.         16.    4^. 

17.     a-2^"8>a-3.         18.   i/a-^-^lla.         19.   i/a-^-^f/a'. 

Express  with  radical  signs  and  positive  indices : 

s  1  1  _1 

20.    ^*.  21.    «"«.  22.    5a7"2.  23.    2a  '. 

_i 

24.    ^.  25.    -^.  26.     ^'.  27.     -3. 

2a»  &'*  ^    * 

II  _?  L  1 

28.     a"»x2a"2.     29.    ^»-T-2a'2.    30.     7a"*x3a-i. 
1 

31.    —3-.  32.     3^  .  33.     —J.         34.    -^^. 

35.    ya^xi/a\        36.    i/a-*~-^a-^.        37.    ^xxffa;^. 

38.    I^x-^yx',         39.    ^a3^<;^a2  40.    ^a^xi/a^-^'i/a^. 
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Find  the  value  of 

t  5  1  9  8 

41.    16*.      42.    4'«.     43.    125».      44.    8"».      45.    36~*. 

243.  To  prove  that  (a™)" = a™*  is  universdtty  true  for  all  values 
ofvaandn. 

Case  I.     Let  7»  be  a  positive  integer. 
Now,  whatever  he  the  value  of  m 

(flt*»)*=a'"  .  «**  .  a*"...  to  n  fiEUstors 

-«^m  +  m  +  ni+»«»   to  n  tenns. 

Case  II.  Let  m  be  unrestricted  as  before,  and  let  9t  be  a 
positive  fraction.    Replacing  nhy*-,  where  p  and  q  are  positive 

integers f  we  have  (a'**)*=(a"*)«. 

£  p 

Now  the  gih  power  of  (a"»)  «={(«"»)«}» 

=  («"•)•'%  [CaseL] 

=a"^.  [Case  I.] 

Hence  by  taking  the  ^h  root  of  these  equals, 
£ 

=a«  .  [Art.  237.] 

Case  III.  Let  m  be  unrestricted  as  before,  and  let  n  be  any 
negative  quantity.  Replacing  n  by  -  r,  where  r  is  positive^  we 
have 

(«m)n^(««)-r  _  _1_^_^  ["Art.  239.] 

=  -L,  [CaselL] 

Hence  Prop,  iii.,  Art.  235,  (a'»)*==a"»'»  has  been  shown  to  be 
universally  true. 
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S  6         9   0         4 

Examples.     (1)     (6»)7=  6»''7=67. 

(2)  {(flj-«)»}-*=(x-«)-*=a:«*. 

(3)  {x»-')        =x'-'  =a?"^. 

244.     To  prove  that  (ab)"=a"b",  whatever  he  the  value  of  n; 
a  and  b  ^eiTZ^  a/iy  quarUitiet  whatever. 

Case  I.     Let  nbe  a^ow^fiVe  tn^c^er. 
Now  {ahY=ah ,  ah,  ah, „  ton  factors 

=i{a,a,a.,,  to  n  factors)  (6.  h,h...  to  n  factors) 

Case  II.     Let  n  be  a  positive  Jraction,     Replacing  w  by  -^  , 

p 
where  jo  and  y  are  positive  inteffers,  we  have  (a6)*=(a6)«. 

J?  P 

Now  the  ^h  power  of  (a6)«={(a6)«}^ 

=  (06)^  [Art.  243.] 

£  p 

=  (a«5«)'^  [Case  I.] 

Taking  the  qth  root,     {ah) « = a«  6«. 

Case  III.  Let  n  have  any  negative  value.  Replacing  n  hy 
— r,  where  r  is  positive, 

Hence  the  proposition  is  proved  universally. 

The  result  we  have  just  proved  may  be  expressed  in  a  verbal 
form  by  saying  that  the  index  of  a  product  may  be  distributed 
over  ita  factors. 

Note.    An  index  is  not  distributive  over  the  terms  of  an  expres- 
11  1 

gion.     Thus  (cfi  +  6^)"  is  not  equal  to  a  +h.   Again  (a'  +  6*)*  is  equal  to 
Ja^+b^,  and  cannot  be  further  simplified. 
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Examples,     (1)   (yjs)«-«(»a?)«(a:y)-«=y«-«««-««*»a;«a;-«y-«, 

(2)     {(a-&)*}-»x  {(a  +  6)-»}»=(a-6)-Wx(a  +  6)-« 
=  {(a-6)(a+6)}-*', 
=(a«-6»)-w. 

245.  It  should  be  observed  that  in  the  proof  of  Art.  244  the 
quantities  a  and  b  are  wholly  unrestricted^  and  may  themselves 
involve  indices. 

1  _14  -1       !  _«       _?  i 

Examples,     (1)     (a?»y~a)5H-(a?V~^)  ■=a?'y"*-!-a?  ^y* 

4 
1  8      1  ^ 

oa  ' 

4      S  _    

4      t  t 

1 


EXAMPLES  XXXT.  b. 

Simplify  and  express  with  positive  indices : 
1.    (N/a26»)«.  2.    {^^^ry)-^.  3.     (a;^)3x(^a) 


10.    [x-^;:jx)\  11.  (:fx5/^'^)"-».    12.     (-y^-^/^a?)"!-". 

13.    ^o^xil^iF'^  14.    ilah-^<r^  x  (a-i6-»c-*)"i. 

9  

15.     v^a4^;i:«x(aVV-  16.     il^FQif'-^^l'i/tf^. 


224  ALGEBRA. 

1  I    -\ 

17.    (a"«  y^)-3  X  V J7- V«"*.        18.    ^^«*  ■"  *^'~"*  -^  («*  ^  "^• 
19.    ^(^^yx(,a+b)"'-  20.     {(«-y)-«}*-f-{(:r+y)"}». 

1 

23.     (a'U\/a.r"8>^J)'.  24.     -V(S+6?x(a2-62)-^. 


b  'c 
WIT,      V^Va;    •       '^^    i/W^aWy^- 


29.     (a»'-i)«+i  +  ^^^.  30.    (^+i)»»-i+^^^^. 


31. 

1  «'^  xa«.^-.r. 

33. 

35. 

2"x(2«-i)»       1 

1 


32.    (^V')»^(^,^-^j 


3 


36.    7 


2n+l  4n+l 


(2'»)»-i  •  (2'»-i)'»+i* 

246.  Since  the  index-laws  are  universally  true,  all  the 
ordinary  operations  of  multiplication,  division,  involution  and 
evolution  are  applicable  to  expressions  which  contain  fractional 
and  negative  indices. 

247.  In  Art.  182,  we  pointed  out  that  the  descending  powers 
of  ^  are 

^'  "^^  ^»  ^'  i'  ^'  i3» 

A  reason  for  this  may  be  seen  if  we  write  these  terms  in  the  form 
a^^  a^,  x\  a^y  x-\  ar\  ar^, 
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1  i         1 

Example  L     Multiply  3x  » + a:  +  2a;»  by  a?»  -  2. 

Arrange  in  descending  powers  of  x. 
s  1 

x  +  2afl+^^i 
1 
ar3_2 


a^+2a?+8 

9 


-2a?- 


4  S 


1 

_i 

6a:  «. 


Ea;amp20  2. 


Divide  16a-»  -  6a-«  +  5a-i  +  6  by  1  +  2a-\ 

7a-i  +  6 


2a-i  +  l)16a-8-   6a-»+   6a-i  +  6(8a-« 
16a-»+  8a-a 

-14a-«-   7a-J 


12a-i  +  6 
12a-i+6. 

Example  8.    Find  the  square  root  of 

Getting  rid  of  the  radical  signs,  and  arranging  in  descending  powers 
of  X,  we  have 

»   _i  »  1  „  /  I  1     J 

a;S_4x«y  s+4a:V^  +  a;*y*-2j;+|(a:9-2xy  «  +  | 


s 

2a;a- 


1 
2xy"^ 


-4x2t/  a+4a;2t/-i 
6    _i 


2a:2-4a:y  «  +  | 


?  1  y 


Note.    In  this  example  it  should  be  observed  that  the  introduction 
of  negative  indices  enables  us  to  avoid  the  use  of  algebraical  fractions. 
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EXAMPLES  XXXI.  c. 

I  1  1       _i 

1.  Multiply  3a;^-5+&F  »  by  4:^+3:v  \ 

2.  Multiply  3<3^-4a»-a"«  by  Sa^+a'^-Ga  «. 

3.  Find  the  product  of  c*  +  2c-*-7  and  5-3c-^+2c*. 

4.  Find  the  product  of  5  +  2j^  +^ar-2a  an^  4.^  _  3;,--«. 

3         1  1 

5.  Divide  2la;+a^+a^+l  by  3j;*+1. 

1         ^1  2 

6.  Divide  15a-3a^~  2a"»+8a-i  by  5a»+4. 

7.  Divide  16a-8  +  6a-*+5a-i-6  by  2a-i-l. 

a        1  1  1  11 

8.  Divide  5&»~66»-46  »-46"»-5  by  6«-26'«. 

9.  Divide  21a3«  +  20-27a*-26a2*  by  3a* -5, 

10.  Divide  Sc-^-Sc^+Sc^^-Sc-^*  by  5(?"-3c-« 

Find  the  square  root  of 
1  1 

11.  9a;-  12.i;«+10-4r"*+a;-i. 

4  IS 

12.  25£^+ 16  -  30a  -  24a»+ 49a». 

_n  n 

13.  4a;*+9a?-*+28-24a?'*-16.r*. 

14.  12a«+4~6a3*+a**+5a=* 

8  8  11  3  11 

15.  Multiply  a3-8a'«+4a"a~2a«  by  4a"2+a2  +  4a'». 

1 

16.  Multiply  l-2yx-2a^hy  l-;!fa:. 

17.  Multiply  2  if^-  a»  -  ?  by  2a  -  3  //^  -  a'K 

32  -^         -i 

—  by  a/^+4x  «+  ^  . 


18.     Divide  i/x^+2a^-l6x'~^-—  by  .i^+4r"«+^ 


2 


19.    Divide  1-Va — ^+2o'bYl-a«. 


a" 


^  10  -  ^ 

20.     Divide  4\/i2~8a?-5+^  +  3a7"3  by  2a;'^-'^a;-^  . 
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Find  the  square  root  of 

21.  9a:-*-18^-3Vy  +  §^-6^(g)+y^. 

22.  4V^-12  4^(^y)  +  25Vy-24//^^VlGa;"V. 

1 

23.  8l(^  +  l)  +  36-J(Jr^-l)-158:|!. 

248.  The  following  examples  will  illustrate  the  formulsa  of 
earlier  chapters  when  applied  to  expressions  involving  fractional 
and  negative  indices. 

%      f      ji        p       h  h        h  p      h     p      p  p 
Example  1.     (a*- 6«)  (a"*+ &"«)=a*'*-a'*6«  +  a*6"«- 6«"« 

h  p      *   _p 
=  1- a"*  6? +  «*&'«-! 
-*   _?       _*  ? 

Example  2.     Multiply  2x2^  -  a;P  +  3  hy  2x2^  +  a;i»  -  3. 

The  product     =  {2x^p  -  {xP  -  3) }  {2x«p+  (xP  -  3)} 

=  (2a;2P)2-(a:P-3)2 

=4x*P-a:2P  +  Ga:P-9. 

1  1 

Example  3.     The  square  of  Sx- -2-  x~^ 

1  11  1 

=9a;  +  4 +  a;-i -  2  . 3x2 . 2  -  2 .  3a;^ . a;"a+ 2  . 2  .a;"2 
1  1 

=9x  +  4  +  x-i-12xa-6  +  4x~2 

1  1 

=9x-12x2-2  +  4x  s+x-i, 

by  collecting  like  terms  and  rearranging. 

Sn  In  n         _n 

Example  4.     Divide  a^+a   «bya5+a2. 

9n  _Jn  n  _n 

The  quotient  =  (a*  +  a"  » )-H(a2  +  «"«) 

=  {(a2)«  +  (a"2)3}  -J-  (a*  +  a'^) 
=  (a2)a-a2.a'a  +  (a"2)2 
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EXAMPLES  ZZXI.  d 

Write  down  the  value  of 

1.     (^"-7)(^"+3). 

3.     (7:p-9^*)(7a;+%-i). 


%    (4jr-6jr-i)(4a?+airi). 
4.    (^-y*)(a?-*»+y-"). 


(j--i.-y 


5.     (a«-2a-*)2.  6.    (a«+a*)«.  7. 

9.     Qa^-a"»)  .        10.     (atr«y-*+5^-y)(3^^-5j:-«r*)- 

/        1  \2  i       -i 

11.     («*-5-«'')-  12.     (a;--a:  «+a:)2. 

13.     l(a+6)'2  +  (a-5)V-.  U.     {{a+hf-ia-hf^f. 

Write  down  the  quotient  of 


15.    x-^a  by  072  +  3^2, 
17.     a2x_ic  by  a*-4. 

X 

19.     c^-c-''  by  c«-c"2. 

21.    a**-;r«  by  a^+a^, 

5  1 

23.    0^-1  by  a;«-l. 

Find  the  value  of 
1  1 

25.     (a?+^-4)(a?+^  +  4). 
1  1 

(2 -a;* +  07)  (2+^+^). 
4        1 


27. 
29. 


16.  ^-27  by  a72_3. 

18.  ^+8  by  x^+% 

20.  l-8a-3  by  l-^aK 

22.  07-*-!  by  ;t7-i  +  l. 

24.  ^+32  by  a7'»  +  2. 


I  1        1  .1 

26.    (2^+4+ar  3)(2a73+4-aF  3) 

« 

28.    (a«+7+3a-«)(a«-7  -3a-«). 


x-^Ja? 


31. 


a»+24^a6+4^ 

s 

a:^-4y37-«   ^ 
2* 

4^a72+4  +  4^"» 


32. 


x-b^ 


CHAPTER   XXXII. 
Elementary  Surds. 

249.  Definition.  If  the  root  of  a  quantity  cannot  be  ex- 
actly obtained,  the  indicated  root  is  called  a  surd. 

Thus  V2,  v^5,  ^a\  VoHft^  are  surds. 

By  reference  to  the  preceding  chapter  it  will  be  seen  that 
these  are  only  cases  of  fractional  indices ;  for  the  above  quanti- 
ties might  be  written 

2*,  5*,  a«,  («3+fc2)*. 
Since  surds  may  always  be  expressed  as  quantities  with  frac- 
tional indices  they  are  subject  to  the  same  laws  of  combination 
as  other  algebraical  symbols. 

250.  A  surd  is  sometimes  called  an  irrational  quantity; 
and  quantities  which  are  not  surds  are,  for  the  sake  of  distinc- 
tion, termed  rational  quantities. 

251.  The  order  of  a  surd  is  indicated  by  the  root  symbol, 
or  surd  index.  Thus  y/x^  ^a  are  respectively  surds  of  the  third 
and  n^  orders. 

The  surds  of  the  most  frequent  occurrence  are  those  of  the 
second  order ;  they  are  sometimes  called  quadratic  surds.  Thus 
V3,  y/a,  y/x-\-y  are  quadratic  surds. 

252.  If  the  surd  contains  a  factor  whose  root  can  be  ex- 
tracted, the  indicated  root  is  called  a  mixed  surd. 

This  factor  can  evidently  be  removed  and  its  root  placed 
before  the  radical  as  a  coefficient  It  is  called  the  rational  factor, 
and  the  factor  whose  root  cannot  be  extracted  is  called  the 
irrational  factor, 

253.  When  the  coefficient  of  the  surd  is  unity,  it  is  said  to 
be  entire. 

254.  When  the  irrational  factor  is  integral,  and  all  rational 
factors  have  been  removed,  the  surd  is  in  its  simplest  form. 
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255.  When  surds  contain  the  same  irrational  factor  they 
are  said  to  be  similar  or  like. 

Thus  5  V3,  2  V3,  I V3  are  like  surds. 

5 

But  3^^  and  2^3  are  unlike  surds. 

256.  In  the  case  of  numerical  surds  such  as  ^2*  v^5,  ..., 
although  the  exact  value  can  never  be  foimd,  it  can  be  deter- 
mined to  any  degree  of  accuracy  by  carrying  the  process  of 
evolution  far  enough. 

Thus  V5=2-236068 ; 

that  is  V^  lies  between  2-23606  and  2-23607 ;  and  therefore  the 
error  in  using  either  of  these  quantities  instead  of  y/5  is  less 
than  -00001.  By  taking  the  root  to  a  greater  number  of  deci- 
mal places  we  can  approximate  still  nearer  to  the  true  value. 

It  thus  appears  that  it  will  never  be  absolutely  necessary  to . 
introduce  surds  into  numerical  work,  which  can  always  be  car- 
ried on  to  a  certain  degree  of  accuracy;  but  we  shall  in  the 
present  chapter  prove  laws  for  combination  of  surd  quantities 
which  will  enable  us  to  work  with  symbols  such  as  V^,  y/5, 
■^a,  ...  with  absolute  accuracy  so  long  as  the  symbols  are  kept 
in  their  surd  form.  Moreover  it  will  be  found  that  even  where 
approximate  numerical  results  are  required,  the  work  is  con- 
siderably simplified  and  shortened  by  operating  with  surd  sym- 
bols, and  afterwards  substituting  numerical  values,  if  necessary. 

257.  A  surd  of  any  order  may  be  transformed  into  a  surd 
of  a  different  order  having  the  same  value.  Such  surds  are  said 
to  be  equivalent. 

Examples.    (1)         ^=2^=2^  =^K 

I      ± 
(2)        ^a=aP=aP^=J>^a^. 

258.  Surds  of  different  orders  may  therefore  be  transformed 
into  surds  of  the  same  order.  This  order  may  be  any  common 
multiple  of  each  of  the  given  orders,  but  it  is  usually  most  con- 
venient to  choose  the  least  common  multiple. 

Example.  Express  ^a^,  ^b^^  -^a^  as  surds  of  the  same  lowest 
order. 

The  least  common  multiple  of  4,  3,  6  is  12  ;  and  expressing  the 
given  surds  as  surds  of  the  twelfth  order  they  become  IJ/a®,  IJ/ft^, 

259.  Surds  of  different  orders  may  be  arranged  according 
to  magnitude  by  transforming  them  into  surds  of  the  same 
order. 
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Hxample.    Arrange  ^3,  ^,  ^10  according  to  magnitude. 
The  least  common  multiple  of  2,  3,  4  is  12 ;  and,  expressing 
the  given  surds  as  surds  of  the  twelfth  order,  we  have 
V3  =lj/3e  =J^729, 
*/Q  =1^*  =IJ/1296, 

Hence  arranged  in  ascending  order  of  magnitude  the  surds  are 

EXAMPLES  XXXn  a. 

Express  as  surds  of  the  twelfth  order  with  positive  indices : 

1  1 

1.     a^.  2.     a-i-r-a'l  3.     'ifaa!^x\fa-'^a:-K 

a  • 
Express  as  surds  of  the  n^  order  with  positive  indices : 

7.    4^^.  8.    ar-.  9.    a\  10.     V  a"". 

.1  1 

11.     711        12.    — ,.  13.    ^'.  14.    4;. 

Express  as  surds  of  the  same  lowest  order : 
15.    V«,  ila^'  16.    i/aS  Ja.  17.    4^^,  4^^,  Xl^, 

18.  jy^,  jy^rio.        19.  5y^6s  ^y^    20.  v^,  y^?. 

21.    V5,  J^ll,  4^13.      22.    4^8,  V3,  -yc.      23.    4^2,  4^8,  4^4. 

260.     The  root  of  any  expression  is  equal  to  tho  product  of 
the  roots  of  the  separate  factors  of  the  expression. 
1 

For  ilab  =  {ahY 

I    I  4 

=a"6",  [Art.  244.] 

Similarly,  Vabc^ ^a  .  l^h ,  yc\ 

and  so  for  any  number  of  factors. 
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Examples.  (1)     ^15  =  ^  .  ^6. 

(2)     ^a«6=  ^€fi  .  ^b=a^^h. 
(8)     V^  =  V26.  v2=Sv^2. 

Hence  it  appears  that  a  surd  may  sometimes  be  expressed  as 
the  product  of  a  rational  quantity  and  a  surd ;  when  the  surd 
factor  is  integral  and  as  small  as  possible,  the  surd  is  in  its 
simplest  form  [Art.  254]. 

Thus  the  simplest  form  of  V128  is  8^2. 

Conversely,  the  coefficient  of  a  surd  may  be  brought  under 
the  radical  sign  by  first  raising  it  to  the  power  whose  root  the 
surd  expresses,  and  then  placing  the  product  of  this  power  and 
the  surd  factor  under  the  radicsQ  sign. 

Examples.         (1)    7^5=  V^®- V5=\/245. 
(2)    a^6=  ^a* .  ^b='\/c^. 
In  this  form  a  surd  is  said  to  be  an  entire  surd  [Art.  253]. 

261.  To  add  and  subtract  like  surds:  reduce  them  to  their 
simplest  form,  and  prefix  to  their  common  irrational  part  the  sum  of 
the  coefficients. 

Example  1.        The  sum  of  8^20,  ^^^5,  — ^ 
=6V5+4v5+ivS 

->■   __ 

Example  2.    The  sum  of  x  \^^x*a+ yy/— y^a—zy/^ 
=x.  2x^a+y(-y)  ^a-z.z  ^a 
=  (2x2-y«-a2)^a. 

262.  Unlike  surds  cannot  be  collected. 

Thus  the  sum  of  5^2,  --2v3  and  y/Q  is  5^/2-2^3+ >/6, 
and  caimot  be  further  simplified. 

EXAMPLES  ZXXn.  b. 

Express  in  the  simplest  form : 
1.     V288.  2.     V147.  3.     v^56.  4.     v^432. 

5.     3V160.  6.    2V720.  7.     6V245.  8.     ^1029. 

9.     ^125.        10.     v^^^^2l87.        11.     V36a8.  12.     V27a«6*. 
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13.    '>f-l08a^\  14.     ^a^^""^. 

16.     'Ja^+2a^b+ab\  17. 

Express  as  entire  surds : 
18.     11^2.  19.     14^6.  20. 


15.     ^af'^^y^. 


6  4^4. 


23. 


29. 


/20? 
727^ 

6  V  a**-!' 


3a5 

2c 

2a 
3^ 


24. 


27. 


30. 


Find  the  value  of 

33.     3V45-V20+7V5.  34. 

35.    V44- 5^1*76+2^09.  36. 

37.    2  4^189  +  3  4^875-74^56.  33. 

39.    34/102-7  4^32  +  4'1250.  40. 

41.    4^128  +  4^75-5^102.  42. 


32. 


ax        fa 


:^-x^ 


aW 


4^03+5^7-8^28. 
2V363-5V243+V192. 
5^81-74^192  +  44/048. 
5  \^"=^-  2  4^"^^  4-  4  4^686. 
5^24-2^54-^0. 


43.    V252-V294-48^1.       44.     3^147  -  ^  ^i  -  ^^  . 

263.     To  multiply  two  surds  of  the  same  order:  multiply  sepa- 
rately the  rational  factors  and  the  irrational  factors, 

1        I 
For  a!^xxb:i/y=aa^xby^ 

1  1 

=  aba^y^ 

1 

=cbb{xyY 

^ah'>Ixy, 

ExampUs.     (1)     6^3x3^7  =  15^31. 

(2)  2jxx3Jx^Qx. 

(3)  4/«^  X  i/a^=  ^^+b){a-b)  =  tja^-b\ 
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If  the  surds  are  not  in  their  simplest  form,  it  will  save 
labor  to  reduce  them  to  this  form  before  multiplication. 

Example,    The  product  of  5^32,  V^S,  2^64 
=6.4V2x4v3x2.3V6=480.V2.  V3.V^=480x6=2880. 

264.  To  multiply  surds  of  different  orders:  reduce  them  to 
equivalent  surds  of  the  same  order,  and  proceed  as  before. 

Example.    Multiply  5^  by  2^5. 

The  product  =  6^2x2^6«=10^2x5»=10^600. 

Division  of  Surds. 

265.  Suppose  it  is  required  to  find  the  numerical  value  of 
the  quotient  when  ,^5  is  divided  by  »J7, 

At  first  sight  it  would  seem  that  we  must  find  the  square 
root  of  5,  which  is  2*236...,  and  then  the  square  root  of  7,  which 
is  2-645...,  and  finally  divide  2-236...  by  2-645... ;  three  trouble- 
some operations. 

But  we  may  avoid  much  of  this  labour  by  multiplying  both 
numerator  and  denominator  by  ^7,  so  as  to  make  the  denomi- 
nator a  rational  quantity.     Thus 

Now 


77^ 

V7     ^5x7 
77==  -7- 

'      V35 
"    7 

V35 

=  5-01G... 

V5 

5-916... 

7 

•845... 

206.  The  great  utility  of  this  artifice  in  calculating  the 
numerical  value  of  surd  fractions  suggests  its  convenience  in  the 
case  of  all  surd  fractions,  even  where  numerical  values  are  not 

/ft 
required.     Thus  it  is  usual  to  simplify  — y-  as  follows : 

a^b  _  ajb  x,Jc  _  a^c 
^c  ~  ^cx^c  "^     c 

The  process  by  which  surds  are  removed  from  the  denomi- 
nator of  any  fraction  is  known  as  rationaliziiig  the  denoxni- 
nator.  It  is  efiected  by  multiplying  both  numerator  and 
denominator  by  any  factor  which  renders  the  denominator 
rational     We  shall  return  to  this  point  in  Art.  270. 
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267.  The  division  of  surds  then  may  be  effected  by  express- 
ing the  result  as  a  fraction,  and  rationalizing  the  denomi- 
nator. 

Example  1.    Divide  4^75  by  25^56. 

^  26Vi>6      25x2^14  "6^/14 

6^14x^14     6x14"  36    ' 
ExampU2.      i/^  ^i/lJiJ/c^^/E^^ 


EXAMPLES  XZXn.  o. 

Find  the  value  of 

1. 

2Vl4xV21.         2.    3V8xV6.            3. 

5  Va  X  2  ^3. 

i. 

2Vl5x3V5.         5,    8^12x3^24.       6. 

^a?+2x-y^-2. 

7. 

2lV384-=-8V98.    8.     6^27^3724.      9. 

-13V125■^5V65. 

10. 

^168x^147.       11.    5^128x24^432,   12. 

6^14-^2^21. 

13. 

«V63x6Va.       14.    l'i'^,:,%,.    15. 

3^/48   ,  6Vft4 
5^1  i2  *  V392' 

-^     3      /a2     4      /otS  nT        3         /  2j?  /  l&pS 

Given  ^2  =  1-41421,  ^3=1-73205,  ^5=2-23607,  ^6=2*44949, 
V7  =2-64575 :  find  to  four  places  of  decimals  the  numerical  value 


60 
V5- 


23.  144-fV6.       24. 


10 

77* 

21. 

48 

^/2-l.V3. 

25. 

1 

2^3 

25 
V252* 

29. 

7256 
V  1575 

1  4 

^-    7500'  ^^-    7243-  ^• 

268.  Hitherto  we  have  confined  our  attention  to  simple 
Burds,  such  as  4/5,  i/Uy  ^/x+y.  An  expression  involving  two  or 
more  simple  surds  is  called  a  compound  SUrd;  thus  2^a-3^b ; 
ya+i/b  are  compound  surds. 
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the 


269.     The  multiplication  of  compound  surds  is  performed  like 
I  multiplication  of  compound  algebraical  expressions. 

Example  1.     Multiply  2»Jx  -  6  by  3^x. 
The  product  =  ZJx  {2Jx  -  5) 

Example  2.     Multiply  2i^6  +  3^^*  by  ^^6  -  Jx, 
The  product  =  (2^6  +  ^»Jx)  (^6  -  Jx) 

=  2^5.»j5  +  S»j5.Jx-2j5,Jx-3Jx.,Jx 
=:10-8a;  +  ,y6x. 
Example  3.     Find  the  square  of  2»Jx+  ^7-4jr. 

PVar  +  x/7^^«  =  {2jx)^  +  {JT^)^  +  i»Jx .  »JT^^ 
=4x+7-4a;  +  4^7x-4x' 
=7+4^/7S^"4x«. 


EXAMPLES  XXXTT.  d. 

rind  the  value  of 

1.     (3V^-5)x2V^.  2.  {^/x-^a)x2»Jx. 

5.     (2V3  +  3V2)2.  *6.  (s^  +  5V3)(2V7-4V3). 

7.     (3V5-4V2)(2^/5+3V2).       8.  {Zsla-2^x){2Ja-^^^x). 

9.     {»Jx+»Jx  - 1)  X  Va?  - 1  10.  (^/x+a-  \fx-a)x  V.r+a. 

11.     {»Ja+x-2yfay,  12.  (2^a-^/l+4a)^. 

13.     (Va+^-Va^)«.  14.  (v'a+a7-2)(Va+^-l). 

15.  (V2+V3-V5)(V2+V3+V5). 

16.  (V5  +  3V2+a/7)(V5  +  3V2-V7). 

"Write  down  the  square  of 

17.  *J2x+a->/2x^  18.  ^a^~2if^+Ja^-{'2y\ 
19.  V^/H-Vi+Vm-n.  20.  3'Ja^+b'^-2'J'a^-b^. 
21.     3rV2-3V7^i».                  22.  */4i2 +i « ^4^31. 
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270.  One  case  of  the  multiplication  of  compound  surds 
deserves  careful  attention.  For  if  we  multiply  together  the  sum 
and  the  difference  of  any  two  quadratic  surds  we  obtain  a  rational 
product. 

Examples.     (1)     {fja  +  ^h)  {Ja  -  »Jh)  =  (^a)«  -  (^6)* =a-b. 

(2)     (3^5  + V3)  (3^5  -  V3)  =  (3^5)3  -  (V3)»=46  -  48  =  -  3. 

Similarly.  (4 -  ,Ja  +  b)  (4  +  JaTb)={A)^ -  ( Va  +  6)'=16 -a-b. 

271.  Definition.  When  two  binomial  quadratic  surds  differ 
only  in  the  sign  which  connects  their  terms  they  are  said  to  be 
conjugate. 

Thus  3>/7  +  5^11  is  conjugate  to  3^7  -  6^11. 

Similarly,      a — ^a?  —  a^i&  conjugate  to  a + ^a'^  -  Jt^' 

The  product  of  two  coi\jugate  surds  is  rational.    [Art.  270.] 

Example,     {^a  +  Jx-da)  (3 ^a  -  ^x-9«) 

Division  of  Compound  Surds. 

272.  K  the  divisor  is  a  binomial  quadratic  surd,  express  the 
division  by  means  of  a  fraction,  and  rationalize  the  denomina- 
tor by  multiplying  numerator  and  denominator  by  the  surd 
which  is  conjugate  to  the  divisor. 

Example  1.    Divide  4  +  3^2  by  5-3^/2. 

_.  ..     ^      4+3^2      4  +  3V2     5  +  8^/2 

The  quotient  =■= — 7~:  =  ^     ..   .»  x  ^     _^,^ 

^  5-S^2     6-3^2     5  +  3<^2 

_  20+18  +  12^2  +  15^2  _  38 -f27^/2 
26-18  7 

Example  2.    Bationalize  the  denominator  of  ■—, —  , 

Va'  +  ft'+a 


The  expression 


6«  Ja^+h^-^a 

'Ja^+b^+a      Va»+6«-.a 

-Jc^+h^-a, 
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E^arapUZ.    Divide  ^^Hy  ^±i^^. 

The  quotient         =^>^f^ 

__(V3)MnW_ 
14-12  +  8^3-7^3 
1 

■"2  +  ^3 

=  2-^S,  on  rationalizing. 

87 
Example  4.     Given  ^5=2-236068,  find  the  value  of  rr__A   ,g  • 

nationalizing  the  denominator, 

87      ^87(7  +  2^5) 
7--2;^5  49-20 

=  3(7  +  2^5) 
=  84-416408. 
It  will  be  seen  that  by  rationalizing  the  denominator  we  have  ' 
avoided  the  use  of  a  divisor  consisting  of  7  figures. 

273.  In  a  similar  manner,  where  the  denominator  involves 
three  quadratic  surds,  we  may  by  two  operations  render  that 
denommator  rational. 

Example.    '^ — 


The  expression  = 


y/2+y/S-^b 

\/2(V2+V3+V5) 


(V2+v'3-V5)(V2+V3+V5) 
_24-V6-}-VlO 
""         2Vt5 
^(2+V6+VlO)V6 
(2V6)V6 

_3+v6+Vl5 
6 


ELEMENTARY   SURDS.  239 


EXAMPLES  ZXXn.  e. 

Find  the  value  of 

1.  (9V2-7)(9V2  +  V).  2.     (3+6^7)  (3 -5^7). 

3.  (5V8-2V7)(5V8  +  2V7).       4.    (2Vll+5V2)(2x/ll -5^2). 

5.  (V«+2V6)(V«-2V^).  6.     (3c-2^/x)(3(j+2V^) 

7.  (Va  +  X  -  ^a)  {'J a  ■\-x-\-»Ja), 

8.  (V2p+3g'-2Vy)(*/2/?+32'+2V2'). 

9.  ( VaT^+ ^^a  -  ^)  (^a +x-*Ja-x). 

10.  (5  Vi2^p+7a)(5\/'a?^  -  3/-  7a). 

11.  29-^(11  +  3^7).  12.     17+(3V7  +  2V3). 

13.     (3V2-l)-i-(3V2  +  l).  14.  (2V3+7V2)+(5V3-4V2). 

15.     (2^-V^)+(2V^y-y).  16.  (3+V5)(V5-2)+(5-V5). 

17  V«       .  yq+V^  ,g  2V15  +  8  ,  8^3-6^5 

^a-»Jx'       »Jx      '  5+V15    •5^/3-3^5* 

nationalize  the  denominator  of 
25y.3-4V2         ^.      10V6-2V7         „,       V7  +  v^2 
'^^'     ''i ^3- 6^-2'       ^^'      3V6  +  2V7  •         ^'     9+2^14' 

2V3+3V2  _X__  24 -' 

5+2V6    '  ■     ^W^-y''  *     >/^'+a2+a 

225.      -,        — .  .  Zo, 


27. 


^9+^,3  3+V6 

^9+^+3-  ^^-     5-/3-2V12-V32W50- 

on      V10+V54-V3  o^      (V3+v6)(V5+v/2) 
V3+V10-VS*  V2+V3+V6      ' 

Given   ^2  =  141421,    ^3  =  1-73205,    V5=2-23607:    find  to 
four  places  of  decimals  the  value  of 

n,  1  no        3+V6  n„         ^6+^3  g.  V6-2 

35.    Zv|±^x#:|.        36.    (2-V3)(7-4V3)^(3v3-6). 
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274.    It  is  possible  to  find  a  factor  which  will  rationaHze  any 
binomial  surd. 

Case  L    Suppose  the  given  surd  is  ^a  —  yb. 
Let  ^a=ar,  ^b=yy  and  let  n  be  the  l.c.m.  of  p  and  q\  then 
t^  and  ^  are  both  rational. 

Now  a:"— y*  is  divisible  hy  x—y  for  all  values  of  n,  and 

ar»-y*=(a:-y)(a:'-i+a:»-^4-x»-V+ +y""*). 

Thus  the  rationalizing  factor  is 

x"-i+x»-*y+ar»-V4- +y"""*; 

and  the  rational  product  is  x"— y». 

Case  II.    Suppose  the  given  surd  is  ^a4-  ^b. 
Let  X,  y,  n  have  the  same  meanings  as  before ;  then 

(1)  If  n  is  even,  ar»— y»  is  divisible  by  ar+y,  and 

Thus  the  rationalizing  factor  is 

and  the  rational  product  is  x«— y**. 

(2)  If  fi  is  odd,  x*»4-y**  is  divisible  by  x+y,  and 
x"+y»=(x+y)(x— i-ar"-2y+ -x^r-'+y*"^). 

Thus  the  rationalizing  factor  is 

x"-i-x»-2y4. _xy"-2+y""^; 

and  the  rational  product  is  x«+y". 

Example  1.    Find  the  factor  which  will  rationalize  y/Z'\-  ^6. 
Let  x=3*,  y=6* ;  then  x?  and  j^  are  both  rational,  and 
xP-y»=(x+y)(a^-x*yH-x8y2_xy+xy*-y6) ; 
thus,  substituting  for  x  and  y,  the  required  factor  is 
3l_3l.  64+3* .  6'-3*.  5»+34.  5*-5», 
or  3^-9 .  64+3*.  6'--16+3*.  5*-5*; 

and  the  rational  product  is  3*-5*=3»--6«=2. 

Example  2.     Express    (6* + 9*)  -t-  (6*  -  9*) 
as  an  equivalent  fraction  with  a  rational  denominator. 

To  rationalize  the  denominator,  which  is  equal  to  6*— 3^,  put 
64=x,  34=y;  then  since  x*— y*=(x— y)(x'+x2y+x^+y') 
the  required  factor  is  6*+  6* .  3*+ 6* .  3*+3* ; 
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and  the  rational  denominator  is  5^— 3^=r63— 3=22. 

.'.  the  expression    =  ^^ — - — — — - — jrjr — — — — - 

6^+2.6^.3^+2.6^.3^4-2.6^.3^4-3* 
~  22  ' 

_14+6>. 3^+6. 3^+6*. 3> 
11 

Properties  of  Quadratic  Surds. 

275.  The  square  root  of  a  rational  quantity  cannot  be  partly 
rational  and  partly  a  quadratic  surd. 

If  possible  let  y/n=a-\-  y/m ; 

then  by  squaring,  n = a^ + m + 2a  ^/m ; 

n  —  a^^m 
'•  ^"*=       2a      ' 
that  is,  a  surd  is  equal  to  a  rational  quantity;  which  is  im- 
possible. 

276.  lf^+  y/y = a  +  y/h,  then  will  x = a  and  y =b. 
For  if  X  is  not  equal  to  a,  let  2;=a  +  m;  then 

a+m+ Vy=«+ V*; 
that  is,  ^J = m  +  y/y ; 

which  is  impossible.  [Art.  275.] 

Therefore  a:=a, 

and  consequently,  y=b. 

If  therefore  x+y/y=a+  y/b, 

we  must  also  have  x  —  yjy —a—  y/b, 

277.  It  appears  from  the  preceding  article  that  in  any 
eqoation  of  the  form 

X-^y/Y^A^y/B (1), 

we  may  equate  the  rational  parts  on  each  side,  and  also  the  irrational 
parts ;  so  that  the  equation  (1)  is  really  equivalent  to  two  inde- 
pendent equations,  X=^Ay  and  Y=B, 
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278.  7/  VaTVb=  y/^+  y/j,  then  wiU  Va-Vl>=  V^c-  Vy- 
For  by  sqaaring,  we  obtain 

a+v*=xf2Viy+y; 

.-.  a=x+y,  y/b=2Vxy.  [Art.  277.] 

Hence  a— V^=a:— 2>/xy+y, 

and  -y/a  —  y/b  =^x—  y/y. 

279.  To  find  the  square  root  o/a+  V^. 
Suppose  -y/a+y/b  =y/x-^y/y\ 

then  as  in  the  last  article, 

x+y=a (1), 

2  V^=  y/b (2). 

.-.  ix-yy=(x+yy^ixy 

=a^-b  from  (1)  and  (2). 

.«.  x—y=Va^—b. 

Combining  this  with  (1)  we  find 

a+Va^-^b         ,        a-Va^-fr 
x=  2 ,   and  y= ^ 

280.  From  the  values  just  found  for  x  and  y,  it  appears 
that  each  of  them  is  itself  a  compound  surd  unless  a^—b  is  a 
perfect  square.  Hence  the  method  of  Art.  279  for  finding  the 
square  root  of  a+y/b  is  of  no  practical  utility  except  when 
a^— 6  is  a  perfect  square. 

Example,    Find  the  square  root  of  16+2^55. 
Assume  Vl6+2^56=  y/z-\-  y/y. 

Then  16+2  V55=x+2\/xy+y ; 

.-.  aj+y=16 a), 

2Vxy=z2y/66  (2). 

.-.  (x-yy=(x-\-yy-4xy 

=  162-4x56 by  (1)  and  (2), 

=4x9. 

...  x-^y=±Q,. (3).  . 

From  (1)  and  (3)  we  obtain 

fl;=ll,  or  6,  and  y=5,  or  11. 
That  is,  the  required  square  root  is  y/ll  +  y/5. 
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In  the  same  wajr  we  majr  shew  that 

Note.     Since  ever^r  quantity  has  two  square    roots,  equal   in 
magnitude  hut  opposite  in  sign,  strictly  speaking  we  should  have 
the  square  root  of  16  +  2^65=  ±(^11+^5), 

16-2^^55=  ±(V11-V6). 

However  it  is  usually  sufficient  to  take  the  positive  value  of  the 
square  root,  so  that  in  assuming  ^Ja-  ^b  =  ^X'-  Jy  it  is  understood 
that  X  is  greater  than  y.  With  this  proviso  it  wiU  be  unnecessary  in 
any  numerical  example  to  use  the  double  sign  at  the  stage  of  work 
corresponding  to  equation  (8)  of  the  last  example. 

281.  When  the  binomial  whose  square  root  we  are  seeking 
consists  of  two  quadratic  surds,  we  proceed  as  explained  in  the 
following  example. 

Example,    Find  the  square  root  of  ,^175  -  ^147. 
Since  V175  -  JU7=^7  Q26  - ^21) = ^7  (5  - ^21). 

And,  proceeding  as  in  the  last  article, 

•••  77lv5^i«=  V7  (  ^l  -  ^l) . 

282.  The  square  root  of  a  binomial  surd  may  often  be  found 
by  inspection. 

Example  1.     Find  the  square  root  of  11  +2/^30. 

We  have  only  to  find  two  quantities  whose  sum  is  11,  and  whose 
product  is  SO;  thus 

11  +  2^^30=6  +  5  +  2,^0x1; 

^ =  (V6  +  V5)». 

.-.  s/ll  + 2^30=  ^6+^/5. 
Example  2.     Find  the  square  root  of  53  - 12^10. 

First  write. the  binomial  so  that  the  surd  part  has  a  coefficient  2  ; 
thus  63  - 12^^10 =53-2  ^360. 

We  have  now  to  find  two  quantities  whose  sum  is  53  and  whose 
product  is  SCO;  these  are  45  and  8; 
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hence  63-12vl0=46+8-2Vi5x8 

=  (V45-v8)2; 


.-.   V63-12V10=V45-V8 
=3^6-2^2. 


Example  3.    Find  the  square  root  of  a+&+  V2a6+6'. 
Rewrite  the  binomial  so  that  the  surd  part  has  a  coefficient  2 ; 


thus  a+6+v^a6TS«=a+6+2\?5^^t^. 

We  have  now  to  find  two  quantities  whose  sum  is  (a +6)  and 

whose  product  is  ^E^±^ ;  these  are  ??Lt^  and  ^ ;  hence 
4  2  2 


a+6+V2H6T65=?^  +  |  +  2V?¥-' 


...  Vo+6+V2S6+P=-^a4-|+j|. 

Note.  The  student  should  notice  that  when  the  coefficient  of 
the  surd  part  of  the  binomial  is  unity  he  can  make  this  coefficient 
2  if  he  will  also  multiply  the  quantity  under  the  radical  by  {, 

283.  Assuming  -i/cT^- y/b^x-^y/y,  the  method  of  Art.  278 
gives  us  y/a—y/b = x ~  y/y, 

EXAMPLES  XXXn.  f. 

Find  the  square  root  of  each  of  the  following  binomial 
surds: 

1.    7-2V10.  2.     13+2^30.  3.     8-2^7. 

4.    6+2  V«.  5.     75+12V21.  6.     18-8^6. 

7.    41-24V2.  8.     83+12V36.  9.    47-4^33. 
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10.  2i+V6.  11.    4}-|v3.  12.     16+6  V7. 

13.  v^74-2V6.  14.     V32-V24.  16.    3V5+V40. 

16.  2a+2Va2-62.      17.  aa;-2a>/ax-a-^.    18.  a+ic+ V2aic+a;2. 

19,  2a-V3a2--2a6-62.  20.    l+aHCl+a^ +«*)*. 

Find  the  fourth  roots  of  the  following  binomial  surds : 
21.     17  +  12V2.  22.    66-f24V6.  2?     ^ 


24.     14+8V3.  25.    49-20V6. 

Find,  by  inspection,  the  value  of 
27.     V3-2V2.  28.     V4+2V3. 

30.     V19+8V3.  81.     V84-2V16. 

33.     V1H-4V6.  84.     V15-4V14. 

Express,  with  rational  denominator 
oo  1  o«  1 


v^-V2 
42.    Find  value 


37. 
40. 


^3-1 

1 

^5-^3' 


of  J±l: 

\83- 


6+2V3 


26.    248+32V60. 


41. 


29.     V6-2V6. 
82.     V9-2V14. 


35.     V29+0v^22. 


V2.^8 
^3+V2 

^3 
V3+^' 


19V3 


Equations  involving  Surds. 

284.  Sometimes  equations  are  proposed  in  which  the  un- 
known quantity  appears  under  the  radical  sign.  Such  equa- 
tions are  very  varied  in  character  and  often  require  special 
artifices  for  tneir  solution.  Here  we  shall  only  consider  a  few 
of  the  simpler  cases,  which  can  generally  be  solved  by  the 
following  method : 

Bring  to  one  side  of  the  equation  a  single  radical  term  by  itself: 
on  squaring  both  sides  this  radical  unll  disappear.  By  repeating 
this  process  any  remaining  radicals  can  in  turn  be  removed. 
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Example  1.     Solve    2Jx  -  fj4x^^Tl  =  l, 
Transposing,  2  ^x  - 1 = ^ix  - 11 . 

Square  both  sides ;  tlien  4x  ~  4^x  + 1  =4a;  - 11, 

Vx=12, 


Example  2.     Solve 

Transposing, 

Here  we  must  cube  both  sides ;  thus  x-5=:  1331 ; 

whence  a; =1336. 


Example  8.     Solve  tJx-^5+  nj'dx  +4=  ,JX2x-hl. 
Squaring  both  sides, 

x  +  6  +  3a;  +  4  +  2,^(a;  +  6)(3a:  +  4)  =  12a?+l. 
Transposing  and  dividing  by  2, 

J{x  +  5)(Sx'+4t)  =  4x-4.  .............(1). 

Squaring,  (x  +  6)  (3a: + 4)  =  IQx^  -  32x  + 16, 

or  13ar8-51a;-4=0, 

(a:-4)(13a;  +  l)=0; 

.-.  x^4,  or-jg. 

If  we  proceed  to  verify  the  solution  by  substituting  these  values  in 
the  original  equation,  it  will  be  found  that  it  is  satisfied  by  x=4,  but 

not  by  aJ=-T5*    But  this  latter  vajlue  viU.  be  found  on  trial  to 
satisfy  the  given  equation  if  we  alter  the  sign  of  the  second  radical; 
thus  Jx  +  5  -  ^^3^  +  4  =  jT2x  +  i . 

On  squaring  this  and  reducing,  we  obtain 

-N/(a:  +  6)(3a:  +  4)=4r-4 .......(2); 

and  a  comparison  of  (1)  and  (2)  shews  that  in  the  next  stage  of  the 
work  the  same  quadratic  equation  is  obtained  in  each  case,  the  roots, 

of  which  are  4  and  -  —  ,  as  already  found. 

From  this  it  appears  that  when  the  solution  of  an  equation 
requires  that  both  sides  should  be  squared,  we  cannot  be  certain 
without  trial  which  of  the  values  found  for  the  unknown  quantity 
will  satisfy  the  original  equation., 


EQUATIONS  INVOLVING  SURDS.  247 

In  order  that  all  the  values  found  by  the  solution  of  the  equa- 
tion may  be  applicable  it  will  be  necessary  to  take  into  account 
both  signs  of  the  radicals  in  the  given  equation. 

EXAUPLES  ZZXn.  g. 

1.  V.r^=3.  2.    4^4^-7=6. 

3.  7-Vi'^=3.  4.     13-4^6^^=7. 

5.  V5a;-l=2Va?+3.  6.     2V3-7:f-3  V8a:-12=0. 

7.  ^ilbx-m^bil^x^l,         8.     V9^~ni'^=3a;-2. 

9.  ^2:r+ll=V5.  10.     V4a?2  -  7^  +  1  =  2a? -  If 

11.  V^25  =  l  +  V^.  12.     ^8^+33-3=2^2;^. 

13.  sfx+^+^x^b,  14.     10 --725+91'= 3  V^. 

15.  Vi^^+3=s/:p+li.  16.     V'9a7-8  =  3\/^+4-2, 

17.  V4^+5-V^=Vi+3.         18.     ^2507-  29  -  ^4^- 11=3  V^. 

19.  V8^+T7 -  \/2^*=  V2^~9. 

20.  N/3^-ll+V3i=Vl2a7-23. 

21.  N/l2:F-5+V3^^1=V27a?-2. 

22.  >/^  +  3+Va:+8-V4a?+21=0. 

23.  \/.r+2 +s/4J+ 1  -  \/9d?  +  7=0. 

24.  *yi;T4a5=2a+V^. 

25.  v/a7+V'4a  +  jF=2V6  +  a?. 

285.    When  radicals  appear  in  a  fractional  form  in  an  equa- 
tion, lite  must  clear  of  fractions  in  the  ordinary  wajr,  combining  ^ 
the  irrational  factors  by  the  rules  already  explained  in  this 
chapter. 

r-         7    1      c  1      6Va;-ll     2^x4-1 
Example  1^    Solve   -^V"/       =     /— 7"^  • 
o^x  ^x  4-  D 

Multiplying  across,  6a;  +  2o^'x  -  G6 = 6a;  +  3^a:, 

25,ya;-3;^a;=66, 

22^x=66, 

«=9. 
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Example  2.     Solve  j9  +  2x-  J2x=  — ,    —  . 
Clearing  of  fractions, 

9  +  2x-72a:(9  +  2a;)=6, 
4  +  2a:=72a?(9  +  2a;). 
Squaring,        16  +  16a:  +  4a;»=  lar  +  4a:«, 
16=2a;, 
a:=8. 

EXAMPLES  XXXn.  h. 

J     6^^-21  _8V^- 11  9V^-2B_6V.t;-17 

3^^-14     4V^-13'  ^-    "SVS^-'S  ""  2V^-6  " 
3     V±jj-  3V^-5  V:g+3     V^+9 

•    V^-2      3Var-13-  *•  V^^2~V^+"7- 

'    2V^+^     V^-t  '     ^""""^  7V^-2r 

o  3 

-      12^^-11      G^x+b  , 9 

•  4Vj?-4g "";;      2-        8.  vi+a?+v^= 


2V^+^  Vl+^' 

11.    N^^+6+V^=^.  12.     2V^-\/4^3=--     ^    - 

13.    3^07=    _L^+V9l^^.     14.    ^/^-7=   ,^ -,.       • 
15.    (V^+11)(V.^-11)  +  110=0.         16.    2Va'=-j7-~>^f. 
17.    3Vx-l=^-A^^+6.  18.    4l-L=3+^-y. 

19      ..L4.  -i_  .  _i__o     20     2-^^S±^^!E5 

21.    ^i=^=2Vin2_i.    22.    — A_+      3      =^. 
Var-2  +  1  «-6+V«  V«-2     V*+3 


CHAPTER   XXXIII. 
Imaginary  Quantities. 

286.  Although  from  the  rule  of  signs  it  is  evident  that  a 
negative  quantity  cannot  have  a  real  square  root,  yet  quantities 
represented  by  symbols  of  the  form  V— a,  V^,  called  imagi- 
nary quantities,  are  of  frequent  occurrence  in  mathematical 
investigations,  and  their  use  leads  to  valuable  results.  We 
therefore  proceed  to  explain  in  what  sense  such  roots  are  to  be 
regarded. 

When  the  quantity  under  the  radical  sign  is  negative,  we 
can  no  longer  consider  the  symbol  V  as  indicating  a  possible 
arithmetical  operation ;  but  just  as  y/a  may  be  defined  as  a 
symbol  which  obeys  the  relation  y/a  Xy/a=a,  so  we  shall  define 
V^  to  be  such  that  V^ax'\/—a=—a,  and  we  shall  accept 
the  meaning  to  which  this  assumption  leads  us. 

It  will  be  foimd  that  this  definition  will  enable  us  to  bring 
imaginary  quantities  under  the  dominion  of  ordinary  algebraic^ 
rules,  and  that  through  their  use  results  may  be  obtained  which 
can  be  relied  on  with  as  much  certainty  as  othersVhich  depend 
solely  on  the  use  of  real  quantities. 

287.  It  is  usual  to  apply  the  term  imaginary  to  all  expres- 
sions'which  are  not  wholly  real.  Any  imaginary  expression 
not  involving  the  operation  of  raising  to  a  power  indicated  by 
an  exponent  that  is  an  irrational  or  imaginary  expression,  can 
be  reduced  to  the  form  a+bV—l,  which  may  be  taken  as  the 
general  type  of  all  imaginary  expressions.  Here  a  and  b  are 
real  quantities,  but  not  necessarily  rational.  An  imaginary  ex- 
pression in  this  form  is  called  a  complex  number.  If  a=0 
the  form  becomes  ftV— 1,  which  is  called  a  pure  imaginary 
expression. 

288.  By  definition,     V^  x  vCIl  =  - 1. 
that  is,  (y/a.V^y=-a. 
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Thus  the  product  y/a .  V  — 1  may  be  regarded  as  equivalent 
to  the  imaginary  quantity  V— a. 

289.  It  will  generally  be  found  convenient  to  indicate  the 
imaginary  character  of  an  expression  by  the  presence  of  the 
symbol  V^ ;  thus 

^/34=V4x(-l)=2^/^. 
V37ir2=V7a2x(-l)=aV7A/^. 

290.  We  shall  always  consider  that,  in  the  absence  of  any 
statement  to  the  contrary,  of  the  signs  which  may  be  prefixed 
before  a  radical  the  positive  sign  is  to  be  taken.  But  in  the  use 
of  imaginary  quantities  there  is  one  point  of  importance  which 
deserves  notice. 

Since  (— a)x(  — 6)=aft, 

by  taking  the  square  root,  we  have 

yT^  X  yH-b—  ±  VcJd, 

Thus  in  forming  the  product  of  V— a  and  -yJ^-b  it  would 
appear  that  either  of  the  signs  -f  or  —  might  be  placed  before 
Va6.    This  is  not  the  case,  for 

291.  In  dealing  with  imaginary  quantities  we  apply  the 
laws  of  combination  which  have  been  proved  in  the  oa§e  of 
other  surd  quantities. 

•    Example  1.    a+6V^±(c+<2V^)=ad:C+(6±d)\/^. 

Example  2.    The  product  of  a-\-h\f—i  and  c+dV^ 

292.  The  symbol  V^  is  often  represented  hj  the  letter  t; 
but  until  the  student  has  had  a  little  practice  m  the  use  of 
imaginary  quantities  he  will  find  it  easier  to  retain  the  symbol 
V^,  It  is  useful  to  notice  the  successive  powers  of  V-l 
or  t ;  thus 
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(VIT)8=-V-1,  t»=-i; 

(V3l)4=l,  ,-4=1. 

and  since  each  power  is  obtained  by  multiplying  the  one  before 
it  by  V— 1,  or  t,  we  see  that  the  results  must  now  recur. 

293.  7/  a + b  V^=0,  (hen  a = 0,  an(f  b = 0. 

For,  if  •     a+ftVri=o, 

then  ftV— T=— a; 

...  -ft2=aa. 

.-.  aHft2=0. 

Now  a^  and  6*  are  both  positive,  therefore  their  sum  cannot 
be  zero  unless  each  of  them  is  separately  zero;  that  is,  a=0, 
and  6=0. 

294.  7/a+bV^=c+dV^,  then  a=c,  andh^d. 
For,  by  transposition,  a— c+  (ft—rf)  V— 1=0 ; 

therefore,  by  the  last  article,  a — c = 0,  and  i — c/ = 0 ; 
that  is,  a=c  and  5=^. 

Thus  in  order  that  two  imaginary,  expressions  may  be  equal 
it  is  necessary  and  sufficient  that  the  real  parts  should  be  equal, 
and  the  imaginary  parts  should  be  equal. 

The  student  should  carefully  note  this  article  and  make  use 
of  it  as  opportunity  may  offer  in  the  solution  of  equations 
involving  imaginary  expressions. 

295.  Definition.  When  two  imaginary  expressions  differ 
only  in  the  sign  of  the  imaginary  part,  tney  are  said  to  be 
conjugate. 

Thus  a  —  hV  —  l  is  conjugate  to  a+ftV^.   . 

Similarly  v^  +  SV^  is  conjugate  to  ^— SV— 1. 

296.  The  sum  and  the  product  of  two  conjugate  imaginary 
expressions  are  both  real. 

For  a-+-6\/^  +  a-J>/~l=2a. 

Again        (a  +  6\/^)(a-iV^)=a2-(-ft2) 

^a^+b^ 
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297.  If  the  denominator  of  a  fraction  is  of  the  form 
a+ftV  — 1,  it  may  be  rationalized  by  multiplying  the  numerator 
and  the  denominator  by  the  conjugate  expression  a—hV^. 

For  instance, 

c-f-rfV^i  _  (c4.tfVZ:i)(a_6V3i) 
a+&^/^  "  (a  +  6  V^)(a--6vCl) 
_ac-\-hd+{ad-hc)yr^ 

_<ic-{-hdad—hCi — =- 

Thus,  by  reference  to  Art.  291,  we  see  that  the  »wm,  difference^ 
product,  and  quotient  of  two  imaginary  expressions  is  in  each  case 
an  imaginary  expression  of  the  same  form. 

298.  Tojind  the  square  root  o/a+bv^^. 

Assume  va+6V^^=x4-yV^, 

where  x  and  y  are  real  quantities. 

By  squaring,     a+ftV  — l=a:*— y*+2xyV— 1; 
therefore,  by  equating  real  and  imaginary  parts, 

x^'-y^=a (1), 

^^y=b (2); 

.-.  (x^+y''y=(x^-'y^y+(2xyy 

.-.  a;2+y«=Vi2Tft^. (3). 

From  (1)  and  (3),  we  obtain 

„     Va^+b^+a       ,     y/cfiTh^-a 

^'= 2 »  y'= 2 ' 

...  x=±{:^^^}K  y=±(^^^^Y^ 

Thus  the  required  root  is  obtained. 

Since  x  and  y  are  real  quantities,  x^-^y^  is  positive,  and 
therefore  in  (3)  the  positive  sign  must  be  prefixed  before  the 
quantity  Va^+b^. 

Also  from  (2)  we  see  that  the  product  xy  must  have  the 
same  sign  as  b ;  hence  x  and  y  must  have  like  signs  if  5  is  posi- 
tive, and  unlike  signs  if  6  is  negative. 
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Example  1 .    Find  the  square  root  of  —  7 — 24  V— 1- 


Assume  V-7-24v^-l=a;+y  V^ ; 

then  --7-24\A=l=aja-ya+2ay>/^; 

...  a;2_y2=_7 (1), 

and  2x|/=-24. 

=49+676 
=626; 

.•.aj2+y2=25  (2). 

From  (1)  and  (2),  x«=9  and  y«=16 ; 

.-.  x=±3,  y=±4. 
Since  the  product  xj/  is  negative,  we  must  take 

x=S,  y=  —4  ;  or  x=  —3,  y=4. 
Thus  the  roots  are  S-iV^  and  -34-4V^ ; 
that  is,  V-7-24\/~l  =  db(3-4\AZT)^ 

299.    The  method  of  Art.  278  may  also  be  used. 

EXAMPLES  yyifTTT 

1.  Add  V^  and  V^^, 

2.  Add  4  V^l27  and  3>/^ri2. 

3.  Simplify  V^-V^  +  ^  +  V-l- 

4.  Multiply  2 V^+3>/^  by  4V^-5>/=2. 
Express  with  rational  denominator : 

K           1  fi     3V^4-2V^ 

0*    : o. 


3_V^r2  8\/^-2>/^ 

„     3+2\/^     3-2\/^  g     q+gV^  g-xV^ 

2-5V^     2+5>/^*  '     a-xV^  a+xV^" 

Find  the  square  root  of 

9,     -5+12\A=T.       10.     -11-60V^.       11.  -47+8\/^. 

Express  in  the  form  A  +  IB 

^2     3+5i-  ,3       V3-1V2  ,-  l  +  i 


CHAPTER  XXXIV. 

Theory  of  Quadratic  Equations. 

Miscellaneous  Theorems. 

300.  In  Chapter  xxvi.  it  was  shown  that  after  suitable  re- 
duction every  quadratic  equation  may  be  written  in  the  form 

ax^-\-bx+c=0 (1), 

and  that  the  solution  of  the  equation  is 

^-i^vpzi^r. ^2^ 

We  shall  now  prove  some  important  propositions  connected 
with  the  roots  and  coefficients  of  all  equations  of  which  (1)  is 
the  type. 

Number  of  the  Roots. 

301.  A  quadratic  equation  cannot  have  more  than  two  roots,  ' 

For,  if  possible,  let  the  equation  aa;*+&a:+c=0  have  three 
different  roots  a,  B,  y  [Art.  218].  Then  since  each  of  these 
values  must  satisfy  the  equation,  we  have 

aa^+ha+c=-0 (1), 

a^-+b$+c:=0 (2), 

ay^+by+c^O (3). 

From  (1)  and  (2),  by  subtraction, 

a(a2-)3=)+6(a-/3)  =  0; 
divide  out  by  a  -  /3  which,  by  hypothesis,  is  not  zero ;  then 
a(a+fi)  +  b=0. 

Similarly  from  (2)  and  (3) 

.  •.  by  subtracfion  a  (a  —  y ) = 0 ; 

which  is  impossible,  since,  by  hypothesis,  a  is  not  zero,  and  a  is 

not  equal  to  y.     Hence  there  cannot  be  three  different  roots. 
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302.  The  terms  *  unreal,*  *  imaginary,'  and  *  impossible*  are 
all  used  in  the  same  sense :  nameljjr,  to  denote  expressions  which 
involve  the  square  root  of  a  negative  quantity,  such  as 

V31,  V^,  yf^a. 
It  is  important  that  the  student  should  clearly  distinguish 
between  the  terms  real  and  ratianaly  imaginary  and  irrational. 
Thus  V26  or  5,  3 J,  ~|  are  rational  and  real;  VT  is  irrational 
but  real ;  while  V^  is  irrational  and  also  imaginary* 

Character  of  the  Roots. 

303.  In  Art.  300  denote  the  two  roots  in  (2)  by  a  and  )3, 

P  =  - 


2a  '         '^"       .     2a 

then  we  have  the  following  results : 

(1)  If  b^—4:ac,  the  quantity  under  the  radical,  is  positive, 
the  roots  are  real  and  unequal. 

(2)  If  62-4ac  is  zero,  the  roots  are  real  and  equal,  each 

reducing  in  this  case  to  —  x— 

(3)  If  b^-^ac  is  negative,  the  roots  are  imaginary  and 
unequal. 

(4)  If  6^— 4ac  is  a  perfect  square,  the  roots  are  rational 
and  unequaL 

By  applying  these  tests  the  nature  of  the  roots  of  any 
quadratic  may  be  determined  without  solving  the  equation. 

Example  I.    Show  that  the  equation  2x2— 6x+7=0  cannot  be 
satisfied  by  any  real  values  of  x. 
Here  a=2,  6  =  — 6,  c=7  ;  so  that 

62_4ac=(-6)2-4.2.7=-20. 
Therefore  the  roots  are  imaginary. 

Example  2.  For  what  value  of  k  will  the  equation  3x2—6x4-* 
=0  have  equal  roots  ? 

The  condition  for  equal  roots  gives 

(-6)2-4. 3.  A;=0, 
whence  A; =3. 

Example  3.    Show  that  the  roots  of  the  equation 

x2-2px+p2_g24.2gr-r2=0 
are  rational. 

The  roots  will  be  rational  provided  (-2py-4:(p^-q'^-h2qr—r^) 
is  a  perfect  square.  But  this  expression  reduces  to  4(Qr"^— 2gr+r2), 
or  4(g— r)2.     Hence  the  roots  are  rational. 
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Relations  of  Roots  and  Coefficients. 


304.    SiDcea= j7 ,        )3= ^ » 

we  have  by  addition 

_6  +  V62-4ac-6-V68_4ac        6  ^.s. 

'^  2a  a 

and  by  multiplication  we  have 

^_(-,ft-l-V6«-4qc)(-ft~Vfe«-4ac) 


_(-6)a-(6g-4qc) 
""             4a« 
_4ac_c 
"4a2"a 


.(2). 


b       c 
By  writing  the  equation  in  the  form  x*4-   a:+-=0, 

these  results  may  also  be  expressed  as  follows : 

In  a  quadratic  equation  where  the  coefficient  of  the  first  term  is 
unity, 

(i)  the  sum  of  the  roots  is  equal  to  the  coefficient  of  x  with 
its  sign  changed ; 

(ii)  the  product  of  the  roots  is  equal  to  the  third  term. 

Note.  In  any  equation  the  term  which  does  not  contain  the 
unknown  quantity  is  frequently  called  the  absolute  temi. 

Formation  of  Equations  with  Given  Roots. 

305.    Since  — =a4-A  and -=ai8, 

a  ^  a      ^ 

b       c 
the  equation  x^H — x-\ —  may  be  written 

x^-(a+P)x+aP=0 (1). 

Hence  any  quadratic  may  also  be  expressed  in  the  form 

x^—  (sum  of  roots) x+ product  of  roots =0 (2). 

Again,  from  (1)  we  have 

(x^aXx-P)=0 (3). 

We  may  now  easily  form  an  equation  with  given  roots. 
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Example  1.     Form  the  equation  whose  roots  are  3  and  -  2. 
The  equation  is  (a;  -  3)  (x  +  2)  =  0, 

or  x^-x-6=0. 

3  4 

Example  2.    Form  the  equation  whose  roots  are  -  and  -  - . 

The  equation  is  (^~7)(^+k)  ~^» 

that  is,  (7a;-3)(5x  +  4)=0, 

or  35x2 +  13x- 12=0. 

When  the  roots  are  irrational  it  is  easier  to  use  the  following 
method. 

Example  3.    Form  the  equation  whose  roots  are  2  +  ,^3  and  2-^3. 

We  have  sum  of  roots = 4, 

product  of  roots  =  1 ; 

.'.  the  equation  is  a;'  -  4x  + 1 = 0, 

by  using  formula  (2)  of  the  present  article. 

306.  The  results  of  Art.  304  are  most  important,  and  they 
are  generally  sufficient  to  solve  problems  connected  with  the 
roots  of  quadratics.  In  such  questions  the  roots  should  never  be 
considered  singly,  but  use  should  be  made  of  the  relations  ob- 
tained by  writing  down  the  sum  of  the  roots,  and  their  product, 
in  terms  of  the  coefficients  of  the  equation. 

Example  1.  If  a  and  jS  are  the  roots  of  x^-px-\-q=Of  find  the 
value  of  (1)  a2+/32,  (2)  a^  +  zS^. 

We  have  a+p=p, 

ap=q, 
.'.  a2+/3a=(a+/3)2-2o/S 
=p2-2gr. 

Again,  a^  +  ^={a  +  P){a^  +  fi^-afi) 

=p{(a+i3)2-3a/3} 
^p(pl^-Sq). 

Example  2.     If  a,  /3  are  the  roots  of  the  equation  lx^  +  mx-\-n=Of 

find  the  equation  whose  roots  are  - ,    - . , 

pa 

We  have  sum  of  rootB= -  +  -  = ^  , 

pa        afi 

product  of  roots  =  -  .  -  =  1 ; 
P     o- 
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.  *.  by  Art  306  the  required  equation  is 

or  fl/ftr*-(a*+/3')a;  +  a/3=0. 

As  in  the  last  example  q?+§^= — ^ — ,  and  a/3=y. 

.,             J..      •           »   •    m'  — 2nZ       n    ^ 
.•.  the  equation  is         -  x" ^ —  a8+ -r =0, 

or  nir*  -  (wi*  -  2nZ)  a;  +  nZ= 0. 

JJxampZe  8.  Find  the  condition  that  the  roots  of  the  equation 
<uc^  +  hx+c=0  should  be  (1)  equal  in  magnitude  and  opposite  in  sign, 
(2)  reciprocals. 

The  roots  will  be  equal  in  magnitude  and  opposite  in  sign  if  their 

sum  is  zero;  therefore — =0,  or  6=0. 
a 

Again,  the  roots  will  be  reciprocals  when  their  product  is  unity; 

therefore  -=1,  or  c=a, 
a 

Example  4.  Find  the  relation  which  must  subsist  between  the 
coefficients  of  the  equation  pa?+qx+r=0^  when  one  root  is  three 
times  the  other. 

We  have  o+/3=-2,    ofl  =  -; 

but  since  a =8/3,  we  obtain  by  substitution 
4/3=-?,8/S«=!:. 

From  the  first  of  these  equations  p^ss  -^-—  ,  and  from  the  second 

.  J*  -L 

or  3ga=16pr, 

which  is  the  required  condition. 

307.  The  following  example  illustrates  a  useful  application 
of  the  results  proved  in  Art.  303. 
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Example,  If  as  is  a  real  quantity,  prove  that  the  expression 
-^ — -—-  can  have  all  numerical  values  except  ^uch  as  lie  between 
2  and  6. 

Let  the  given  expression  be  represented  by  y,  so  that 
!^  +  2x-n_ 
2(x-3)    "■^' 
then  multiplying  across  and  transposing,  we  have 
«»+2a;(l-y)  +  6y-ll=0. 

This  is  a  quadratic  equation,  and  if  «  is  to  have  real  values 
4(l-y)'-4(6y-ll)  most  be  positive;  or  simplifying  and  dividing 
^y  4,  y*-8y  +  12  must  be  positive;  ^at  is,  to-6Wy-2)  must  be 
positive.  Hence  the  factors  of  this  product  must  oe  both  positive, 
or  both  negative.  In  the  former  case  y  is  greater  than  6;  in  the 
latter  y  is  less  than  2.  Therefore  y  cannot  lie  between  2  and  6,  but 
may  have  any  other  value. 

In  this  example  it  will  be  noticed  that  the  expression  y  ^  -  8y + 1 2 
is  positive  so  long  as  y  does  not  lie  between  the  roots  of  the  cor- 
responding quadratic  equation  y* — 8y + 12 = 0. 

This  is  a  particular  case  of  the  general  proposition  investigated 
in  the  next  article. 

308.  For  all  real  values  of  x  the  expression  ax^+bx  +  c  has 
the  same  sign  as  a,  except  when  the  roots  of  the  equation 
ax^+bx  +  c»0  are  real  ana  unequal,  and  x  lies  bettpeen  them. 

Case  I.    Suppose  that  the  roots  of  the  equation 
aa7^4-ftj?+c=0 
are  real ;  denote  them  by  a  and  fi,  and  let  a  be  the  greater. 

Then         aa^+bx+c='afa^  +  -x+-j 

=:a{ar2_(a+^)^+a/3}  [Art.  304.] 

==a{x-a){x-p). 

Now  if  X  is  greater  than  a  or  less  than  /3,  the  factors  x-a, 
x-p  are  either  both  positive  or  both  negative;  therefore  the 
expression  (x-a)  (x-^)  is  positive,  and  ax^+hx+c  has  the  same 
sign  as  a.     But  if  x  lies  between  a  and  3)  the  expression 

{x-a){x-e) 

is  negative,  and  the  sign  of  aa^-^bx+c  is  opposite  to  that  of  a. 
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Case  II.     If  a  and  fi  are  equal,  then 

and  (x  —  a)^  is  positive  for  all  real  values  of  a;;  hence  cuv^-hbx+G 
has  the  same  sign  as  a. 

Case  III.     Suppose  that  the   equation   aa;^-\-ha;+c=0  has 
imaginary  roots ;  then 

but  since  b^  —  4:ac  is  negative  [Art.  303],  the  expression 


hi)'- 


4a2 

is  positive  for  all  real  values  of  a;;  therefore  cux^+bj;-\-c  has  the 
same  sign  as  a. 

EXAMPLES  XXXIV.  a. 

Find  (without  actual  solution)  the  nature  of  the  roots  of  the 
following  equations : 

1.    ^2^07-870=0.      2.     8  +  6^=6^.        3.     ia^=14-ar2. 

4.     ;r2  +  7=4a7.  5.     2a?=^+5.  6.     (a?+2)2=4a7+15. 

Form  the  equations  whose  roots  are 
7.     5,   -3.  8.     -9,   -11.  9.     a-hb,  a-b. 

10.     |,   |,  11.    la,  -la.        12.    0,  ^. 

13.  If  the  equation    ^2+2(1  -hk)a;+k^-==0 

has  equal  roots,  what  is  the  value  of  ^? 

14.  Prove  that  the  equation 

3w2a:2_(2m+3w)^+2n=-0 
has  rational  roots. 

15.  Without  solving  the  equation  Sx^ - 4^ - 1  =0,  find  the  sum, 

the  dilTerence,  and  the  sum  of  the  squares  of  the  roots. 

16.  Show  that  the  roots  of  a  (^—  1) = (5  -  c)  ^  are  always  real. 
Form  the  equations  whose  roots  are 

17.  3+V5,  3-V5.     18.    -2+^3,   -2-^3.      19.     -^,    ^. 
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20.    ^(4±V7).  21.    ^,  ?-*.  22.    I.,   ^. 

If  a,  P  are  the  roots  of  the  equation  pa^-^qx+r=0  find  the 
values  of 

23.     a2+i32.  24.      (a-^)2.  25.     a2i3  +  ai32. 

26.     a*+/3*.  27.     a^^+a^^',  28.     ^  +  ^1 

P       a 

29.  If  a,  3  are  the  roots  of  x^-px+q=0,  and  a^,  ^S^  the  roots  of 

jp^  -  P^+  §=0,  find  F  ana  §  in  terms  of  jo  and  q. 

30.  If  a,  )3  are  the  roots  of  ^r^  — cm7+6=0,  find  the  equation 

whose  roots  are  ^ ,    -^ . 
p-      a* 

31.  Find  the  condition  that  one  root  of  the  equation 

may  be  double  the  other. 

32.  Form  an  equation  whose  roots  shall  be  the  cubes  of  the 

roots  of  the  equation  2^?  (a? — a)  =  a\ 

33.  Prove  that  the  roots  of  the  equation 

c 

"2 


{a+b)x^-{a+b+c)a;+~=^0 


are  always  real. 

34.  Show  that  (a+6+c)^.-2(a+6)x+(a+6-c)=0 

has  rational  roots. 

35.  Form  an  equation  whose  roots  shall  be  the  arithmetic  and 

harmonic  means  between  the  roots  ofa^-pa:+q=0, 

36.  In  the  equation  pa^+qa;+r^O  the  roots  are  in  the  ratio  of 

I  to  m,  prove  that 

{P+m^pr+lm{2pr-q^)=0, 

x^  — 15 

37.  Show  that  if  x  is  real  the  expression        _      cannot  lie 

between  3  and  5. 

3.r^+2 

38.  If  :p  is  real,  prove  that  -^ — =•  can  have  all  values  except 

such  as  lie  between  2  and  —  ^- . 
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Miscellaneous  Theorems. 

309.  We  shall  now  give  general  proofs  of  the  statements 
made  in  Art.  55.    We  suppose  n  to  be  positive  and  integral. 

I.  To  prove  that  x" — y"  m  aLwayt  divisihle  by  x  —  y. 

Divide  af^  - 1/^  hy  x  -  y  till  a  remainder  is  obtained  which  does 
not  involve  x. 

Let  Q  be  the  quotient,  and  R  the  remainder ;  then 

Since  R  does  not  contain  x,  it  will  remain  unaltered  whatever 
value  we  give  to  x, 

Put*a7=y,  then        ^-y*=QxO+R; 
.'.  R=0;  that  is,  since  there  is  no  remainder,  a;"-y"  is  divisible 
hyx-y, 

II.  To  prove  that  x"+y"  w  divisible  by  x+y  when  n  is  odd, 
but  not  when  n  is  even. 

With  the  same  notation  as  before, 

Now  since  R  does  not  involve  x,  it  will  remain  unaltered  what- 
ever value  we  give  to  x. 
Put  X—  -y,  then 

that  is,  R={-yY+^' 

(1)  if  n  is  odd,     (-y)*+y*=5 -y"+y"=0; 

(2)  if  71  is  even,  (-y)**+y*=     2^*+y**=2y"; 

hence  there  is  a  remainder  when  n  is  even,  but  none  when  n  is 
odd ;  which  proves  the  proposition. 

In  like  manner  it  may  be  proved  that  af^—y^  is  divisible  by 
x+y  when  n  is  even ;  and  ar"+y"  is  never  divisible  hy  x-y. 

The  results  of  the  present  article  may  be  conveniently  stated 
as  follows : 

(i)    For  all  values  of  n, 

a^-y^=={x-y){x^-^+af*-^y+xf^-^y^+ +y"-^). 

(ii)    When  n  is  odd, 

(iii)    When  n  is  even, 

a^^y^= (x+y)  (a7»»-i  -  ^-2y +^-y  _ -y"-i). 
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310.  The  Remainder  Theorem.  If  any  algebraical  expression 

X»  +  PiX»-l  +  P8X»-2  +  P3X»-»+ +Pn-iX+Pn 

ie  dirnded  hif  x  —  &f  the  remainder  wUl  he 

a"  +  Pia'»-i+P2a"-^+P3a»-»+ +p„-ia  +  p^. 

Divide  the  given  expression  hj  x-a  till  a  remainder  is  ob- 
tained which  does  not  involve  x.  Let  Q  be  the  quotient,  and  R 
the  remainder ;  then 

^+J0i^p*^*+P2^p^2+ +i?n-i^+io»=§(-a?-«)+i2. 

Since  R  does  not  contain  x,  it  will  remain  unaltered  whatever 
value  we  give  to  a?. 

Put  07=0,  then 

R^a*  +_pia— i+jE>2«""^+ +i>»-i«+jE>n ; 

which  proves  the  proposition. 

From  this  it  appears  that  when  an  algebraical  exi)ression  is 
divided  by  a;  -  a,  the  remainder  can  be  obtained  at  once  by  writ- 
ing a  in  the  place  of  ^p  in  the  given  expression. 

311.  The  remainder  is  zero  when  the  given  expression  is 
exactly  divisible  by  a;-a ;  hence  we  deduce : 

The  Factor  Theorem.  If  any  algebraiccd  expression  involving 
X  become  equal  to  0  when  a  is  written  for  x,  it  will  contain  x-a  a« 
a  factor. 

Example  1.  The  remainder  when  x*-2ir'+a:-7  is  divided  by 
a;  +  2i3 

(_2)4-2(-2)>+(-2)-7; 
that  is,  16  +  16-2-7,  or  23. 

Or  the  remainder  may  be  found  more  shortly  by  substituting  x  —  -2 
ml{(x-2)x\x  +  l\x-l. 

Example  2.    Besolve  into  factors  a^  +  3j;'  -  18a;  - 16. 

Ly  trial  we  find  that  this  expression  vanishes  when  x=3;  hence 
a;  -  3  is  a  factor. 

.•.  a;8+8a:»-13aj-15=ixa(x-3)  +  6a:(a;-3)  +  6(x-3) 
=  (a:-3)(x2+6a;  +  5) 
=  (x-3)(a;  +  l)(a;  +  6). 

Note.  The  only  numerical  values  that  need  be  substituted  for  x 
are  the  factors  of  the  last  term  of  the  expression.  Thus,  in  the  present 
case,  by  making  trial  of  -  5,  we  should  have  detected  tiie  factor  «  +  5. 
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312.  To  find  the  condition  that  x^+px  +  q  may  be  a  perfect 
square. 

It  must  be  evident  that  any  such  general  expression  cannot 
be  a  perfect  square  unless  some  particular  relation  subsists 
between  the  coefficients  p  and  q.  To  find  the  necessary  connec- 
tion between  p  and  q  is  the  object  of  the  present  question. 

Using  the  ordinary  rule  for  square  root,  we  have 


x^+px-\-q(x-{'^ 


2a:+ 


px-\-q 


If  therefore  x^-\-px-\-q  be  a  perfect  square,  the  remainder, 
(y_^_,  must  be  zero.     Hence  the  condition  is  determined  by 

placing  this  remainder  equal  to  zero  and  solving  the  resulting 
equation . 

EXAMPLES  XXXIV.  b. 

Write  down  the  quotient  in  the  following  cases : 


1. 


x'-\-y' 


2. 


x^-y^ 


x—y 


4. 


x-y' 


x-\-y  x-\-y 

Resolve  into  factors  : 

6.  x^-6x'^-hUx-6.  6.  a;8-6a;2-2x+24. 

7.  a;8  4- 9x2 +26x4- 24.  8.  x^-x^-Alx-\-106. 
9.     x3-39x+70.  10.  x8_8x2-31x-22. 

11.    6x8+7x2-x-2.  12.    6x8+a;2-19x+6. 

Without  actual  division  show  that 

13.  32x10-33x6+1  is  divisible  by  x-1. 

14.  3x*  +  5x8-13x2-20x+4    x2-4. 

16.  x4+4x8-6x2-36x-36     x'^-x-6. 

Without  actual  division  find  the  remainder  when 
16.  afi—6x'^-{-6  is  divided  by  x— 5. 
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17.  x8~7a;2a+8xa2+16a8  is  divided  by  x-\-2a, 

18.  If  n  be  any  positive  integer,  prove  that  S^"— 1  is  always 

divisible  by  24. 

Find  the  values  of  x  which  will  make  each  of  the  following 
expressions  a  perfect  square : 

19.  a:*+6x3+13a;2+13x-l.  20.    x*+6x84-lla;H3a+31. 

21.  x*-2ax8+(a2+26)  x2~3a&x+262. 

22.  4p2aj4_4pgx8+  (g2+2p2)  x^-6pqx-\-Y 
no     ahfi     ahx^     2acx^  .  962x2     56cx  .  ^  „ 

24.  x*+2ax8+3a2x2+cx+d. 

Find  the  values  of  x  which  will  make  each  of  the  following 
expressions  a  perfect  cube ; 

25.  8x8-36x2+ 56X-39.  26.     — -5!^+4a*x2-28a«. 
27.    m^xfi  - 9m2nx* + 39»»7i2x2 -  51  n^. 


CHAPTER  XXXV. 
Ratio,  Proportion,  and  Variation. 


313.  Definition.  Ratio  is  the  relation  which  one  quantity 
bears  to  another  of  the  same  kind,  the  comparison  being  made 
by  considering  what  multiple,  part,  or  parts,  one  quantity  is  of 
the  other. 

The  ratio  of -4  to  J5  is  usually  written  A  :  B,  The  quantities 
A  and  B  are  called  the  terms  of  the  ratio.  The  first  term  is 
called  the  antecedent,  the  second  term  the  consequent. 

314.  To  find  what  multiple  or  part  ^  is  of  ^  we  divide  A 
bv  B ;  hence  the  ratio  A  ;  B  may  be  measured  by  the  fraction 

-^,  and  we  shall  usually  find  it  convenient  to  adopt  this  notation. 

In  order  to  compare  two  quantities  they  must  be  expressed 
in  terms  of  the  same  unit.    Thus  the  ratio  of  92  to  15  cents  is 

measured  by  the  fraction     ^        or  -tt* 

15  ^3 

Note.  Since  a  ratio  expresses  the  number  of  times  that  one 
quantity  contains  another,  every  ratio  U  an  abstract  quantity, 

816.    By  Art.  120,  f  =  ^; 

and  thus  the  ratio  a  :  6  is  equal  to  the  ratio  ma  :  mh;  that  is, 
the  value  of  a  ratio  remains  wudtered  if  the  antecedent  and  the 
consequent  are  multiplied  or  divided  by  the  same  quantity, 

316.  Two  or  more  ratios  may  be  compared  by  reducing  their 
equivalent  fractions  to  a  common  denominator.    Thus  suppose 

a  :  h  and  x  :  v  are  two  ratios.     Now  t  "^  r^ »  ^^'^  ~  ~  i~  5   bence 
^  h      hf         y     by* 

the  ratio  a  :  6  is  greater  than,  equal  to,  or  less  than  the  ratio 

X  :  y  according  as  ay  is  greater  than,  equal  to,  or  less  than  bx. 
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317.  The  ratio  of  two  fractions  can  be  expressed  as  a  ratio  of 

a 

two  integers.   Thus  the  ratio  r  :  ;^  is  measured  by  the  fraction  -, 
or  -J- ;  and  is  therefore  equivalent  to  the  ratio  ad  ;  he, 

318.  If  either,  or  both,  of  the  terms  of  a  ratio  be  a  surd 
quantity,  then  no  two  integers  can  be  found  which  will  exactly 
measure  their  r^tio.  Thus  the  ratio  ^/2  :  1  cannot  bo  exactly 
expressed  by  any  two  integers. 

319.  Definition.  If  the  ratio  of  any  two  quantities  can 
be  expressed  exactly  by  the  ratio  of  two  integers  the  quantities 
are  said  to  be  commensurable;  otherwise,  they  are  said  to  be 
inconmienstirable. 

Although  we  cannot  find  two  integers  which  will  exactly 
measure  the  ratio  of  two  incommensurable  quantities,  we  can 
always  find  two  integers  whose  ratio  differs  from  that  required 
by  as  small  a  quantity  as  we  please. 

rp,  n/5     2-236007 ^,^ 

Thus  ^= A « '009016... 

4  4 

,  ^,       -  a/5  .         559016       ,      559017 

and  therefore      ^  is  >  j^^^^and<^^^^^. 

and  it  is  evident  that  by  carrying  the  decimals  further,  any 
degree  of  approximation  may  be  arrived  at. 

320.  Definition.  Ratios  are  compounded  by  multiplying 
together  the  fractions  which  denote  them;  or  by  multiplying 
together  the  antecedents  for  a  new  antecedent,  and  the  conse- 
quents for  a  new  consequent. 

Example.    Find  the  ratio  oompounded  of  the  three  ratios 

2a  :  36,  Cab  :  oc-,  e  :  a. 

The  required  ratio=  —  x~—rx  -=:■—, 
oo      Cc"*      a     oe 

321.  Definition.  When  the  ratio  a  :  6  is  compounded  with 
itself  the  resulting  ratio  is  a^  :  b%  and  is  called  the  duplicate 
ratio  of  a  :b.    Similarly  a'  :  b^  is  called  the  triplicate  ratio 

of  a  :b.    Also  a^  :  5^  is  called  the  subduplicate  ratio  of  a  :b. 
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Sxamples.  (1)  The  duplicate  ratio  of  2a  :  3&  is  4a'  :  W. 
(2)  The  BubdapUcate  ratio  of  49  :  25  is  7  :  5. 
(3).   The  triplicate  ratio  of  2a: :  1  is  8a:»  :  1. 

322.  Definition.  A  ratio  is  said  to  be  a  ratio  of  greater 
inequality^  of  less  ineqvaZity^  or  of  equality,  according  as  the 
antecedent  is  greater  than,  less  than,  or  eqtuil  to  the  consequent 

323.  If  to  each  term  of  the  ratio  8  :  3  we  add  4,  a  new  ratio 
12  :  7  is  obtained,  and  we  see  that  it  is  less  than  the  former 

because  -=-  is  clearly  less  than  -  . 
7  «j 

This  is  a  particular  case  of  a  more  general  proposition  which 
we  shall  now  prove. 

A  ratio  of  greater  inequality  is  diminished,  and  a  ratio  of  less 
igiequality  is  increased,  by  adding  the  same  quarUity  to  both  its 
terms. 

Let  Y  be  the  ratio,  and  let  = be  the  new  ratio  formed  by 

b  b-\-x  "^ 

adding  x  to  both  its  terms. 

-VT  f^      a-\-x     ax—bx 

Now  r  —  -i ==  m r 

b       b-{-x     b{b+x) 

_x(a—b) 
~  b(b^)  ' 

and  a  —  6  is  positive  or  negative  according  as  a  is  greater  or 
less  than  b. 

Hence  ]f  a  is  >6,  j-  is  >-r- —  : 

b  b+x 

,  .-  .        ,  a .        a+x 

and  if  a  13  <  6,  t  is  <  i • 

b  b-^-x 

which  proves  the  proposition. 

Similarly  it  can  be  proved  that  a  ratio  of  greater  inequality 
is  increased,  and  a  ratio  of  less  inequality  is  diminished,  by  taking 
the  same  quantity  from  both  its  terms, 

324.  When  two  or  more  ratios  are  equal,  many  useful  pro- 
positions may  be  proved  by  introducing  a  single  symbol  to 
denote  each  of  the  equal  ratios. 

The  proof  of  the  following  im^wrtant  theorem  will  illustrate 
the  method  of  procedure. 
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yy  ace 

€€uik  of  these  ratios    =  (    ,       ^^      '^^      -  -  j , 

where  p,  q,  r,  n  are  any  qzuinttties  whatever. 
T    .  ace  J 

^  6  =  5=7=- ='^' 

then  a^hk,  c=dk,  e=fk,,..', 

whence  pa'^^pb'^k*,  qd^^qd'^k^^  r^^rf^k^y,..', 

j9a*+g'<^+re'*+...  _ph^h^-^qd^li^+rf^k^-\- ... 

1 

By  giving  different  values  to  o.  5',  r,  n  many  particular  cases 
of  this  general  proposition  may  be  deduced ;  or  they  may  be 
proved  independently  by  using  the  same  method.     For  instance, 

if  T~j—xi  each  of  these  ratios  =  y — r-^  t ; 

h     d    f^  b+d+f* 

a  result  which  may  be  thus  enimciated: 

In  a  series  of  equal  ratios  the  sum  of  the  antecedents  is  to  the 
sum  of  the  consequents  as  any  antecedent  is  to  its  consequent. 


Example  1.     If  -  =  -7  find  the  value  of  =^ — -^ 
y     4  lx  +  2]i 


6a;  -  Sy  _  y 4 8 

iJ^y-lx       "  21       -^W 
y  4 

Example  2.     Two  numbers  are  in  the  ratio  of  5  :  8.    If  9  be 
added  to  each  they  are  in  the  ratio  of  8  :  11.    Find  the  numbers. 

Let  the  numbers  be  denoted  by  bx  and  8x. 

Then  ?^=8;...x=a 

8a:+9      11 

Hence  the  numbers  are  16  and  24. 
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Example  B.    If  -«4  :  7?  bo  in  the  daplioate  ratio  of  A+x  iB+x^ 
proYe  (hat  x^=AD. 

By  the  given  condition,   (        ^  j  =  -  ; 

.-.  B{A+x)^=A{B  +  x)\ 
A^B  +  2ABx  +  Bx» = AB»  +  2ABx + A  A 
x^{A-B)=AB{A-B); 
.-.  x^=AB, 
since  ^  -  B  is,  bj  supposition,  not  zero. 

EXAMPLES  XZ3nr.  a. 

Find  the  ratio  compounded  of 

1.  The  duplicate  ratio  of  4  :  3,  and  the  ratio  27  :  8. 

2.  The  ratio  32  :  27,  and  the  triplicate  ratio  of  3  :  4. 

3.  The  subduplicate  ratio  of  25  :  36,  and  the  ratio  6  :  25. 

4.  The  ratio  169  :  200,  and  the  duplicate  ratio  of  15  :  26. 

5.  The  triplicate  ratio  of  or  :  y,  and  the  ratio  2y*  :  2js^. 

6.  The  ratio  3a  :  46,  and  the  subduplicate  ratio  of  b*  ;  a*. 

7.  If  ^  :  y=5  :  7,  find  the  value  oix+y  :  y-x. 

8.  If  - = 3  J ,  find  the  value  of  -^^  . 

y  2a7-5y 

9.  If  6  :  a=2  :  5,  find  the  value  of  2a -36  :  36 -a. 

10.  If  r  =* T>  and  -  =  =,  find  the  value  of  -rf ^-  . 

6      4  y     7  Aby—iox 

11.  If  *Jx-Ay  :  3a7+y  =  5  :  13,  find  the  ratio  x  :  y. 

_„     T.  2a2-362      2     «    ,  .,         ..  , 

12.  If  — TTTo~  =  TT  9  fij^cl  the  ratio  a  :  6. 

13.  If  2x  :  3y  bo  in  the  duplicate  ratio  of  2r  —  m  :  3y  —  m,  prove 

that  m^=(dxy, 

14.  If  P  :  Q  be  the  subduplicate  ratio  of  P  —  x  :  Q  —  x,  prove 

that.=  -p^. 

15.  I^  r  ^ ;/  ~  7  >  prove  that  each  of  these  ratios  is  equal  to 

V2a2c+3geT4^ 
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16.  Two  numbers  are  in  the  ratio  of  3  :  4,  and  if  7  be  sub- 

tracted from  each  the  remainders  are  in  the  ratio  of  2  :  3. 
Find  them. 

17.  What  number  must  be  taken  from  each  term  of  the  ratio 

27  :  35  that  it  may  become  2:3? 

18.  What  number  must  be  added  to  each  term  of  the  ratio 

37  :  29  that  it  may  become  8:7? 

20.  If  ,  --  =  -f-  =  — ^  ,  show  that  x  -y+z^O. 

o+c     c-\-a     a  —  o  *^ 

21.  If  r  ~ ;/  =  /  >  show  that  the  square  root  of 

a«6-2c6e+3a*c36«  .  .  .    ace 

22.  Prove  that  the  ratio  la+mc+ne  :  Ib+nid-^'  nf  will  be  equal 

to  each  of  the  ratios  a  :  6,  c  :  </,  e  :  /,  if  these  be  all  equal ; 
and  that  it  will  be  intermediate  in  value  between  the 
greatest  and  least  of  these  ratios  if  they  be  not  all  equal 

23.  If  ^^Zl^^^^^H^^^^ili',  then  will  ea<jh  of  these  fra<j- 

cy  —  az     by  — ax     x+z 

tions  be  equal  to  - ,  tmless  b+c=0. 

y 

24.  If      =  — ~  =  ^ „  ,  prove  that  each  of  these  ratios 

o<?  ~r"  V  Z  —  X        Zy  —  wS 

X 

is  equal  to  -  ;  hence  show  that  either  ar=y,  or  z^x+y. 

Proportion. 

325.     Definition.     When  two  ratios  are  equal,  the  four 
quantities  composing  them  are  said  to  be  proportionals.    Thus 

if  T  =  ^,  then  a,  b,  c,  d  are  proportionals.     This  is  expressed  by 

saying  that  a  is  to  6  as  c  is  to  c?,  and  the  proportion  is  written 

a  :  6  ::  c  :  d\ 

or  a  \  b  —  c  \  d. 

The  terms  a  and  d  are  called  the  extremesy  b  and  c  the  means. 
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326.  Jf  four  quantities  are  in  proportion,  the  product  of  the 
extremes  is  equal  to  the  product  of  the  means. 

Let  a,  6,  c,  c?  be  the  proportionals. 

a     c 
Then  by  definition  X  ~ ;/  > 

whence  ad=bc. 

Hence  if  any  three  terms  of  a  proportion  are  given,  the 
fourth  may  be  found.     Thus  if  a,  c,  d  are  given,  then  b— —  . 

Conversely,  if  there  are  any  four  quantities,  a,  h,  c,  d,  such 
that  ad— be,  then  a,  b,  c,  d  are  proportionals;  a  and  d  being  the 
extremes,  b  and  c  the  means  ;  or  vice  versd. 

327.  Definition.  Quantities  are  said  to  be  in  continued 
proportion  when  the  first  is  to  the  second,  as  the  second  is 
to  the  third,  as  the  third  to  the  fourth ;  and  so  on.  Thus 
a,  b,  c,  d,  are  in  continued  proportion  when 

o_^  6_  c_ 
bed 
If  three  quantities  a,  b,  c  are  in  continued  proportion,  then 
a  :  b=b  :  c; 

ac=b\  [Art.  326.] 

In  this  case  (  is  said  to  be  a  mean  proportional  between  a  and 
c\  and  c  is  said  to  be  a  third  proportional  to  a  and  6. 

828.  If  three  quantities  are  proportionals  the  first  is  to  the 
third  in  the  duplicate  ratio  of  the  first  to  the  second. 

Let  the  three  quantities  be  a,b,c\  then  r  =  -  • 

XT  a     a     b     a     Q      a'^ 

Now  -  =  rX-  =  TXT=7^; 

c      be      b      b     b" 

that  is,  aic=a^  \  b\ 

329.  The  products  of  the  corresponding  terms  of  two  or  more 
proportions  form  a  proportion. 

If  a  :  b=c  :  d  and  e  :  f =g  :  h  then  will 
ae  :  bf =cg  :  dh. 

For    ?  =  £and!,  =  .?,  .-.  ^  =  %  or  ae  :bf=cg  :  dh. 
b      d        f     h        bf     dh  -^      ^ 


RATIO,  PROPORTION,  AND  VARIATION. 


273 


CoR.     If  a  :  h=o  :  d, 

and  b  :  a:=d  :  y, 

then  a  :  a;^o  :  y. 

This  is  the  theorem  known  as  ex  cequali  in  Geometry. 

330.  If  four  quantities,  a,  h,  c,  d  form  a  proportion,  many 
other  proportions  may  be  deduced  by  tho  properties  of  fractions. 
The  results  of  these  operations  are  very  useful,  and  some  of 
them  are  often  quoted  by  the  annexed  names  borrowed  from 
Geometry. 

(1)    If  a  :  6=c  :  d,  then  h  :  a=rf  :  c. 


[Inversion,'] 


that  is 
or 


that  is, 
or 


For  ^  =  3;  therefore  1-^-1^-^; 

h^d^ 

a     c  ' 

h  :  a^d  :  c. 

(2)  If  a  :  h=G  :  c?,  then  a  :  c=6  :  d. 

For  ad=hc  ;  therefore  -y  ==  — ^  ; 

a  ;  c=6  :  d, 

(3)  If  a  :  h—c  :  c?,  then  a+J  :  6=c  +  rf  :  c?. 


[Alternation,] 


[Composition,'] 


For  X  ~ :/  5  therefore  rr-\-\^^+\\ 


b~'cr 


that  is, 


a+b  ^c+d 
~b  d~' 

or  a+&  :  b=c+d  :  d, 

(4;     If  a  :  6  ==  c  :  dy  then  a-6  :  b^c-d  :  c?. 

For  r  =  ;7;  therefore  j;-l==;/~-^5 


[Division,] 


that  is, 
or 


b     ^     d 
a  —  b__o—d 
"b  d~ ' 

a  —  b  I  b=c-'d  I  d. 
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(5)     li  a:  b=c  :d,  then  a  +  b  :  a— b  =  c  +  d  :c—d. 

For  by  (3)     ^='-±i;   and  by  (4)  ^=^; 
0  a      .  0  a 

.-.by  division,  a+6^c+rf. 

a  —  b   ,c  —  d 

or  a+b  :  a  —  b=c+d  :  c—d, 

Several  other  proportions  may  be  proved  in  a  similar  way. 

Example  1.     If  a  :  ft=c  :  d=e  :  /, 

show  that         2a2-|-3c2-6e2  :  2b^+Sd^-6p=:ae :  6/, 

I'Ct  ?=-  =  ?  =  jfc;  then  a=6A;,  c=difc,  e=fJ: ; 

.    2aH3c2 -  6eg  _  262A;2+3(PA;g- 5/2^2 

or  2a24-3c2-5c2  :  2h^+Sd^-6p=:ae  :  6/. 

Example  2.     If 
(3a+66+c+2d)(3a-66~c-|-2d)  =  (3a--66+c~2d)(3a+66-c-2d), 
prove  that  a,  6,  c,  d  are  in  proportion. 

We  have         ^^"^^^^-^'^  =  3a+66-c-2d  g^g^ 

3a-66-|-c-2d     3a-66-c+2d  *"  ■" 

Composition  and  Division,   2(3«+c)  ^  2(3a-c) 
2(66+2d)      2(66  ~2d) 
3a-fc     66+2d 


Alternation, 


3a-c     66-2d 


Again,  Composition  and  Division,  _  =  _ ; 

2c      4(2 

whence  a  :  b=c  :  d. 

Example  3.    Solve  the  equation  ^^"^^""^  =  ^^H5g-6 
^  x-2  6x-6 

Division,  J?L  =  J[^; 

X— 2     6x— 6 

whence,  dividing  by  x^,  which  gives  a  solution  x=0,  [Art.  216.] 

1  4 

= ;  whence,  x=  —2 ; 

x-2      6x-6'  '  ' 

and  therefore  the  roots  are  0,  —2. 
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EXAMPLES  XXZV.  b. 

Find  a  fourth  proportional  to 
1.    a,  ah,  c.  2.     a\  2a6,  362.  3^     ^^  a:ij,  5^. 

Find  a  third  proportional  to 
4.    a%  ah.  5.    ar\  2^-2.  6.    ar,  ^xy,  7.     1,  x. 

Find  a  mean  proportional  between 
8.    a\hK        9.  2a^,Sx,         10.   \2aa:\^a\       11.     2Va«63, 35. 

If  a,  5,  c  be  three  proportionals,  show  that 

12.  a  :  a+h—a  —  h  :  a-c. 

13.  (6»+6c+c2)(a<j-6c+c2)  =  6*+ac'+<?* 
If  a  :  h=c  :  of,  prove  that 

14.  ah-{-cd  :  ah-cd^a^+c^  :  a^-c^, 

15.  a^+ac+<^  :  a2-a<;+c2=52+6£^+^  :  1,2^}^^^^ 

16.  a  :  6=V3a-+5c3  :  V36M^ci^-. 

-_      a     6  c     c? 

17.  -  +  -  :  a  =  -  +  -  :  c. 

Solve  the  equations  : 
10.     3ar-l  ;  6a;-V  =  7^-10  :9a;+10. 
20.    :f-12  :y  +  3=2^-19  :5y-13  =  5  :  14. 

2.r-3  307-5     '       '^'^*    *2+2a;_l      ^+o;+4" 

23.  If  (a+5-3c-3c;)(2a-26-c+(f) 

=  (2a  +  26-c- J)(a-6-3c+3oO 
prove  that  a,  6,  c,  J  are  proportionals. 

24.  If  a,  b,  c,  d  are  in  continued  proportion,  prove  that 

a  :  c?=a3+&3+c3  :  ft'+c^+c^^. 

25.  If  6  is  a  mean  proportional  between  a  and  c,  show  that 

4a2  -  962  is  to  462  _  9^3  i^  the  duplicate  ratio  of  a  to  6. 

26.  If  a,  6,  c,  c?  are  in  continued  proportion,  prove  that  6+c  ia 

a  mean  proportional  between  a+b  and  c+d. 

27.  If  a+b  :  b+c=c+d  :  rf+a, 

prove  that  o=c,  or  a  +  b+c+d=0. 
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Variation. 

331.  Definition.  One  quantity  A  is  said  to  vary  directly 
as  another  B^  wlien  the  two  quantities  depend  upon  each  other 
in  such  a  manner  that  if  ^  is  changed,  A  is  changed  in  the  same 
ratio. 

Note.  The  word  directly  is  often  omitted,  and  A  is  said  to  vary 
asB. 

382.  For  instance:  if  a  train  moving  at  a  uniform  rate 
travels  40  miles  in  60  minutes,  it  will  travel  20  miles  in  30 
minutes,  80  miles  in  120  minutes,  and  so  on;  the  distance  in 
each  case  heing  increased  or  diminished  in  the  same  ratio  as  the 
time.  This  is  expressed  by  saying  that  when  the  velocity  is 
Tmiform  the  distance  is  praportiontd  to  the  time^  or  more  briefly, 
the  distance  variee  as  the  time, 

333.  The  symbol  oc  is  used  to  denote  variation ;  so  that 
^  QC  ^  is  read  "A  varies  as  B.*' 

334.  JfA  varies  as  B,  then  A  is  equal  to  B  multiplied  by  some 
constant  quantity. 

For  suppose  that  a^,  a„  Oj...,  6j,  ftgi  &3»..  *"re  corresponding 
values  of  A  and  B. 

Then,  by  definition,  —  =  =-;   —  =r;   —==»-;  and  so  on, 
<h     h     <h     \     <^z     h 

.*.  p  —  r  ~  r'~  •••  >  each  being  equal  to  =  . 

~r  any  value  of  ^  .     ,  . , 

Hence  rr j- , >  -n  is  always  the  same : 

tho  correspondmg  value  oi  B 

that  is,  w^^'  where  m  is  constant 

.-.  A^mB, 

335.  Definition.  One  quantity  A  is  said  to  vary  inversely 
as  another  B  when  A  varies  directly  as  the  reciprocal  of  B. 
[See  Art.  162.] 

Thus  if  A  varies  inversely  as  5,  -^==77,  where  m  is  constant. 

The  following  is  an  illustration  of  inverse  variation :  If  6  men 
do  a  certain  work  in  8  hotms,  12  men  would  do  the  same  work  in 
4  hours,  2  men  in  24  hotms ;  and  so  on.  Thus  it  appears  that 
when  the  number  of  men  is  increased  the  time  is  proportionately 
decreased;  and  vice-vers&. 
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336.  Definition.  One  quantity  is  said  to  vary  jointly  as 
a  number  of  others  when  it  varies  directly  as  their  product. 

Thus  A  varies  jointly  as  B  and  C  when  A  =mBC,  For  in- 
stance, the  interest  on  a  sum  of  money  varies  jointly  as  the 
principal,  the  time,  and  the  rate  per  cent. 

337.  Definition.  A  is  said  to  vary  directly  as  B  and  in- 
versely  as  C  when  A  varies  as  _. 

338.  Grouping  the  principles  of  Arts.  334-337,  we  have 
A  =mB,    if  A  varies  directly  as  B, 

A=^,  "        "     inversely  as  5. 

B 

A  =mBCy     "        «    jointly  as  B  and  C, 

i4=^,       "        "    directly  as  B  and  inversely  as  C. 

339.  If  A  varies  as  B  when  C  is  constant,  and  A  varies  as  C 
when  B  is  constant,  then  will  A  vary  as  BC  when  both  B  and  C  vary. 

The  variation  of  A  depends  partly  on  that  of  B  and  partly  on 
that  of  C.  Suppose  these  latter  variations  to  take  place  sepa- 
rately, each  in  its  turn  producing  its  own  effect  on  A  ;  also  let 
a,  h,  c  be  certain  simultaneous  values  of  A,  B,  C, 

1.  Let  G  he  constant  while  B  changes  to  b;  then  A  must 
undergo  a  partial  change  and  will  assume  some  intermediate 
value  a',  where 

H <')■ 

2.  Let  B  be  constant,  that  is,  let  it  retain  its  value  6,  while 
C  changes  to  c;  then  A  must  complete  its  change  and  pass  from 
its  interme<^ate  value  a'  to  its  final  value  a,  where 


'  From  (1)  and  (2) 
that  is, 


a  _ 
a 

U 

1 

c 

A     a' 

— ;X    — 

a'     a 

B 

c 

c' 

A 

a 
-hi- 

BC, 

A 

varies  as  BC. 

(2). 
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340.  The  following  are  illustrations  of  the  theorem  proYed 
in  the  last  article. 

The  amount  of  work  done  by  a  given  number  of  men  varies 
directly  as  the  number  of  days  they  work,  and  the  amount  of 
work  done  in  a  given  time  varies  directly  as  the  number  of  men; 
therefore  when  the  number  of  days  and  the  number  of  men  are 
both  variable,  the  amount  of  work  will  vary  as  the  product  of 
the  number  of  men  and  the  number  of  days. 

Again,  in  Geometry  the  area  of  a  triangle  varies  directly  as 
its  Ime  when  the  height  is  constant,  and  directly  as  the  height 
when  the  base  is  constant ;  and  when  both  the  height  and  base 
are  variable,  the  area  varies  as  the  product  of  the  numbers 
representing  the  height  and  the  base. 

Example  1.     If  ^  oc  2J,  and  <7 oc  D,  then  will  AG  cc  BB. 

For,  by  supposition,  A=mB,  G=nB^  where  m  and  n  are  constants. 

Therefore  AG=mnBB;  and  as  mn  is  constant,  AGccBB, 

Example  2.  If  x  varies  inversely  as  y*-l,  and  is  equal  to  24 
when  y  =  10 ;  find  x  when  y  =  6. 

By  supposition,  x=-^ — =- ,  where  m  is  constant. 

m 
Putting  a:  =  24,  y  =  10,  we  obtain  24  =  -^, 

whence    , .  ?»= 24  x  99. 

24x99 

hence, ' putting  y  =  5,  we  obtain  ir  =  99. 

Example  8.  The  volume  of  a  pyramid  varies  jointly  as  its  height 
and  the  area  of  its  base;  and  when  the  area  of  the  base  is  60  square 
feet  and  the  height  14  feet  the  volume  is  280  cubic  feet.  What  is  the 
area  of  the  base  of  a  pyramid  whose  volume  is  890  cubic  feet  and 
whose  height  is  26  feet? 

Let  V  denote  the  volume,  A  the  area  of  the  base,  and  h  the 
height ; 

then  V=mAh,  where  m  is  constant. 

Substituting  the  given  values  otV,  A,  h  we  have 
280=mx  60x14; 
280     _1 
*'•     "*~6bxi4~3' 
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...   V=lAh. 
Also  when  F=390,  A=26 ; 

.-.  390=1^x26; 

.-.  A=46. 
Hence  the  area  of  the  base  is  45  square  feet. 

EXAMPLES  XX3nr.  e. 

1.  If  Of  oc  y,  and  y =7  when  a?=  18,  find  a:  when  y =21. 

2.  If  ^  oc  y,  and  y = 3  when  .r = 2,  find  y  when  ^ = 18. 

3.  A  varies  jointly  as  2?  and  G;  and  ^  =  6  when7>  =  3,  G—2: 

find^  whenJ5=5,  C=7. 

4.  ^  varies  jointly  as  B  and  C;  and  -4=9  when  5=5,  C=7 : 

find  B  when  il = 54,  C^  10. 

5.  If  0?  oc  -,  and  y=4  when  a;=sl5,  find  y  when  ^=6. 

6.  If  y  oc  - ,  and  y = 1  when  ^=  1,  find  a?  when  y =6. 

7.  A  varies  as  B  directly,  and  as  C  inversely ;  and  A  =  10  when 

j5=15,  C=6;  find  A  when  i?=8,  C=-2. 

8.  If  a:  varies  as  y  directly,  and  as  2;  inversely,  and  ^=14  when 

y=10,  «=14;  find  2;  whenar=49,  y=45. 

9.  If  /p X  -  ,  and  y  oc  - ,  prove  that  see  a;, 

y  ^ 

10.  If  a  oc  6,  prove  that  a**  oc  6**. 

11.  If  ^  oc  2;  and  y  oc  2f,  prove  that  sc^  —  y^  oc  z^. 

12.  1  f  3a + 76  oc  3a + 136,  and  when  a = 5, 6 = 3,  find  the  equation 

between  a  and  6, 

13.  I  f  5:17  -  y  oc  lOo?  - 1  ly,  and  when  a; = 7,  y  ==  6,  find  the  equation 

between  x  and  y. 

14.  If  the  cube  of  x  varies  as  the  square  of  y,  and  if  ^='3  when 

y=5,  find  the  equation  between  x  and  y. 


280  ALGEBRA. 

15.  n  the  square  root  of  a  varies  as  the  cube  root  of  b,  and  if 

a =4  when  5=8,  find  the  equation  between  a  and  6. 

16.  If  y  varies  inversely  as  the  square  of  Xy  and  if  y=8  when 

x=3,  find  X  when  y=2. 

17.  If  X X ^ + a,  where  a  is  constant,  and  x = 15  when  ^ = 1,  and 

x=35  when  y=5;  find  x  when  y=2. 

18.  If  a-hhcca—b,  prove  that  a*+6*Qca6;  and  if  ax 5,  prove 

that  a*— 6*  a  aft. 

19.  If  y  be  the  sum  of  three  quantities  which  vary  as  j?,  ^,  ^ 

respectively,  and  when  jp^l,  y=4,  when  ^=*2,  y— 8,  and 
when  j:=3,  y=18,  express  y  in  terms  of  x, 

20.  Given  that  the  area  of  a  circle  varies  as  the  square  of  its 

radius,  and  that  the  area  of  a  circle  is  154  square  feet 
when  the  radius  is  7  feet;  find  the  area  of  a  circle  whose 
radii2S  is  10  feet  6  inches. 

21.  The  area  of  a  circle  varies  as  the  square  of  its  diameter; 

prove  that  the  area  of  a  circle  whose  diameter  is  2^  inches 
IS  equal  to  the  sum  of  the  areas  of  two  circles  whose 
diameters  are  1^,  and  2  inches  respectively. 

22.  The  pressure  of  wind  on  a  plane  surface  varies  jointly  as 

the  area  of  the  surface,  and  the  square  of  the  wind's 
velocity.  The  pressure  on  a  square  foot  is  lib.  when 
the  wind  is  moving  at  the  rate  of  15  miles  per  hour; 
find  the  velocity  of  the  wind  when  the  pressure  on  a 
square  yard  is  16  lbs. 

23.  The  value  of  a  silver  coin  varies  directly  as  the  square  of 

its  diameter,  while  its  thickness  remains  the  same ;  it 
also  varies  directly  as  its  thickness  while  its  diameter 
remains  the  same.  Two  silver  coins  have  their  diameters 
in  the  ratio  of  4  :  3.  Find  the  ratio  of  their  thicknesses 
if  the  value  of  the  first  be  four  times  that  of  the  second, 

24.  The  volume  of  a  circular  cylinder  varies  as  the  square  of 

the  radius  of  the  base  when  the  height  is  the  same,  and 
as  the  height  when  the  base  is  the  same.  The  volume 
is  88  cubic  feet  when  the  height  is  7  feet,  and  the  radius 
of  the  base  is  2  feet ;  what  will  be  the  height  of  a  cylinder 
on  a  base  of  radius  9  feet,  when  the  volume  is  396  cubic 
feet? 


CHAPTER  XXXVI. 

Arithmetical,  Geometrical,  and  Harmonical 
Progressions. 

341.  A  SUCCESSION  of  quantities  formed  according  to  some 
fixed  law  is  called  a  series.  The  separate  quantities  are  called 
terms  of  the  series. 

Arithmetical  Progression. 

342.  Definition.  Quantities  are  said  to  be  in  Arithmeti- 
cal Progression  when  they  increase  or  decrease  by  a  common 
difference. 

Thus  each  of  the  following  series  forms  an  Arithmetical 
Progression : 

3,7,11,15, 

8,2,-4,-10, 

a,  a-\-d,  a+2df  a+Sd, 

The  common  difference  is  found  by  subtracting  any  term  of 
the  series  from  that  which  follows  it.  In  the  first  of  the  above 
examples  the  common  difference  is  4 ;  in  the  second  it  is  —  6 ; 
in  the  third  it  is  d. 

343.  If  we  examine  the  series 

a,  a  +  d,  a-\-2d,  a  +  3c/,... 
we  notice  that  in  any  term  the  coefficient  of  dis  always  less  by  one 
than  the  number  of  the  term  in  the  series. 
Thus  the  3'd  term  is  a + 2d ; 

6*^  term  is  a  +  5rf; 
20»»»termi8a  +  19d; 
and,  generally,  the    p^  term  ia  a  +  (p  —  l)d. 

If  n  be  the  number  of  terms,  and  if  I  denote  the  last,  or 
n^  term,  we  have  Z = a  -f  (n  —  l)d. 
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344.  To  find  the  sum  of  a  number  of  terms  in  Arithmetical 
Progression, 

Let  a  denote  the  first  term,  d  the  common  difference,  and  n 
the  number  of  terms.  Also  let  I  denote  the  last  term,  and  s 
the  required  sum ;  then 

s  =  a+(a  +  rf)  +  (a4-2rf)+  ...  +(/-2c/)  +  (/-rf)+/; 

and,  by  writing  the  series  in  the  reverse  order, 

s  =  l+(l-d)-\-(l-2d)+  ...  +(a+2c/)  +  (a  +  d)+a. 

Adding  together  these  two  series, 

25=(a+0  +  («  +  0  +  («  +  0+  ...ton  terms  =n(a  +  0» 

••. '=^(«+0  (1); 

and  l=a  +  (n-l)d  (2). 

...  *=^{2a+(n-l)rf} (3). 

345.  In  the  last  article  w^e  have  three  useful  formulae  (1), 
(2),  (3) ;  in  each  of  these  any  one  of  the  letters  may  denote 
the  unknown  quantity  when  tne  three  others  are  known. 


Example  1.    Find  the  20"»  and  Sb^  terms  of  the  series 

38,  36,  34, 

Here  the  common  difference  is  36—38,  or  —2. 
.-.  the  20«»  term  =38+19(-2) 
=0; 
and  the  35t»»  term  =38-|-34(-2) 

=  -30. 

Example  2^    Find  the  sum  of  the  series  5|,  6f ,  8, ;  to  17 

terms. 

Here  the  common  difference  is  IJ  ;  hence  from  (3) 


The  sum  =y  |2x  y +16xl}| 


=  ^(11+20) 

17x31 
~      2 
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BTample  3.     The  first  term  of  a  series  is  5,  the  last  45,  and  the 
sum  400 :  find  the  number  of  terms,  and  the  common  dif!erenoe. 

If  n  be  the  number  of  terms,  then  from  (1) 

400=^(5+43); 

whence  n=16. 

If  d  be  tlie  common  difference 

45=thel6**»term 
=  5  +  15d; 
whence  (2=2}. 

EXAMPLES  XXXVI.  a. 

1.  Find  the  27*^  and  41"*  terms  in  the  series  5,  11,  17,  ... 

2.  Find  the  13*>»  and  109*»»  terms  in  the  series  71,  70,  69, . . . 

3.  Find  the  17***  and  54'**  terms  in  the  series  10, 1 1  J,  13, . . . 

4.  Find  the  20***  and  13***  terms  in  the  series  r- 3,  - 2,  - 1, ... 

5.  Find  the  90***  and  IC***  terms  in  the  series  -  4,  2-5,  9, . . . 

6.  Find  the  37***  and  89***  terms  in  the  series  -  2*8,  0,  2*8, . . . 
Find  the  last  term  in  the  following  series: 

7.  5,  7,  0,...  to  20  termd.  8.     7,  3,  -1,...  to  15  terms. 
9.     13^,  9,  4^,...  to  13  terms.       10.     '6,  1-2,  I'B, ...  to  12  terms. 

11.     2*7,  3-4,  4-1,...  to  11  terms,    12.    x,  2a;,  3:?, ...  to  25  terms. 

13.  a-c?,  a+rf,  a+3c?,...  to  30  terms, 

14.  2a- 6,  4a-36,  Ga-56,...  to  40  lerms. 

Find  the  last  term  and  sum  of  the  following  series : 

15.  14,  64,  114, ...  to  20  terms,      16,     1,  1*2,  1-4,...  to  12  terms. 

17.     9,  5,  1,...  to  100  terms,       18.     |,  -^,  -|,...  to  21  terms. 

19.  3^,  1,  - IJ,...  to  19  terms.    20.    64,  96,  128,...  to  16  terms. 

Find  the  sum  of  the  following  series : 

21.  5,  9,  13,...  to  19  terms.        22.     12,  9,  6, ..',  to  23  terms. 

23.  4,  5J,  Gi, ...  to  37  terms.      24.     lOj,  9,  7^, ...  to  94  terms. 

25.  -3, 1,5,...  to  17  terms.      26.     10,  9§,  9 J,...  to  21  terms. 

27.  p,  3p,  5^,...  to^  terms.       28.     3a,  a,  —a,...  to  a  terms. 

29.  0,0,  -a,...  to  a  terms.        30.     -3.7,  -(/,  g-,...  tojo  terms. 
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Find  the  number  of  terms  and  the  common  difference  when 

31.  The  first  term  is  3,  the  List  term  90,  and  the  sum  1395. 

32.  The  first  term  is  79,  the  last  term  7,  and  the  sum  1075. 

33.  The  sum  is  24,  the  first  term  9,  the  last  term  -  C. 

34.  The  sum  is  714,  the  first  term  1,  the  last  term  58^. 

35.  The  last  term  is  - 16,  the  sum  - 133,  the  first  term  -  3. 

36.  The  first  term  is  -  75,  the  sum  -  740,  the  last  term  1. 

37.  The  first  term  is  a,  the  last  13a,  and  the  sum  49a. 

38.  The  sum  is  -  320a?,  the  first  term  3x,  the  last  term  -  35ar. 

346.  If  anif  two  terms  of  an  Arithmetical  Progression  be 
given,  the  series  can  be  completely  determined;  for  the  data 
furnish  two  simultaneous  equations,  the  solution  of  which  will 
give  the  first  term  and  the  common  diflference. 

Kxample.  Find  the  series  whose  7'**  and  51**  terms  are  -  3  and 
-  355  respectively. 

If  a  be  the  first  term,  and  d  the  oonmion  difference, 
-3  =  the7"»term 
=a  +  6d; 
and  -  355 = the  51»*  term 

=a  +  50ti; 
whence,  by  Bubtraction,  -  352 = 44(2 ; 
,\  d=-S;  and  consequently  a =45. 
Hence  the  series  is  45,  37,  20 

347.  Definition.  Wlien' three  quantities  are  in  Arithmetical 
Progression  the  middle  one  is  said  to  be  the  arithmetic 
mean  of  the  other  two. 

Thus  a  is  the  arithmetic  mean  between  a  —  d  and  a+d. 

348.  Tofiiid  tlie  arithmetic  mean  between  two  given  qtiantities. 

Let  a  and  h  be  the  two  quantities ;  A  the  arithmetic  mean. 
Then  since  a,  J,  &  are  in  A.P.  we  must  have 

b-A^A-a 
each  being  equal  to  the  common  difference ; 

whence  -4=  -o"-* 
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349.  Between  two  given  quantities  it  is  always  possible  to 
insert  any  number  of  terms  such  that  the  whole  series  thus 
formed  shall  be  in  A.  P. ;  and  by  an  extension  of  tliie  definition  in 
Art.  347,  the  terms  thus  inserted  are  called  the  arUhmetio  means, 

Exan^le,     Insert  20  arithmetic  means  between  4  and  67. 

Including  the  extremes  the  number  of  terms  will  be  22 ;  so  that 
we  have  to  find  a  series  of  22  terms  in  A. P.,  of  which  4  is  the  first 
and  67  the  last. 

Let  d  be  the  common  difference; 
then  67=the22"'»term 

=4  +  21d; 

whence  d=3,  and  the  series  is  4,  7,  10, Gl,  64,  67; 

and  the  required  means  are    7,  10,  13, 58,  61,  64. 

350.  To  insert  a  given  numher  of  arithmetic  m£an8  hettoeen 
two  given  quantities. 

Let  a  and  h  be  the  given  quantities,  n  the  number  of  means. 

Including  the  extremes  the  number  of  terms  will  be  n+2; 
BO  that  we  have  to  find  a  series  of  7i+2  terms  in  A.P,,  of  which 
a  is  the  first,  and  h  is  the  last. 

Let  d  l>e  the  common  difference; 
then  h = the  {n + 2)**»  term 

=a+(w+l)(i; 

whence    .  c/= — -^  ; 

71+  1 

and  the  required  means  are 

h-a  ,2(b-a)  n(b-a) 

71+1  n+1  71+1 

Example  L  Find  the  30**»  term  of  an  A  P.  of  which  the  first 
term  is  17,  and  the  100»»»  term  - 16. 

Let  d  be  the  common  difference ; 

then  - 16 = the  100'»»  term 

=17  +  99d; 

■■■'-\- 

The30'»teim  =17  +  20^-1) 

=71. 
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Example  2.     The  sum  of  three  nnmbers  in  A.  P.  is  33,  and  their 
product  is  792;  find  them. 

Let  a  he  the  middle  number,  d  the  common  difference;  then  the 
three  numbers  are  a-d,a,a+d. 

Hence  a-<2+a+a  +  <Z=33; 

whence  a= 11 ;  and  the  three  numbers  are  11  -  d,  11,  11  +  c2. 
.-.  ll(ll  +  <i)(ll-d)=792, 

121-ds=72,  .  . 

i=±7; 
nud  the  numbers  are  4,  11,  18. 

Example  8.    How  many  terms  of  the  series  24,  20,  10, must 

bo  taken  that  the  sum  may  be  72? 

Let  the  number  of  terms  he  n ;  then,  since  the  common  difference 
is  20  -  24,  or  -  4,  we  have  from  (3),  Art.  314, 

72=^{2x24+(;i-l)(-4)} 


=24n-2n(n-l); 

whence 

na-13n+8G=0, 

or 

(»-4)(n-0)=0; 

/.  n=4or  9 

Both  these  values  satisfy  the  conditions  of  the  question;  for  if  \ro 
write  down  the  first  9  terms,  we  get  24,  20,  IG,  12,  8,  4,  0,  -4,  -8; 
and,  as  the  last  five  terms  destroy  each  other,  the  sum  of  9  terms  is 
the  same  as  that  of  4  terms. 

Example  4.  An  A.P.  consists  of  21  terms;  the  sum  of  the  three 
terms  in  the  middle  is  120,  and  of  the  last  three  is  237 ;  find  the  series. 

Let  a  bo  the  first  term,  and  d  the  common  difference.    Then 
237= the  sum  of  the  last  three  terms 
=a  +  20d  +  a  +  19d  +  a  +  18d 
=8a  +  67d; 

whence  a+19cZ  =  79 (1). 

Again,  the  three  middle  terms  are  the  10'»»,  11»^  12*>»; 
hcnco  120= the  sum  of  the  three  middle  terms 

=a+9d+o  +  10tf  +  a  +  lld 
=8a  +  80d; 

whence  a  +  10d=43 (2). 

From  (1)  and  (2),  we  obtain  d=4,  a=3. 
Hence  the  series  is  8,  7,  11, 83. 
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EXAMPLES  XXXVI.  b. 

Find  the  series  in  whicli 

1.  The  27'^  term  is  186,  and  the  45**  term  312. 

2.  The  5**  term  is  1,  and  the  31"*  term  -  77. 

3.  The  15**  term  is  -  25,  and  the  23'"'*  term  -41. 

4.  The  9**  term  is  - 11,  and  the  105"«»  term  - 150^. 

5.  The  15**  term  is  25,  and  the  29**  term  4G. 

6.  The  16**  term  is  214,  and  the  51»*  term  739. 

7.  The  3«»  and  7**  terms  of  an  A.  P.  are  7  and  19 ;  find  the  15** 

term. 

8.  The  54**  and  4**  terms  are  - 125  and  0 ;   find  the  42"**  term. 

9.  The  31**  and  2"'*  terms  are  i  and  7| ;  find  the  59**  term. 

10.  Insert  15  arithmetic  means  between  71  and  23. 

11.  Insert  17  arithmetic  means  between  93  and  69. 

12.  Insert  14  arithmetic  means  between  -  7  J  and  -  2^. 

13.  Insert  16  arithmetic  means  between  7*2  and  -  6*4. 

14.  Insert  36  arithmetic  means  between  8j  and  2J. 
How  many  terms  must  be  taken  of 

15.  The  series  42,  39,  36, ...  to  make  315  ] 

16.  The  series  -16,  -15,  -14,...  to  make   -100? 

17.  The  series  15§,  15 J,  15,...  to  make  129? 

18.  The  series  20,  18f,  17^,...  to  make  162^? 

19.  The  series  -lOj,  -9,  -7 J,...  to  make  -42? 

20.  The  series  -6|,  -G?,  -6,...  to  make  -52^? 

21.  The  sum  of  three  numbers  in  A.  P.  is  39,  and  their  product 

is  2184;  find  them. 

22.  The  sum  of  three  numbers  in  A. P.  is  12,  and  the  sum  of 

their  squares  is  66;  find  them. 

23.  The  sum  of  five  numbers  in  A.  P.  is  75,  and  the  product  of 

the  greatest  and  least  is  ICl ;  find  them. 

24.  The  sum  of  five  numbers  in  A. P.  is  40,  and  the  sum  of  their 

squares  is  410 ;  find  thenu 

25.  The  12**,  85**  and  last  terms  of  an  A.P.  are  38,  257,  395 

respectively ;  find  the  number  of  terms. 
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Geometrical  Progression. 

351.  Definition.    Quantities  are  said  to  be  in  Geometrical 
Progression  when  they  increase  or  decrease  by  a  constant  factor. 

Thus  each  of  the  following  series  forms  a  Geometrical  Pro- 
gression : 

3,  G,  12,  24,  

^'        3'     9»        27' ' 

a,  ar^  ar^^ar^ 

The  constant  factor  is  also  called  the  common  ratio,  and  it  is 
found  by  dividing  ani/  term  by  that  which  immediately /?rccco?c«  ! 

iL     In  the  first  of  the  above  examples  the  common  ratio  is  2 ; 

in  the  second  it  is  -  -  ;  in  the  third  it  is  r. 

352.  If  wo  examine  the  series 

a,  ar,  ar^,  ar^,  ar\ 

we  notice  that  in  any  term  tJie  index  of  r  is  always  less  by  one 

than  the  number  of  the  term  in  the  series. 

Thus  the  3"*  term  is  ar^ ; 

the  6***  term  is  ar°; 

the  20**»  term  is  ar^'^  ; 

and,  generally,  the  />***  term  is  ar^~^. 

If  n  be  the  number  of  terms,  and  if  I  denote  the  last,  or  n*** 

term,  we  have  l^ar^~\ 

11        " 
Example,     Find  the  8^**  term  of  the  series  -  « ,  „ ,  -  7 , . . . 

3 


The  common  ratio  i3n-7-(-T7),or-^, 

.-.  the8»»»term=-^x  ("sY 

__1        2187 
~     3  ^      11:8 
_729 
'  "128* 
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353.  Definition.  When  three  quantities  are  in  Geometrical 
Progression  the  middle  one  is  called  the  geometric  mean  be- 
tween the  other  two. 

To  find  the  geometric  mean  between  two  given  quantities. 

Let  a  and  h  be  the  two  quantities;  O  the  geometric  mean. 
Then  since  a,  O,  h  are  in  O.P., 

h  __G 

(/"a' 
each  being  equal  to  the  common  ratio ; 

whence  G^'Jab, 

354.  To  insert  a  given  number  of  geometric  means  between 
two  given  quajUities. 

Let  a  and  b  be  the  given  quantities,  n  the  number  of  means. 

In  all  there  will  be  n+2  terms;  so  that  we  have  to  find  a 
series  of  n+2  terms  in  G.P.,  of  which  a  is  the  first  and  b  the 
last. 

Let  r  be  the  common  ratio ; 
then  6 = the  (?i  +  2)**»  term 


•■■  "© 


1 

5\n  +  l 


.(1). 


Hence  the  required  means  are  ar,  af^,,.,ar%  where  r  has  the 
value  found  in  (1). 

Example,     Lisert  4  geometric  means  between  160  and  5. 

We  have  to  find  6  terms  in  G.  P.  of  which  160  is  the  first,  and  6 
the  sixth. 

Let  r  be  the  common  ratio; 

then  6= the  sixth  term 
=  160r»; 

••  '^    32' 
whence,  by  trials  ^=o » 

and  the  means  are  80, 40,  20,  10. 
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355.     To  find  ilie  sum  of  a  number  of  tenns  in  Geometrical 
Profession. 

Let  a  be  the  first  term,  r  the  common  ratio,  n  the  number  of 
terms,  and  s  the  sum  required.     Then 

s='a+ar+af^+ +ar^~^+ar'^-^; 

multiplying  every  term  by  r,  we  have 

rs='ar+ar^+ +ar^~^+ar^^'^+ar^. 

Hence  by  Bu]?traction, 

r3  —  8  =  a/^  —  a;  \ 

.-.  (r-l)«  =  a(r«-l);  I 

r,s  =  ^(^ (1).  > 

I 


Changing  the  signs  in  numerator  and  denominator        [Art.  133.] 

-"-^^^ (^)-       I 

Note.     It  will  be  found  convenient  to  remember  both  forms  given 
above  for  s,  using  (2)  in  all  cases  except  when  r  is  positive  and  greater  I 

than  1.  I 

Since  af^~^  =  l,  the  formula  (1)  may  be  written 

rl-a 

a  form  which  is  sometimes  useful. 

Example  1.     Sum  the  series  81,  54,  SG, to  9  terms. 

The  common  ratio =-y  =  ^ ,  which  is  less  than  1 ; 


81    1 


hence  the  sum 


•©•i 


'-I 


=243  jl 


©•| 
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2             8 
Example  2.     Bum  the  series  - ,  -1,  - to  7  terms. 

3 
The  common  ratio  =  —  - ;  hence  by  formula  (2) 


the  Bum 


2 
2 
3 


ItBJl 


-f 


3(^128} 


6" 
2 

2 
=  3^ 

2315 
128 

2 

^5 

463 

. 

EXAMPLES  XZXVI.  c. 

1.  Find  the  5"*  and  8*  terms  of  the  series  3,  6,  12, . . . 

2.  Find  the  10*^  and  IC*  terms  of  the  series  256,  128,  64,... 

3.  Find  the  *I^  and  11*^  terms  of  the  series  64,  - 32,  16, ... 

4.  Find  the  8***  and  12*»»  terms  of  the  series  81,  -27,  9,... 

5.  Find  the  14***  and  7"*  terms  of  the  series  777 ,    ;r7r ,   tt:  >  •  •  • 

t>4      oii      lb 

6.  Find  the  4^  and  8*^  terms  of  the  series  -008,  -04,  %... 
Find  the  last  term  in  the  following  series : 

7.  2,  4,  8,...  to  9  terms.  8.     2,  -6,  18,...  to  8  terms. 
9.    2,  3,  4^, ...  to  6  terms.          10.     3,  - 3^,  3^, ...  to  2m  terms 

11.    Jpj  a^,  afi,..,  topt^rma.        12.    :f,  1, -,.;.  to  30  terms. 

13.  Insert  3  geometric  means  between  486  and  6. 

14.  Insert  4  geometric  means  between  5  and  128. 

o 

7 

15.  Insert  6  geometric  means  between  56  and  -  ^ . 

32 

16.  Insert  5  geometric  means  between  —  and  4^. 

ol 
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Find  the  last  term  and  the  sum  of  the  following  series : 

17.     3,  6,  12,...  to  8  terms.  18.  G,  -  18,  54, ...  to  6  terms. 

19.     C4,  32,  16,...  to  10  terms.    20.  81,  2-7,  "9, ...  to  7  terms. 

21.     ^,    2^,    g,...  to 8  terms.   22.  4^,  Ij, -,...  to  9  terms. 

Find  the  sum  of  the  series 

1  112 

23.     3,   -1,  -,...  to  6  terms.      24.  -,-,-,...  to  7  terms. 

(5  M     tj     t) 

2    15  11 

25.      -R>o>  -Q,.-.  to  6  terms.  26.  1,   -5,  7,...  to  12  terms. 
0    .Z         o  2     4 

27.     9,  -6,  4,...  to  7  terms.        28.  :=,  -5,  j^.-,...  to  8  terms. 

29.     1,  3,  32,...  to  jt?  terms.  30.  2,  -4,  8,...  to  2/?  terms. 

1  3 

31.       .-  ,    1,  -T^,...  to  8  terms.   32.  x^a,  ,Ja\  ^a^,... to  a  terms. 

1  8 

33.      72  '  ~  ^'  J2*'"  ^  "^  ^®™^®'  ^'  ^^'  '^^'  3^2, ...  to  12terms. 

356.     Consider  the  series     1,  ~,  -g,    ^, 

Ji  A        A 


The  sum  to  n  terms 


'i-i 


From  this  result  it  appears  that  however  many  terms  be 
taken  the  sum  of  the  above  series  is  always  less  than  2.  Also 
we  see  that,  by  making  n  sufficiently  large,  we  can  make  the 

fraction  rj^  as  small  as  we  please.     Thus  by  taking  a  sufficient 

number  of  terms  the  sum  can  be  made  to  differ  by  as  little  as 
we  please  from  2. 

In  the  next  article  a  more  general  case  is  discussed. 


GEOMETRICAL  PllOGRESSION.  293 

357.  From  Art.  355  we  have  s  =  ^^^ijlT") 

1-r 

a         ar^ 

Suppose  r  is  a  proper  fraction ;  then  the  greater  the  vakie  of 
n  the  smaller  is  the  value  of  ^,  and  consequently  of  --— — ;  and 
therefore  by  making  n  sufficiently  large,  we  can  malce  the  sum 

of  n  terms  of  the  series  differ  from  ■= by  as  small  a  quantity 

as  we  please. 

This  result  is  usually  stated  thus :  the  sum  of  an  infinite 
number  of  temis  of  a  decreasing  Oeometrical  Progression  is  - 

or  more  briefly,  t/ie  sum  to  infinity  is . 

358.  Recurring  decimals  furnish  a  good  illustration  of  infinite 
Geometrical  Progressions. 

Example.    Find  the  value  of  *423.  # 

•423 =-4232323. 


a_ 

-r' 


4 
=  10  + 

au^a...... 

23           23 
1000^100000^ 

=^+ 

23       23 

io*  +  ip+ 

=A+ 

23  //    1         1 

103  1^1  +  1^  +  104+    • 

....) 

=^+ 

23          1 

io»  • ,     1 
^"io5 

4 

23      100 

=  10  + 

108  •    99 

4 

23 

=10  + 

990 

419 

990' 

lich  agrees  with  the  value  found  by  the  usual  arithmetical  rule. 
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EZAKPLES  XXXVI.  d. 

Sum  to  infinity  the  following  series: 
1.     9,  6,  4,...  2.     12,  6,  3,... 

^'    2'   4'    8'***  2'        4'    8'*" 

r^      ^      2       4  6      ?      _i     5 

^-     3'    9'    27'***  6'        ^'    8'- 

7.     -9,  -03,  -001,...  8.     -8,   --4,  -2,... 

Find  by  the  method  of  Art  368,  the  value  of 
9.    -5.        10.    -16.        11.    -24        12.    •3'78.        13.    •63?. 

Find  the  series  in  which 

14.  The  10*  term  is  320  and  the  6^  term  20. 

27  1 

15.  The  6***  term  is  -—  and  the  9**^  term  is  - . 

10  3 

16.  The  7"»  term  is  626  and  the  4*^  term  -  5. 

17.  The  S'*  term  is  ^-  and  the  &^  term  -  4i. 

ID 

18.  Divide  183  into  three  parts  in  G.P.  such  that  the  sum  of 

the  first  and  third  is  2^  times  the  second. 

19.  Show  that  the  product  of  any  odd  number  of  consecutive 

terms  of  a  G.P.  will  be  equal  to  the  n^  power  of  the 
middle  term,  n  being  the  number  of  terms. 

20.  The  first  two  terms  of  an  infinite  G.P.  are  together  equal 

to  1,  and  every  term  is  twice  the  sum  of  all  the  terms 
which  follow.     Find  the  series. 

Sum  the  following  series : 

21.  y2+26,  y  +  46,  /+66,...  to  n  terms. 
^      3+2^2     _     3-2s/2        ,.."., 
22-     3--2V2'   ^'  3+2-/2--^^^^^^^^^- 

23.  >v/^^v^^>   ^^|,...  to  infinity. 

24.  2?i--,   471 +g,    C7i-—,...  to  2n  terms. 
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26.     The  sum  of  four  numbers  in  G.P.  is  equal  to  the  common 
ratio  plus  1,  and  the  first  term  is  — -.  Find  the  numbers. 

26.  The  difference  between  the  first  and  second  of  four  num- 

bers in  G.P*  is  96,  and  the  difference  between  the  third 
and  fourth  is  6.     Find  the  numbers. 

27.  The  sum  of  $225  was  divided  among  four  persons  in  such 

a  manner  that  the  shares  were  in  G.P.,  and  the  differ- 
ence between  the  greatest  and  least  was  to  the  difference 
between  the  means  as  21  to  6.     Find  the  share  of  each. 

28.  The  sum  of  three  numbers  in  G.P.  is  13,  and  the  sum  of 

13 
.   their  reciprocals  is  _.    Find  the  numbers. 

Harmonical  Progression. 
359.    Definition.    Tliree  quantities  a,  6,  c  are  said  to  be  in 

Haxmonical  Progression  when  •        ~ 


c      b-c 

Any  number  of  quantities  are  said  to  be  in  Harmonical 
Progression  when  every  three  consecutive  terms  are  in  Har- 
monical Progression. 

360.  The  reciprocals  of  quantitiea  in  Harmonical  Progression 
are  in  Arithmetical  Progression, 

By  definition,  if  a,  6,  c  are  in  Harmonical  Progression, 
a  ^a  —  h 

c'^ir^* 

.*.  a(6  — c)=c(a  — 6), 
dividing  every  term  by  abc, 

1^1_1_1 

c     b^l     a' 
which  proves  the  proposition. 

361.  Harmonical  properties  are  chiefly  interesting  because 
of  their  importance  in  Geometry  and  in  the  Theory  of  Sound : 
in  Algebra  the  proposition  just  proved  is  the  only  one  of  any 
importance.  There  is  no  general  formula  for  the  sum  of  any 
number  of  quantities  in  Harmonical  Progression.  Questions  in 
n.P.  are  generally  solved  by  inverting  the  terms,  and  making  use 
of  the  properties  of  the  corresponding  A. P. 
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1  3 

Example,     The  12*  term  of  a  II.P.  is  - ,  and  the  19*»»  term  ia  -  : 

0  22 

find  the  series. 

Let  a  be  the  first  term,  <2  the  common  difference  of  the  correspond^ 
ing  A.P. ;  then 

6=thel2»»»term 
=:a  +  ll(£; 

22 
and  — =the  19**»  term 

=  a+18d; 

whence  ^  =  5»  «  =«• 

o  o  , 

4    6        7 
Hence  the  Arithmetical  Progression  is  - ,  - ,  2,  -, ; 

and  the  Harmonioal  Progression  is  ^j  r,  ^ ,  r,  

362.  To  find  the  harmonic  mean  between  two  given  quantities. 

Let  Of  h  he  the  two  quantities,  II  their  harmonic  mean; 

then  - ,    77,    r  are  in  A.P., 
a*    JI'   b  ' 

•  y/     a"~6     7/' 

II    a^b' 
2ab 

363.  If  ^,  (7,  7/  be  the  arithmetic,  geometric,  and  harmonic 
means  between  a  and  6,  we  have  proved 

-^--i^ a)- 

6^=Va6 (2). 

"-!« » 

—ab 
that  i»,  6^  is  the  geometric  mean  between  A  and  iJ, 


HARMONICAL   PROGRESSION.  297 

364.  Miscellaneous  questions  in  the  Progressions  afford 
scope  for  much  skill  and  ingenuity,  the  solution  being  often  very 
neatly  effected  by  some  special  artifice.  The  student  will  find 
the  following  hints  useful. 

1.  If  the  same  quantity  be  added  to,  or  subtracted  from,  all 
the  terms  of  an  A.P.,  the  resulting  terms  will  form  an  A.P.  with 
the  same  common  difference  as  before.     [Art.  342.] 

2.  If  all  the  terms  of  an  A.P.  be  multiplied  or  divided  by 
the  same  quantity,  the  resulting  terms  form  an  A.P.,  but  with 
a  new  common  difference.     [Art.  342.] 

3.  If  all  the  terms  of  a  G.P.  be  multiplied  or  divided  by  the 
same  quantity,  the  resulting  terms  form  a  G.P.  with  the  same 
common  ratio  as  before.     [Art.  352.] 

4  If  a,  b,  Cjd...  be  in  G.P.,  they  are  also  in  continvsd pro- 
portion^  since,  by  definition, 

a     h  _c  _  I 

b     c  ~ d  ~ ~r  * 

Conversely,  a  series  of  quantities  in  continued  proi)ortion 
may  be  represented  by  ^,  an\  xr\ 

Example  1.  Find  three  quantities  in  G.P.  such  that  their  pro- 
duct is  343,  and  their  sum  30J. 

Let  -f  a^  ar  be  the  three  quantities; 
r 

thenwehave  -xaxar=343  (1), 


and 


„(Ui+,)=9i ^3j_ 


From(l)  a3=343, 

a  =  7; 

91 
.-.  from  (2)  7(l  +  r+r2)  =  --r. 

"Whence  we  obtain  r = 3,  or  ~  . 

7 
and  the  numbers  are  - ,  7,  21. 
o 


298  ALGEBRA. 

a  b  c 

Example  2.    If  a,  6,  e  be  in  H.P.,  prove  tnat  ri~»  ^r^»  rri 

are  also  in  H.  P. 

Q-  111  .        AT> 

Since  - ,  r  I  -  are  in  A.P., 
a*  h    c 

a  +  h-\-c     a+5  +  c     a  +  5  +  c         .     .  -. 

, ; ,    are  in  A.lr. ; 

a  6  c 

.•.  1+ ,  1+  -=—,  1  + areinA.P.; 

a  0  c 

6  +  c      a  +  c     a  +  h        .     .      * 
.-.  — ^,    -T—,    —" — aremA.P.; 
a  o  c 

a  b  e  ,    TT^ 

.'.  r ,    ,    — rareinH.P, 

6+c'    c  +  a'    a  +  b 

Example  3.    The  n**^  term  of  an  A.P.  is  v+2,  find  the  sum  of 

49  terms. 

Let  a  be  the  first  term,  and  I  the  last ;  then  by  putting  n=l,  and 


1  40 


n=49  respectively,  we  obtain 

n,       „    40/50     A 

4Q 
=  ~xU  =343. 

Example  4.    If  a,  b,  c,  dj  e  be  in  G.P.  prove  that  b  +  d  ia  the 
geometric  mean  bet-ween  a+c  and  c  +  e. 

Since  a,  5,  e,  (2,  6  are  in  continued  proportion, 
<i _^h _c  __d 

/.  each  ratio  =p^^  =  -t? ,  [Art.  324.] 

6  +  d     c+e*  "■  -■ 

Whence  (6  +  <?)*=(a+c)(c+<;). 


EXAHPLES  XXXVI.  e. 

1.  Find  the  6*^  term  of  the  series  4,  2,  IJ,... 

2.  Find  the  21"*  term  of  the  series  2h,  Ij^,  1]?^,... 

3.  Find  the  S^  term  of  the  series  IJ^  l]^,  2^j,... 

4.  Find  the  7i'^  term  of  the  series  3,  H,  1, ... 
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Find  the  series  in  which 

5.  The  15"»  term  is  ~ ,  and  the  23"^  term  is  -pr . 

25'  41 

4 

6.  The  2°*  term  is  2,  and  the  31**  term  is  — . 

7.  The  39**»  term  is  ry ,  and  the  64***  term  is  ^ . 

Find  the  harmonic  mean  between 

8.  2  and  4.  9.     1  and  13.  10.    ^  and  —  • 

11.     -andr.  12.     -——and .     13.   ^+yand;i7-y. 

a  0  x-^-y         x—y  ^  " 

14.  Insert  two  harmonic  means  between  4  and  12. 

15.  Insert  three  harmonic  means  between  2f  and  12. 

16.  Insert  four  harmonic  means  between  1  and  G. 

17.  If  (?  be  the  geometric  mean  between  two  quantities  A  and  B^ 

show  that  the  ratio  of  the  arithmetic  and  harmonic  means 
of  A  and  G  is  equal  to  the  ratio  of  the  arithmetic  and 
harmonic  means  of  G  and  B, 

18.  To  each  of  three  consecutive  terms  of  a  G.P.  the  second  of 

the  threle  is  added.  Show  that  the  three  resisting  quantities 
are  in  H.P. 

Sum  the  following  series : 

19.  l  +  lJ+3^+ to  6  terms. 

20.  1  +  1}+2J+ to  6  terms. 

21.  (2a+a7)+3a+(4a-jr)  + to  jo  terms. 

4 

22.  If-li+g- to  8  terms. 

3 

23.  li  +  H+7  + to  12  terms. 

24.  If  ^-a,  y-a,  and  2; -a  be  in  G.P.,  prove  that  2(y-a)  is 

the  harmonic  mean  between  y  —  x  and  y-z, 

25.  If  a,  6,  c,  c?  be  in  A.  P.,  a,  c,  /,  d  in  G.  P.,  a,  ^,  A,  d  in  H.  P, 

respectively;  prove  that  ad^ef=hh=cg, 

26.  If  a\  l^^  c2  be  in  A.P.,  prove  that  6  +  c,  c+a,  a+ &  are  in  II.  P. 


CHAPTER  XXXVII. 

Permutations  and  Combinations. 

365.  Each  of  the  arrangemevUs  which  can  be  made  by  taking 
some  or  all  of  a  number  of  things  is  called  a  permutation. 

Each  of  the  groups  or  selections  which  can  be  made  by  taking 
some  or  all  of  a  number  of  things  is  called  a  combination. 

Thus  the  permutations  which  can  be  made  by  taking  the 
letters  a,  6,  c,  d  two  at  a  time  are  twelve  in  number :  namely, 
ahy    aCy     ady    be,     hdj     cd, 
bOy    ca,    day    c6,     dby    do; 
each  of  these  x:)resenting  a  different  arrangement  of  two  letters. 

The  combinations  which  can  be  made  by  taking  the  letters 
a,  by  Cy  d  two  at  a  time  are  six  in  number :  namely, 

aby    aCy     ady     bcy     bdy    cd; 
each  of  the^e  presenting  a  different  selection  of  two  letters. 

From  this  it  appears  that  in  forming  combinations  we  are  only 
concerned  with  the  number  of  things  each  selection  contains; 
whereas  in  forming  permtUations  we  have  also  to  consider  tho 
order  of  the  things  which  make  up  each  arrangement;  for 
instance,  if  from  four  letters  a,  ft,  c,  d  we  make  a  selection  of 
three,  such  as  abcy  this  single  combination  admits  of  being 
arranged  ill  the  following  ways : 

abCy     acby     bca,    baCy    cdby    cbay 
and  so  gives  rise  to  six  different  permutations. 

366.  Before  discussing  the  general  propositions  of  this 
chapter  the  following  important  principle  should  be  carefully 
noticed. 

If  o^rve  operation  can  be  performed  in  m  waysy  and  {when  it  has 
been  performed  in  any  one  of  these  ways)  a  second  operation  can 
then  be  performed  in  n  ways;  the  number  of  ways  of  performing 
the  two  operations  wUl  6(3  m  x  n. 
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If  the  first  operation  be  performed  in  any  one  wav,  we  can 
associate  with  this  any  of  the  n  ways  of  performing  the  second 
operation :  and  thus  we  shall  have  n  ways  of  performing  the  two 
operations  without  considering  more  than  owe  way  of  performing 
the  first;  and  so,  corresponding  to  each  of  the  m  ways  of  per- 
forming the  first  operation,  we  shall  have  n  wajrs  of  performing 
the  two ;  hence  altogether  the  number  of  ways  m  which  the  two 
operations  can  be  performed  is  represented  by  the  product 

Example.  Suppose  there  are  10  steamers  plying  between  New 
York  and  Liverpool;  in  how  many  ways  can  a  man  go  from 
New  York  to  Liverpool  and  return  by  a  different  steamer  ? 

There  are  ten  ways  of  making  the  first  passage;  and  with  each  of 
these  there  is  a  choice  of  mn«  ways  of  returning  (since  the  man  is 
not  to  come  back  by  the  same  steamer) ;  hence  the  number  of  ways  of 
making  tiie  two  journeys  is  10  x  9,  or  90* 

This  principle  may  easily  be  extended  to  the  case  in  which 
there  are  more  than  two  operations  each  of  which  can  be  per- 
formed in  a  given  number  of  ways. 

367.  To  find  the  nvmber  of  permutoMons  of  n  dissimilar  things 
taken  r  at  a  time. 

This  is  the  same  thing  as  finding  the  number  of  ways  in 
which  we  can  fill  up  r  places  when  we  have  n  different  things  at 
our  disposal 

The  first  place  may  be  filled  up  in  w  wavs,  for  any  one  of  the 
n  things  may  be  taken ;  when  it  has  been  filled  up  in  any  one  of 
these  ways,  the  second  place  can  then  be  filled  up  in  w  —  1  ways ; 
and  since  each  way  of  filling  up  the  first  place  can  be  associated 
with  each  way  of  filling  up  the  second,  the  nxunber  of  ways  in 
which  the  first  two  places  can  be  filled  up  is  given  by  the  product 
n{n—l).  And  when  the  first  two  places  have  been  filled  up  in 
any  way,  the  third  place  can  be  filled  up  in  n  -  2  ways.  And 
reasoning  as  before,  the  number  of  ways  in  which  three  places 
can  be  fiSed  up  is  n{n-l)  (7i-2). 

Proceeding  thus,  and  noticing  that  a  new  factor  is  introduced 
with  each  new  place  filled  up,  and  that  at  any  stage  the  number 
of  factors  is  the  same  as  the  number  of  places  filled  up,  we  shall 
have  the  niunber  of  ways  in  which  r  places  can  be  filled  up 
equal  to 

n{n—l){n-2) tor  factors; 

and  the  r*  factor  is  n  -  (r  - 1),  or  n  -  r + 1. 
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Therefore  the  number  of  permutations  of  n  things  taken  r  at 
ft  time  is 

n{n-l){n-2) (n-r  +  1). 

Cor.  The  number  of  permutations  of  n  things  taken  all  at 
a  time  is 

n(w— 1)(7J-  — 2) to  n  factors, 

or  n (w- 1)  (71-2) 3 .2.1. 

It  is  usual  to  denote  this  product  bj  the  symbol  \n,  which  is 
read  "factorial  n"    Also  n !  is  sometimes  used  for  \n, 

368.  We  shall  in  future  denote  the  number  of  permutations 
of  w  things  taken  r  at  a  time  by  the  symbol  *P„  so  that 

*P^=n(n-l)(7i-2) (n-r+1); 

also  '*-Pn=  [^ 

In  working  numerical  examples  it  is  useful  to  notice  that  the 
sufl&x  in  the  symbol  *P,  always  dienotes  the  number  of  factors  in 
the  formula  we  are  using. 

Example  1.  Four  persons  enter  a  carriage  in  which  there  are 
six  seats ;  in  how  many  ways  can  they  take  their  places  ? 

The  first  person  may  seat  himself  in  6  ways ;  and  then  the  seoond 
person  in  5 ;  the  third  in  4 ;  and  the  fourth  in  3;  and  since  each  of 
these  ways  may  be  associated  with  each  of  the  others,  the  required 
answer is6x5x4x3,  or 3C0. 

Example  2.  How  many  different  numbers  can  be  formed  by 
using  six  out  of  the  nine  digits  1,  2,  3,... 9? 

Here  we  have  9  different  things  and  we  have  to  find  the  nmnber 
of  permutations  of  them  taken  6  at  a  time; 
.'.  the  required  result =>Pg 

=^9x8x7x6x6x4 
=  60480. 

369.  To  find  the  number  of  comhinations  of  n  dissimilar 
things  taken  v  at  a  timje. 

Let  *<7,  denote  the  required  number  of  combinations. 
Then  each  of  these  combinations  consists  of  a  group  of  r 
dissimilar  things  which  can  be  arranged  among  themselves  in 
Ir  ways.    [Art.  367,  Cor.] 

Hence  "(7^  x  |  r  is  equal  to  the  number  of  arrangements  of  n 
things  taken  r  at  a  time;  that  is, 

«C;x^=*P^=n(w-l)(w-2)...(/i-r+l); 
.  nr     n{n-\){n-2)..,(n^r+\) 

.  •       V/|.~  ——————    — -  ^ 

t 
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Cor.  This  formula  for  "(7,  may  also  be  written  in  a  different 
form ;  for  if  we  multiply  the  numerator  and  the  denominator  by 
in  -  r  we  obtain 

»(n-l)(n-2)...(n-r+l)x  |n-r  in 

»  or  , 


ir|n-r  \r\n-r 

since  n(n-l)  (w-2) (n-r+1)  x  [n--r=|n. 

Example.  From  12  books  in  how  many  ways  can  a  selection  of  5 
be  made,  (1)  when  one  specified  book  is  always  inolnded,  (2)  when 
one  specified  book  is  always  excluded  ? 

(1)  Since  the  specified  book  is  to  be  included  in  every  selection, 
we  have  only  to  choose  4  out  of  the  remaining  11. 

Tx         XI-  ^       M  „-      11x10x9x8    „„^ 

Hence  the  number  of  ways="C4=-q — ^ — ^ — j-  =330. 
•^  •       1x2x3x4 

(2)  Since  the  specified  book  is  always  to  be  excluded,  we  have 
to  select  the  5  books  out  of  the  remaining  11. 

IT         XT-  V       *  nx^      11x10x9x8x7     .^^ 

Hence  the  number  of  ways="C5=  -- — _ — 5 — -. — =-=462. 
•^  "1  x2x3x4x5 

370.  The  nwmber  of  comhinations  of  n  things  v  at  a  time  is 
equal  to  the  number  of  combinations  ofn  things  n~r  at  a  time. 

In  making  all  the  possible  combinations  of  n  things,  to  each 
group  of  r  things  we  select,  there  is  left  a  corresponding  group  of 
n  —  r  things ;  that  is,  the  number  of  combinations  of  n  things 
r  at  a  time  is  the  same  as  the  number  of  combinations  of  n  things 
n  —  r  at  a  time; 

This  result  is  frequently  useful  in  enabling  us  to  abridge 
arithmetical  work. 

Example.  Out  of  14  men  in  how  many  ways  can  an  eleven  be 
chosen? 

The  required  number = ^*C^ 

=uc7.=  iliLl3jil?^364. 
»        1x2x3 

If  we  had  made  use  of  the  formula  ^^Cj,,  we  should  have  had  to 
reduce  an  expression  whose  numerator  and  denominator  each  con- 
tained 11  factors. 

371.  In  the  examples  which  follow  it  is  important  to  notice 
that  the  formula  for  permutations  should  not  be  used  until  the 
suitable  selections  required  by  the  question  have  been  made. 
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Example  1.  Prom  7  Englishmen  and  4  Americans  a  committee  ol 
6  is  to  be  formed:  in  how  many  ways  can  this  bo  done,  (1)  when  the 
committee  contains  exactly  2  Americans,  (2)  at  least  2  Americans? 

(1)  The  number  of  ways  in  which  the  Americans  can  be  chosen 
is  ^6^2;  and  the  number  of  ways  in  which  the  Englishmen  can  be 
chosen  is  "^C^,  Each  of  the  first  groups  can  be  associated  with  each 
of  the  second ;  hence 

the  required  number  of  ways =*Ca  x  "^C^ 

14  17  17 

~  ii  '1  11 II  ~'li  \1 1?:"" 

(2)  We  shall  exhaust  all  the  suitable  combinations  by  forming 
all  the  groups  containing  2  Americans  and  4  Englishmen;  then  S 
Americans  and  3  Englishmen ;  and  lastly  4  Americans  and  2  English- 
men. 

The  sum  of  the  three  results  will  give  the  answer.  Hence  the 
required  number  of  ways = *G^ x  ^G^ + *C^ x  'C3  +  ^C^ x^C^ 

=210  +  140+21=371. 
In  this  example  we  have  only  to  make  use  of  the  suitable  formulss 
for  combinations,  for  we  are  not  concerned  with  the  possible  arrange- 
ments of  the  members  of  the  conmiittee  among  themselves. 

Example  2.  Out  of  7  consonants  and  4  vowels,  how  many  words 
can  be  made  each  containing  3  consonants  and  2  vowels? 

The  number  of  ways  of  choosing  the  three  consonants  is  ^C,,  and 
the  number  of  ways  of  choosing  the  2  vowels  is  ^C*;  and  since  each 
of  the  first  groups  can  be  associated  with  each  of  the  second,  the 
number  of  combined  groups,  each  containing  3  consonants  and  2 
vowels,  is  'C,x*C7j. 

Further,  each  of  these  groups  contains  5  letters,  which  may  be 
arranged  among  themselves  in  |5  ways.    Hence 

the  required  number  of  words  =  .'— ^  x  ir=r«  x  1^ 

'ill    lili    "  • 

=  5x[7^=2520Q. 

EXAMPLES  XXXVII.  a. 

1.  Find  the  value  of  ^P^,  ^P^  ^C^,  ^C^ 

2.  How  many  different  arrangements  can  be  made  by  taking 
(1)  five  (2)  all  of  the  letters  of  the  word  soldier  f 

3.  If^C,:  *-iC4=8  :5,  findn. 


PERMUTATIONS  AND   COMBINATIONS.  305 

4.  How  many  different  selections  of  four  coins  can  be  made 
from  a  bag  contaming  a  dollar,  a  half-dollar,  a  quarter,  a  florin, 
a  shilling,  a  franc,  a  dime,  a  sixpence  and  a  penny  ? 

5.  How  many  numbers  between  3000  and  4000  can  be  made 
with  the  digits  9,  3,  4,  6? 

6.  In  how  many  ways  can  the  letters  of  the  word  volume  be 
arranged  if  the  vowels  can  only  occupy  the  even  places? 

7.  If  the  number  of  permutations  of  n  things  four  at  a  time 
is  fourteen  times  the  number  of  permutations  of  n— 2  things 
three  at  a  time,  find  n, 

8.  From  5  teachers  and  10  boys  how  many  committees  can 
be  selected  containing  3  teachers  and  6  boys? 

9.  If  «>a=«>a_io,  find 'Cij,  "a.     - 

10.  Out  of  the  twenty-six  letters  of  the  alphabet  in  how 
many  ways  can  a  word  be  made  consisting  of  five  different  let- 
ters two  of  which  must  be  a  and  6? 

11.  How  many  words  can  be  formed  by  taking  3  consonants 
and  2  vowels  from  an  alphabet  containing  21  consonants  and  5 
vowels? 

12.  A  stage  will  accommodate  5  passengers  on  each  side : 
in  how  many  ways  can  10  persons  take  their  seats  when  two  of 
them  remain  always  upon  one  side  and  a  third  upon  the  other? 

372.  Hitherto,  in  the  formulae  we  have  proved,  the  things 
have  been  regarded  as  unlike.  Before  considering  cases  in  which 
some  one  or  more  sets  of  things  may  be  like,  it  is  necessary  to 
point  out  exactly  in  what  sense  the  words  like  and  unlike  are 
used.  When  we  speak  of  things  being  dissimilar^  different,  un- 
like, we  imply  that  the  things  are  visibly  unlike,  so  as  to  be 
easily  distinguishable  from  each  other.  On  the  other  hand  we 
shall  always  use  the  term  like  things  to  denote  such  as  are  alike 
to  the  eye  and  cannot  be  distinguished  from  each  other.  For 
instance,  in  Ex.  2,  Art.  371,  the  consonants  and  the  vowels  may 
be  said  each  to  consist  of  a  group  of  things  united  by  a  common 
characteristic,  and  thus  in  a  certain  sense  to  be  of  the  same 
kind ;  but  they  cannot  be  regarded  as  like  things,  because  there 
is  an  individuality  existing  among  the  things  of  each  group 
which  makes  them  easily  distinguishable  from  each  other. 
Hence,  in  the  final  stage  of  the  example  we  considered  each 
group  to  consist  of  five  dissimilar  things  and  therefore  capable 
of  |5^ arrangements  among  themselves.     [Art.  367,  Cor.] 
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373.  To  find  the  nwniher  of  v>ay%  ui  vohick  n  things  may  he 
arranged  among  themsdveSy  taking  them  M  at  a  timSj  when  p 
of  the  things  are  exactly  alike  of  one  kind,  q  of  them  e:cacuy 
alike  of  another  kind,  r  of  them  exactly  alike  of  a  third  kind^  arid 
the  rest  all  different. 

Let  there  be  n  letters ;  suppose  p  of  them  to  be  a,  5-  of  them 
to  be  &,  r  of  them  to  be  0,  ana  the  rest  to  be  unlike. 

Let  X  be  the  required  number  of  permutations ;  then  if  in 
any  one  of  these  permutations  the  p  letters  a  were  replaced  bj  o 
unlike  letters  different  from  any  of  the  rest,  from  this  single 
permutation,  without  altering  the  position  of  any  of  the  remaining 
letters,  we  could  form  Ip  new  permutations.  Hence  if  this 
change  were  made  in  each  of  the  x  permutations,  we  should 
obtain  xx  '^p  permutations. 

Similarly,  if  the  q  letters  b  were  replaced  by  q  unlike  letters, 
the  number  of  permutations  would  be  ^  x  |^  x  w. 

In  like  manner,  by  replacing  the  r  letters  c  by  r  unlike  letters, 
we  should  finally  obtain  xx  \px  ]qx  \r  permutations. 

But  the  things  are  now  all  different,  and  therefore  admit  of  |n 
permutations  among  themselves.     Hence 

XX  |px  \qx  lr=U; 

\n 
that  is,  ^=r-ri     5 

which  is  the  required  number  of  permutations. 

Any  case  in  which  the  things  are  not  all  difterent  may  be 
treated  similarly. 

Example  1.  How  many  different  permutations  can  be  made  out 
of  the  letters  of  the  word  assassination  taken  all  together? 

We  have  here  13  letters  of  which  4  are  «,  3  are  a,  2  are  t,  and  2 
are  n.    Hence  the  number  of  permutations 

=13.11.10.9.8.7.8.5 
=  1001 X  10800=10810800. 
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Example  2.  How  many  nnmbers  can  be  formed  with  the  digits 
1,  2,  3,  4,  3,  2, 1,  80  that  the  odd  digits  always  occupy  the  odd  places? 

The  odd  digits  1,  3,  3,  1  can  be  arranged  in  their  four  places  in 

-^^^ «• 

The  even  digits  2,  4,  2  can  be  arranged  in  their  three  places  in 
^ways (2). 

Each  of  the  ways  in  (1)  can  be  associated  with  each  of  the  ways 
in  (2). 

14         13 
Hence  the  required  number  =  -i— -  x  ^  =  6  x  3 = 18. 

|2  j£       |J_ 

374.     To  fmd  tlva  number  of  permutations  of  n  things  r  at  a 

tim£,  when  each  thing  mat/  he  repeated  once^  tivice, up  to  r 

times  in  any  arrangement. 

Here  we  have  to  consider  the  number  of  ways  in  which  r 
places  can  be  filled  up  when  we  have  n  different  things  at  our 
disposal,  each  of  the  n  things  being  xisod  as  often  as  we  please  in 
any  arrangement. 

The  first  place  may  be  filled  up  in  n  vj^j^^  and,  when  it  has 
been  filled  up  in  any  one  way,  the  second  place  may  also  be  filled 
up  in  n  ways,  since  we  are  not  precludea  from  using  the  same 
thing  again.  Therefore  the  number  of  ways  in  which  the  first 
two  places  can  be  filled  up  is  n  x  n  or  n\ 

The  third  place  can  also  be  filled  up  in  n  ways,  and  therefore 
the  first  tliree  places  in  n^  ways. 

Proceeding  in  this  manner,  and  noticing  that  at  any  stage  the 
index  of  n  is  always  the  same  as  the  number  of  places  filled  up, 
we  shall  have  the  number  of  ways  in  which  the  r  places  can  be 
filled  up  equal  to  n\ 

Example,  In  how  many  ways  can  6  prizes  be  given  away  to  4 
boys,  when  each  boy  is  eligible  for  all  the  prizes  ? 

Any  one  of  the  prizes  can  be  given  in  4  ways;  and  then  any  one 
of  the  remaining  prizes  can  also  be  given  in  4  ways,  since  it  may  be 
obtained  by  the  boy  who  has  already  received  a  prize.  Thus  two 
prizes  can  be  given  away  in  4^  ways,  three  prizes  in  4*  ways,  and  so 
on.    Hence  the  6  prizes  can  be  given  away  in  4",  or  1024  ways. 
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375.     To  find  for  what  wJiue  of  r  the  number  of  eomhinatitms 
ofn  t/iinfft  r  at  a  time  it  greatett. 

Since  «C     "("-DC^-g) (»-r+2)(«-r+l) 

''"'**    '^' 1.2.3 (r-l)r 

and         C,_,-  ^23 ^^    .^^ 

Tho  multiplying  factor may  be  written ^^  — 1> 

which  shows  that  it  decreases  as  r  increases.    Hence  as  r  receives 
the  values  1,  2,  3, in  succession,  *C,  is  continually  increased, 

41  4-  1 

until 1  becomes  equal  to  1  or  less  than  1. 

^^      n+\     _     ,        ,             n+1    -     .  i_  .  .     n+l 
Now 1  >  1,  so  long  as > 2 ;  that  is,  — 5— >^. 

We  have  to  choose  the  greatest  value  of  r  consistent  with 
this  inequality. 

(1)  Let  n  be  even,  and  equal  to  2m ;  then 

n+1     2m+l  1 

"2 2 '^+2' 

and  for  all  values  of  r  up  to  m  inclusive  this  is  greater  than  r. 
Hence  by  putting  r=m=^ ,  we  find  that  the  greatest  number  of 

combinations  is  *C„. 

t 

(2)  Let  n  be  odd,  and  equal  to  2m+ 1 ;  then 

n+1     2m+2 


2  2 


-«m+l; 


and  for  ail  values  of  r  up  to  m  inclusive  this  is  greater  than  r; 
but  when  r—m+\  the  multiplying  factor  becomes  equal  to  1,  and 

"CU+i^"^-;  thatis,'»Cn+i=-'*C'^i; 
%  s 

and  therefore  the  number  of  combinations  is  greatest  when  the 
things  are  taken  —  —  ,  or  — ^—  at  a  time;  the  result  being  the 
same  in  the  two  cases. 
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EXAMPLES.    XXXVU.  b. 

1«  Find  the  number  of  permutations  which  can  be  made 
from  all  the  letters  of  the  words, 

(1)  irresistihle^  (2)  pkenomenony 

(3)  tiUle-tattle. 

2.  How  many  different  numbers  can  be  formed  by  using 
the  seven  digits  2,  3,  4,  3,  3,  1,  2  ?  How  many  with  the  digits 
2,3,4,3,3,0,2? 

3.  How  many  words  can  be  formed  from  the  letters  of  the 
word  SiniooMy  so  that  vowels  and  consonants  occur  alternately 
in  each  word? 

4.  A  telegraph  has  6  arms  and  each  arm  has  4  distinct 
positions,  including  the  position  of  rest :  find  the  total  number 
of  signals  that  can  oe  maae. 

5.  In  how  many  ways  can  n  things  be  given  to  m  persons, 
when  there  is  no  restriction  as  to  the  number  of  things  each 
may  receive? 

6.  How  many  different  arrangements  can  be  made  out  of 
the  letters  of  the  expression  a^b^cfi  when  written  at  full  length? 

7.  There  are  four  copies  each  of  3  different  volumes;  find 
the  number  of  ways  in  which  they  can  be  arranged  on  one  shelf. 

8.  In  how  many  ways  can  6  persons  form  a  ring?  Find  the 
number  of  ways  in  which  4  gentlemen  and  4  ladies  can  sit  at 
a  round  table  so  that  no  two  gentlemen  sit  together. 

9.  In  how  many  ways  can  a  word  of  4  letters  be  made  out 
of  the  letters  o,  h,  e,  c,  a,  o,  when  there  is  no  restriction  as  to 
the  number  of  times  a  letter  is  repeated  in  each  word? 

10.  How  many  arrangements  can  be  made  out  of  the  letters 
of  the  word  TotUottsey  so  that  the  consonants  occupy  the  first, 
fourth,  and  seventh  places  ? 

11.  A  boat's  crew  consists  of  eight  men  of  whom  one  can 
only  row  on  bow  side  and  one  only  on  stroke  side :  in  how  many 
ways  can  the  crew  be  arranged? 

12.  Show  that       *+ia="C;+~<7^_i. 


CHAPTER  XXXVIII. 
Probability  (Chance). 

376.  Definition.  If  an  event  can  happen  in  a  v^ajs  and 
fail  in  h  ways,  and  each  of  these  ways  is  equally  likely,  the 

probability,  or  the  chance,  of  its  happening  is  — -y  and  of  its 

failing  is -. 

For  instance,  if  in  a  lottery  there  are  7  prizes  and  25  blanks, 

the  chance  that  a  person  holding  1  ticket  will  win  a  prize  is 

7  25 

P-,  and  his  chance  of  not  winning  is  — . 

Instead  of  saying  that  the  chance  of  the  happening  of  an 

event  is  — ^,  it  is  sometimes  stated  that  the  odds  are  a  to  b  in 

a+b 
favor  of  the  event,  or  h  to  a.  against  the  event. 

Thus  in  the  above  the  odds  are  seven  to  twenty-five  in  favor 
of  the  drawing  of  a  prize,  and  twenty-five  to  seven  against 
success. 

377.  The  reason  for  the  mathematical  definition  of  proba- 
bility may  be  made  clear  by  the  following  considerations : 

If  an  event  can  happen  in  a  ways  and  fail  to  happen  in  b 
ways,  and  aU  these  ways  are  equally  likely,  we  can  assert  that 
the  chance  of  its  happening  is  to  the  chance  of  its  failing  as  a 
to  b.  Thus  if  the  chance  of  its  happening  is  represented  by  ka, 
where  k  is  an  undetermined  constant,  then  the  chance  of  its 
failing  will  be  represented  by  kb, 

.'.  chance  of  happening  +  chance  of  failing  =A:(a  +  6). 
Now  the  event  is  certain  to  happen  or  to  fail;  therefore  the  sum 
of  the  chances  of  happening  and  failing  must  represent  cer- 
tainty.   If  therefore  we  agree  to  take  certainty  as  our  imit,  we 
have 

l=^(a  +  6),  or  ^=^:j:^; 

•  •.  the  chance  that  the  event  will  happen  is  — ?-, 

a-{-b 

and  the  chance  that  the  event  will  not  happen  is  — -. 

^^  a+b 
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Cor.  If  ^  is  the  probability  of  the  happening  of  an  event, 
the  probability  of  its  not  happening  is  1  —p. 

378.  The  definition  of  probability  in  Art.  376  may  be  given 
in  a  slightly  different  form  which  is  sometimes  useful.  If  c  is 
the  total  number  of  cases,  each  being  equally  likely  to  occur, 
and  of  these  a  are  favorable  to  the  event,  then  the  probability 

that  the  event  will  happen  is  ?,  and  the  probability  that  it  will 

not  happen  is  1—  -. 
c 

Example  1.  (a)  From  a  bag  containing  4  white  and  5  black 
balls  a  man  draws  a  single  ball  at  random.  What  is  the  chance 
that  it  is  black  ? 

A  black  ball  can  be  drawn  in  5  ways,  since  any  one  of  the  5 
black  balls  may  be  drawn.  In  the  same  way  any  one  of  the  4  white 
balls  may  be  drawn. 

Hence  the  chance  of  drawing  a  black  ball  is  _A_,or  ~. 

4+6       9 
(6)  Suppose  the  man  draws  3  balls  at  random.    What  are  the 
odds  against  these  being  all  black  ? 

The  total  number  of  ways  in  which  3  balls  can  be  drawn  is  ^Ca, 
and  the  total  number  of  ways  of  drawing  3  black  balls  is  ^Cz  j  there- 
fore the  chance  of  drawing  3  black  balls 
_6a«_6.4.3_  6 
"9(78"'9.8.7""42' 
Thus  the  odds  against  the  event  are  37  to  6. 

Example  2.  A  has  3  shares  in  a  lottery  in  which  there  are  3 
prizes  and  6  blanks ;  B  has  1  share  in  a  lottery  in  which  there  is 
1  prize  and  2  blanks.  Show  that  A's  chance  of  success  is  to  ^^s  as 
16  to  7. 

A  may  draw  3  prizes  in  1  way ; 

3   2 
he  may  draw  2  prizes  and  1  blank  in  ^-h,  x6  ways ; 

he  may  draw  1  prize  and  2  blanks  in  3  x  j^  ways ; 

the  sum  of  these  numbers  is  64,  which  is  the  number  of  ways  in 

9  8  7 
which  A  can  win  a  prize.    Also  he  can  draw  3  tickets  in  — — i-. ,  or 

1 . 2 .  o 
84  ways ; 

therefore  -4's  chance  of  success  =  sr  =  jrr* 

b4     21 

B^a  chance  of  success  is  clearly  i ; 
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therefore  A'b  chance  :  B^a  chance  =  —  :  - 

21    3 
=  16:7. 
Or  we  might  have  reasoned  thus:  A  will  get  all  blanks  in 

— — —.  or  20  ways :  the  chance  of  which  is  — ,  or  — : 
1.2.3'  ^    '  8?        21' 

therefore  A^b  chance  of  success  =1  —  ht  ^  oT' 

379.  From  the  examples  giveu  it  will  be  seen  that  the  solu- 
tion of  the  easier  kinds  of  questions  in  Probability  requires  noth- 
ing more  than  a  knowledge  of  the  definition  of  Probability,  and 
the  application  of  the  laws  of  Permutations  and  Combinations. 

EXAMPLES  XXXVm. 

1.  A  bag  contains  6  white,  7  black,  and  4  red  baUs ;  find  the 
chance  of  drawing:  (a)  One  white  bail;  (b)  Two  white  balls; 
(c)  Three  white  balls  ;  (d)  One  ball  of  each  color ;  (e)  One  white, 
two  black,  and  three  red  balls. 

2.  If  four  coins  are  tossed,  find  the  chance  that  there  should 
be  two  heads  and  two  tails. 

8.  One  of  two  events  must  happen :  given  that  the  chance  of 
the  one  is  two-thirds  that  of  the  other,  find  the  odds  in  favor  of 
the  other. 

4.  Thirteen  persons  take  their  places  at  a  round  table.  Show 
that  it  is  five  to  one  against  two  particular  persons  sitting  together. 

5.  There  are  three  events  A,  B,  C,  one  of  which  must,  and 
only  one  can,  happen ;  the  odds  are  8  to  3  against  ^,  6  to  2 
against  B,    Find  the  odds  against  C. 

6.  -4  has  3  shares  in  a  lottery  containing  3  prizes  and  9 
blanks ;  B  has  2  shares  in  a  lottery  containing  2  prizes  and  6 
blanks.    Compare  their  chances  of  success. 

7.  There  are  three  works,  one  consisting  of  3  volumes,  one 
of  4,  and  the  other  of  1  volume.  They  are  placed  on  a  shelf  at 
random.  Prove  that  the  chance  that  volumes  of  the  same  works 
are  all  together  is  yf^. 

8.  The  letters  forming  the  word  Clifton  are  placed  at  random 
in  a  row.    What  is  the  chance  that  the  two  vowels  come  together  ? 

9.  In  a  hand  at  whist  what  is  the  chance  that  the  four  kings 
are  held  by  a  specified  player  ? 

10.  There  are  4  dollars  and  3  half-dollars  placed  at  random  in 
a  line.  Show  that  the  chance  of  the  extreme  coins  being  both  half- 
dollars  is  ^. 
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Binomial  Theorem. 

380.     It  may  be  shown  by  actual  multiplication  that 
(a?+a)  (x-hh)  (a'+c)  (jc+d) 

=a'^-\-(a-\-h-\-c+d)a:^  +  (ab  +  ac+ad+bc+bd+cd)a;^ 
+  {abc  •{- abd+acd+ bed)  0^+ abed (1). 

We  may,  however,  write  down  this  result  by  inspection ;  for  the 
complete  product  consists  of  the  sum  of  a  number  of  partial  pro- 
ducts each  of  which  is  formed  by  multiplying  together  four 
letters,  one  being  taken  from  each  of  the  four  factors.  If  we 
examine  the  way  in  which  the  various  partial  products  are 
formed,  we  see  that 

(1)  the  term  a^  is  formed  by  taking  the  letter  a;  out  of  eaeh 
of  the  factors. 

(2)  the  terms  involving  a^  are  formed  by  taking  the  letter  a; 
out  of  any  three  factors,  in  every  way  possible,  and  one  of  the 
letters  a,  6,  c,  d  out  of  the  remaining  factor. 

(3)  the  terms  involving  47^  are  formed  by  taking  the  letter  a? 
out  of  any  Uoo  factors,  in  every  vay  possible,  and  two  of  tho 
letters  a,  6,  c,  d  out  of  the  remaining  factors. 

(4)  the  terms  involving  x  are  fonned  by  taking  the  letter  x 
out  of  any  one  factor,  and  three  of  the  letters  a,  6,  c,  d  out  of 
the  remaining  factors. 

(5)  the  term  independent  of  a?  is  the  product  of  all  the  letters 
a,  by  c,  d. 

JSoeample.     Find  the  value  of  (a?  -  2)  (a?  +  3)  (x  -  6)  (as  +  9) . 
The  product 

=a:*+ (-2  +  3 -6  +  9)ar»+(- 6  +  10- 18-16  +  27-45) ar» 

+  (30-54  +  90-135)  a;  +  270 

=a:* + 6x8  -  47x2  -  69a;+ 270. 
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381.  If  in  equation  (1)  of  the  preceding  article  we  suppose 
b^c=d=a^  we  obtain 

We  shall  now  employ  the  same  method  to  prove  a  formula 
known  as  the  Binomial  Theorem,  by  which  any  binomial  of  the 
form  x-\-a  can  be  raised  to  any  assigned  positive  integral  power. 

382.  To  find  ike  exparision  of  (x+a)"  when  n  is  a  positive 
integer. 

Consider  the  expression 

{x-^a){x+h){x-\'c) {x-^-h), 

the  number  of  factors  being  n. 

The  expansion  of  this  expression  is  the  continued  product  of 

the  n  factors,  x-^-a,  x  +  h,  x+c, x+k,  and  every  term  in  the 

expansion  is  of  n  dimensions,  being  a  product  formed  by  multi- 
plying together  n  letters,  one  taken  from  each  of  these  n  factors. 

The  highest  power  of  x  is  a^,  and  is  formed  by  taking  the 
letter  x  from  each  of  the  n  factors. 

The  terms  involving  ^~^  are  formed  by  taking  the  letter  x 
from  any  n  —  1  of  the  factors,  and  on^  of  the  letters  a,  b,  c,...k 
from  the  remaining  factor;  thus  the  coeflBicient  of  af^~^  in  the 
final  product  is  the  sum  of  the  letters  a,  b,  c, k;  denote  it 

The  terms  involving  x^~^  are  formed  by  taking  the  letter  x 
from  antf  n-2  of  the  factors,  and  two  of  the  letters  a,  6,  c,...^ 
from  the  two  remaining  factors ;  thus  the  coefficient  of  af*~^  in 
the  final  product  is  the  sum  of  the  products  of  the  letters 
a,  6,  c,,,.k  taken  two  at  a  time;  denote  it  by  /S'g. 

And,  generally,  the  terms  involving  ^-*'  are  formed  by  taking 
the  letter  x  from  any  n  —  r  of  the  factors,  and  r  of  the  letters 
a,  b,  c,,,.Jk  from  the  r  remaining  factors;  thus  the  coefficient  of 
^^-r  in  the  final  product  is  the  sum  of  the  products  of  the  letters 
a,  b,  c,,.,k  taken  r  at  a  time;  denote  it  by  Sf. 

The  last  term  in  the  product  is  abc.„k;  denote  it  by  JS^^. 

Hence  (x+a)  (x-\-b)  (x-\-c) (x+k) 

=af'+Siaf^-'^+S^-^+,„+S^-^+..,+JSr,._iX+JS^. 

In  Si  the  number  of  terms  is  n ;  in  /S'g  the  number  of  terms  is 
the  same  as  the  number  of  combinations  of  n  things  2  at  a  time ; 
that  is,  "Cg ;  in  S^  the  number  of  terms  is  ^C^ ;  and  so  on. 

Now  suppose  b,  c,...^,  each  equal  to  a ;  then  JS^  becomes  "C^a; 
^3  becomes  '^C^a^;  S^  becomes  ^C^a^ ;  and  so  on ;  thus 
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substituting  for  *»Cj,  •*C2,...we  obtain 


+^^^V^)a3.-3+...+a», 


the  series  containing  w+1  terms. 

This  is  the  Binomial  Theorem^  and  the  expression  on  the 
right  is  said  to  be  the  expansion  of  (^+a)^ 

383.  The  coefficients  in  the  expansion  of  (a:+a)*  are  very 
conveniently  expressed  by  the  symbols  •*(7i,  *Co,  ^C^,,,,^C^,  We 
shall,  however,  sometimes  further  abbreviate  them  by  omitting 
n,  and  writing  Cj,  Cg,  Cg,...^^.    With  this  notation  we  kave 

If  we  write  —  a  in  the  place  of  a,  we  obtain 
(.r-a)«=^+Ci(-a)a:»-i  +  C;(-a)2a?«-2 

+  C3(-a)3:B-3+...+C;(-a)n 

=07*  -  Oio^-i + C^d^af"-^  -  C^a^3f-'^-\- ...  +  (-  l)«C;a» 

Thus  the  terms  in  the  expansion  of  (:i;+a)*  and  (^-a)»*  are 
numerically  the  same,  but  in  {x  —  a)**  they  are  alternately  positive 
and  negative,  and  the  last  term  is  positive  or  negative  according 
as  72^  is  even  or  odd. 

'Example  1.    Find  the  expansion  of  (a5+2^)^ 
By  the  formula,  the  expansion 

= x«  +  GfipKy  +  16a^i/2  +  20x82/'  +  \^x^j^  +  ^xy^ + y*, 
on  calculating  the  values  of  «(7i,  •Cj,  'Cj, 

Example  2.    Find  the  expansion  of  (a-  2a;)7. 
(a-2j:)7=a''-7Cf^«6(2x)  +  7c7^«(2x)«-7(7ja*(2a:)3+ to  8  terms. 

Now  remembering  that  *(7y='»C„_„  after  calculating  the  coefficients 
up  to  'Cj,  the  rest  may  be  written  down  at  once;  for  ''C^—'^C^\ 
7C^='^C2;  and  so  on.     Hence 

(a-2x)7=a7-7a«(2a:)  +  J-l|a«(2^)»--J~^-^aM2x)3+... 

=a7  -  7a«  {2x)  +  21a^  {2x)^  -  86a*  {2x)^  +  35a»  (2a;)* 

-  21a«  (2a;)«  +  7a  (2a;)«  -  {2xy 
=a'  -  14a«aj+84a«aJ«  -  280a*a:» + SGOaSar* 

-  672a V + 448ax«  -  128x7. 
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384.  In  the  expansion  of  (a? + a)*,  the  coefficient  of  the  second 
term  is  ^C^ ;  of  the  third  term  is  ^€2  5  ®^  *^®  fourth  term  is  "Cj ; 
and  BO  on;  the  suffix  in  each  term  being  one  less  than  the 
number  of  the  term  to  which  it  applies ;  hence  ^Cr  is  the  co- 
efficient of  the  (r+1)^  term.  This  is  called  the  general  term, 
because  by  giving  to  r  different  numerical  values  any  of  the 
coefficients  may  be  found  from  *C,;  and  by  givine  to  x  and  a 
their  api)ropriate  indices  any  assigned  term  may  be  obtained. 
Thus  the  (r+1)*  term  may  tie  written 

-/Y   ^-^  ^  7l(7l-l)(7l-2)...(»-r+l)  ^^^   , 

HJjif^-^ar.  or  -^^ ^-^ -^ — ^ -^— ^  jB*^a^ 

In  applying  this  formula  to  any  particular  case,  it  should  be 
observed  that  the  index  of  a.  is  the  same  as  the  sufix  of  C,  and  that 
the  sum  of  the  indices  ofx  and  a  u  n. 

Example  1.    Find  the  fifth  term  of  (a +2x5)^7. 

The  required  term        =^'^C^a^  (2x3j4 

17.16.15.14 


1.2.3.4 
=  38080ai»xi2. 


-xl6ai8aj" 


Example  2.    Find  the  fourteenth  term  of  (Z-ay\ 
The  required  term  =i5(7i8(3)2(  -a)i* 

=15(72  x(-9ai8)  [Art.  370.] 

=  -946ai». 

385.  The  simplest  form  of  the  binomial  theorem  is  the 
expansion  of  (1  +  x)".  This  is  obtained  from  the  general  for- 
mula of  Art.  382,  by  writing  1  in  the  place  of  ar,  and  x  in  the 
place  of  a.    Thus 

(l+a;)*  =  l  +  »Cia:+''C2a:2+  ...  +"C,^+  ...  -f^CnOr" 
=  l  +  ,:,+  <^^H ^^. 

the  general  term  being    ^>(^-l)(^-2) (n-r+1)^ 

386.  The  expansion  of  a  binomial  may  always  be  made  to 
depend  upon  the  case  in  which  the  first  term  is  unity;  thus 

'  X 


(x-{-yy=  \  a:[  1+ -]  |^*=ar»(l  +  2)",  where  z=^ 


*  Galled  "  factorial  r  "  and  meaning  the  oontinued  product  of  all  the  integers 
from  1  tor.    Thus [4  =  1.2. 8. 4=  24. 
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Example.  Find  the  coefficient  of  x"  in  the  expansion  of  (a:-  -  2xy\ 
We  have  (x«-2a:)io=x''M  1 -^J    ; 

1  — )  » 
we  have  in  this  expansion  to  seek  the  coefficient  of  the  term  wnich 
contains  — . . 

X* 


Hence  the  required  coefficient = ^^C^  ( -  2)* 

10.9.8.7 
-1.2.3.4 


xl6 


Proof  by  Mathematical  Induction. 

387.  By  actual  multiplication  we  obtain  the  following 
identities : 

(a+a:)3=aa+2aar+a;2, 
(a+x)»  =  a8+3a2a:+3ax2+a:», 
(a  +  x)* = a*  H-  4a«a: + QaV + 4taafl + x*. 
Selecting  any  one  of  these  and  rewriting  so  as  to  exhibit 
the  laws  of  formation  of  exponents  and  coefficients,  we  have 

+  ^;^'3'^a0a:^(a0  =  l  Art.  238). 

Assume  that  these  laws  of  formation  hold  for  (a  +  a:)**,  n 
being  any  positive  integer. 

Then  (a + a:)« = a« + na'^'^x  +  ^^"^     ^""^^ 

^»(n-l)(n-2)^:.^ (!)• 

Multiplying  each  side  of  the  identity  by  (a+x)  and  com- 
bining terms,  we  obtain, 

(a-|-a:)"+i=a»+i+  (n  +  l)a«a:+  ^^i^a»-ia;2 

^<^M^an-^x^ (2). 

It  will  be  seen  that  n  in  (1)  is,  in  every  instance,  replaced 
by  (n  +  1)  in  (2).  Hence  if  the  theorem  be  true  for  any  value 
of  n,  it  will  be  true  for  the  next  higher  value.    We  have  shown 
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by  multiplication  that  the  theorem  is  true  when  n  successively 
equals  2,  3,  and  4;  hence  it  is  true  when  n=5,  and  so  on 
indefinitely.  The  theorem  is  therefore  true  for  aU  positive 
integrid  values  of  n. 

388.    In  the  expansion 

(a+a:)«=a»+na"-ia:+ ^^^f^^a*-2a:« ... 
X  *  <J 

We  observe  that  in  any  term 

(1)  The  exponent  of  x,  the  second  term  of  the  binomial,  is 
one  less  than  the  number  of  the  term  from  the  first. 
^2)  The  sum  of  the  exponents  is  n. 

(3)  The  last  factor  of  the  denominator  is  the  same  as  the 
exponent  of  the  second  term  of  the  binomial. 

(4)  The  numerator  contains  as  many  factors  as  the  de- 
nominator, the  first  being  n,  and  each  succeeding  one  decreasing 
by  1. 

Hence  the  (r+1)**^  or  general  term  of  (a+xy  is 
n(n  —  1) ...  for  r  factors 

l.-2.3...r        "*     '^• 
Example.    Find  the  6**^  term  in  the  expansion  of  (2a+hy^. 
Here  n=10,  and  r+l=6. 
...   ,  10.9.8.7.6,-..,.       3.2.7.6„  .... 

^®  ^^®     1.2.3.4.6  ^^^^  ^    = i (^^^  ^ 

=  252(2)Ba666  =8064a«6». 

EXAMPLES  XXXIX.  a. 

Expand  the  following  binomials : 
1.     (x+2)4.  2.     («+3)6.  3.     (a+xy,^ 

4.     da-xy.  5.     (l-2y)«.  6.     (2a:+|]*- 

7.  (.-I)'.        8.  (.-5)'.       9.  («.g-- 

Write  down  and  simplify : 
10.    The  4t^  term  of  (1+a;)".         11.    The  6^  term  of  (2-yy. 
12,  The  5«»  term  of  (a-66)7.         13.  The  150»  term  of  (2x-l)i". 

14.    The  1^  term  of  ^1- 1 V^.       15.    The  6*  term  of  (3x+  5) 
16.    Find  the  value  of  (x-  V3)*+  («+  V^)*. 
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17.  Expand  (v^r^-M)S-(\/I3^_l)6. 

18,  Find  the  coefficient  of  x^^  in  (a;2+2x)w. 

19,  Find  the  coefficient  of  x  in  ( «^~|^)    • 

20.  Find  the  term  independent  of  x  in  (2x2 — j   . 

389.  In  the  expansion  of  (1 +x)**  the  coefficients  of  terms  equi- 
distant from  the  beginning  and  end  are  equal, 

Tlie  coefficient  of  the  (r+l)**»  term  from  the  beginning  is 

The  (r+l)"»term  from  the  end  has  n  +  1  — (r+1),  or  n  —  r 
terms  before  it;  therefore  counting  from  the  beginning  it  is 
the  (n  — r+1)*^  term,  and  its  coefficient  is  '*C„_„  which  has  been 
shown  to  he  equal  to  ^CV  [Art.  370.]  Hence  the  proposition 
follows. 

390.  Greatest  coefflcient.  To  find  ike  greatest  coefficient 
in  the  expansion  of  (1+x)". 

The  coefficient  of  the  general  term  of  (1  +a:)"  is  "C, ;  and  we 
have  only  to  find  for  what  value  of  r  this  is  greatest. 

By  Art.  375,  when  n  is  even,  the  greatest  coefficient  is  »»C« ; 
when  n  is  odd,  it  is  "Cn-i,  or  **Cn+i;  these  coefficients  being 
equal. 

391.  Greatest  term.  To  find  the  greatest  term  in  the  expansion 
of  (x+a)». 

We  have  (x+ay=o^  f  1+-)"; 

therefore,  since  x"  multiplies  every  term  in  f  H — j  ,  it  will  be 

sufficient  to  find  the  greatest  term  in  this  latter  expansion. 

Let  the  r*^  and  (r+1)*^  be  any  two  consecutive  terms. 
The  (r+1)**^  term  is  obtained  by  multiplying  the  r*^  term  by 

!LI^.£;  that  is,  by  (^-l)  J  [Art.  384.] 
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<n  4-1 

The  factor 1   decreases  as   r  increases :   hence  the 

r 

(7'+l)***  term  is  not  always  greater  than  the  r*  term,  but  only 
until  [  — —■  -  1 )  -  becomes  equal  to  1,  or  less  than  1. 


Now       ( 1 )  -  >  1,  so  long  as 


n  +  1     T     .V 

1  >  -  ; 

r  a' 


that  IS,  >  -+1,  or  ^ — t-^—>t (1). 

r        a  x-\-a 

If  ^^ — —^ —  be  an  integer,  denote  it  by  ^;  then  if  r=jo  the 

X'\'(h 

multiplying  factor  becomes  1,  and  the  (jo+1)***  term  is  equal  to 
the^*^;  and  these  are  greater  than  any  other  term. 

If —  be  not  an  integer,  denote  its  integral  part  by  q\ 

X'^Ot 

then  the  greatest  value  of  r  consistent  with  (1)  is  q\  hence  the 
(2^+ 1)"*  term  is  the  greatest. 

Since  we  are  only  concerned  with  the  numerically  greatest 
term,  the  investigation  will  be  the  same  for  {x  -  aY ;  therefore 
in  any  numerical  example  it  is  unnecessary  to  consider  the  sign 
of  the  second  term  of  the  binomial.  Also  it  will  be  found  best 
to  work  each  example  independently  of  the  general  formula. 

Example,  Find  the  greatest  term  in  the  expansion  of  (l  +  4x)^ 
when  X  has  the  value  ^  . 

Denote  the  r***  and  (r  + 1)***  terms  by  T,.  and  T^^  respectively;  then 

9-r     4 
henco  r,^j  >  T,.,  so  long  as x  -  >  1 ; 

that  is,  3G  -  4r>  3r,  or  3G >  7r. 

The  greatest  value  of  r  consistent  with  this  is  5 ;  hence  the  greatest 
term  is  the  sixth,  and  its  value 


-Mfl'-Md'-^- 
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392.  To  find  the  sum  of  the  coefficients  in. the  expansion 
o/(l  +  x)n. 

In  the  identity      (l+a;)''=l  +  CiX-{-C^+C^a^+...  +  Cnaf'^ 
put  ^=1;  thus 

2*=l  +  (7i  +  C2+C3+...  +  C; 
=  sum  of  the  coefficients. 
Cor.  0'i+(7a+(73+...  +  an=2*-l; 

that  is,  the  total  number  of  combinations  of  n  things  taking 
some  or  all  of  them  at  a  time  is  2**  - 1. 

393.  To  prove  that  in  the  expansion  of  (1 +x)",  the  sum  of  the 
coefficients  of  the  odd  terms  is  eqttal  to  the  sum  of  the  coefficients  of 
the  even  terms. 

In  the  identity      {l-{'xY=^l  +  C^x+C^+C^+ ^.-{■Cj.af'y 

put  ^=  - 1 ;  thus 

0=l-Ci+(72-C3+Ci-Ci+ ; 

,\\+C^+C^+ =  Ci+(73+C6+ 

394.  The  Binomial  Theorem  may  also  be  applied  to  expand 
expi«ssions  which  contain  more  than  two  terms. 

Example.    Find  the  expansion  of  (x^  +  2x  - 1)». 

Begarding  2a;  - 1  as  a  single  term,  the  expansion 

=  {a^^ + 3  (x'Y  (2x  - 1)  +  3x2  (2a;  - 1)«  +  (2a;  - 1)» 
= a;«  +  6a;^ + 9a;*  -  4a;3  -  9a;'  +  6a;  - 1,  on  reduction. 

395.  For  a  full  discussion  of  the  Binomial  Theorem  when 
the  index  is  not  restricted  to  positive  integral  values  the  student 
is  referred  to  Chap,  xlvii.  It  is  there  shown  that  when  x  is 
less  than  unity,  the  formula 

is  true  for  any  value  of  n. 

When  n  is  negative  or  fractional  the  number  of  terms  in  the 
expansion  is  unlimited,  but  in  any  particular  case  we  may  write 
down  as  many  terms  as  we  please,  or  we  may  find  the  coefficient 
of  any  assigned  term. 
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Example  1.    Expand  (l+x)-*  to  four  terms. 


,     o      3.4  ,    3.4.6   , 
=l-3a!  +  6r»-10a:«+... 

8 

Example  2.     Expand  (4  + 3a;)*  to  four  terms. 


(.+a.,;..5(n.5)-.,(,4)' 

r       3    3x     3    9x2     j^    27a:»         T 
■"®L       2*T'*"8'16  "le*  64"*"-J 

=8  +  9x+gx2_^^^+... 

396.  In  finding  the  general  term  we  must  now  use  the 
formula 

7^(n-l)(7i-2) (n-r+l)^ 

\r 

vjritten  in  full;  for  the  symbol  *C>  cannot  be  employed  when  n 
is  fratctional  or  negative. 

1 
Example  1.     Find  the  general  term  in  the  expansion  of  (1+x)^. 

\(\-A{\-^) (\-'*^) 

The  (r+l)«»  term=    \        (  ^  ^  <  ^ 

l(-l)(-3)(-5) (-2r+3).^ 

2^7 '- 

The  number  of  factors  in  the  numerator  is  r,  and  r- 1  of  these 
are  negative;  therefore,  by  taking  -1  out  of  each  of  these  negative 
factors,  we  may  write  the  above  expression 

/    i),-,l-8-6 (2r-3) 
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Example  2.     Find  the  general  term  in  the  expansion  of  (1  -  a?)-'. 
The  (r+D-  termJ^^)<--^)<-^)^-(-^-:ir-tl)(--.)r 

^(■1^3. 4. 5 (r  +  2) 

^    ^        1.2.3 r 

_(r  +  l)^r+2) 
"       1.2 
by  removing  like  factors  from  the  numerator  and  denominator. 

397.     The  following  example  illustrates  a  useful  application 
of  the  Binomial  Theorem. 


Example,    Find  the  cube  root  of  126  to  5  places  of  decimals. 

(126)i=(63+l)L5(l  +  l)' 

_./       11115     1         \ 


3*10«     9 'lO*"^  81 '107      •• 
-     -04      -00032     -0000128 

=^+-sr — 9~  +  "8i — - 

=  5  +  -013333...- -000035...  +  ... 
=6-01329,  to  five  places  of  decimals. 


EXAMPLES  XXXIZ.  b. 

In  the  following  expansions  find  which  is  the  greatest  term : 

1.  (^ + ^y^  when  A' = 4,  y = 3. 

2.  (^  -  2/)^  when  .r = 9,  y = 4. 

2 

3.  (1  +  A')*  when  a; = ^ . 

o 
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4.  (a-46)i«whena=12,  6«2. 

5.  (7a7+2y)«>  when  ar=8,  y:=14. 

5 
fi.     (2a?+3)»  when  ^=o ,  7i«15. 

7.  In  the  expansion  of  (1  +  xf^  the  coefficients  of  the 
(2r+l)"*  and  (r+6)*^  terms  are  equal;  find  r. 

8.  Find  n  when  the  coefficients  of  the  16***  and  26***  terms  of 
(l+ar)*areequaL 

9.  Find  the  relation  between  r  and  n  in  order  that  the 
coefficients  of  (r+3)'**  and  (2r-3)'**  terms  of  (l+a?)^*  may  be 
equal. 

10.  Find  the  coefficient  of  af^  in  the  expansion  of  f  :f*  H —  J    . 

11.  Find  the  middle  term  of  (1  -^-xf^  in  its  simplest  form. 

12.  Find  the  sum  of  the  coefficients  of  (a?+y)^*. 

13.  Find  the  sum  of  the  coefficients  of  (3^+y)^. 

14.  Find  the  r***  term  from  the  beginning  and  the  t^  term 
from  the  end  of  (a +20?)*. 

15.  Expand  (a2+2a+l)3  and  (a;a-4r+2)s. 
Expand  to  4  terms  the  following  expressions  : 

16.  (1+^)*.  17.     (1+a:)*.  18.     (l+ar)». 
19.    (l+3^)-2.               20.    (1-^-3.               21.    (1+ar)-*. 

1  3 

22.    (2+^)-s.  23.    (1+207)  2.  24.    {a-^)"\ 

Write  down  and  simplify : 

8 

25.  The  5*»*  term  and  the  10"*  term  of  (1  ^x)\ 

u 

26.  The  3**  term  and  the  11*  term  of  (1  +  2a?)». 

27.  The  4***  term  and  the  (r  + 1)***  term  of  (1  +  x)-\ 

1 

28.  The  7"*  term  and  the  (r  + 1)*  term  of  (1  -  xf, 

29.  ThQ  (r+  !)*»*  term  of  (a  -  hxY\  and  of  (1  -  rw?)«. 
Find  to  four  places  of  decimals  the  value  of 

30.  v^l22,        31.    \^6^.        32.    v^31.        33.     l-fV59- 


CHAPTER   XL. 

Logarithms. 

398.  Definition.  The  logaxitlmi  of  any  number  to  a  given 
base  Is  the  index  of  the  power  to  which  the  oase  must  be  raised 
in  order  to  equal  the  given  number.  Thus  if  a^^N^x  is  called 
the  logarithm  of  N  to  the  base  a. 

Examples.    (1)  Since  3^=81,  the  logarithm  of  81  to  base  3  is  4. 

(2)  Since  101=10,  10«=100,  10»=1000, 

the  natural  numbers  1,  2,  3,...  are  respectively  the  logarithms  of  10, 
100,  1000, .to  base  10. 

399.  The  logarithm  of  iV  to  base  a  is  usually  written  logaiV, 
so  that  the  same  meaning  is  expressed  by  the  two  equations 

a*=iV;  ^=logair. 

Example,    Find  the  logarithm  of  32  ^i  to  base  2  ^2, 

Let  X  be  the  required  logarithm ;  then 

by  definition,  (2  V2)«=324^4; 

1  s 

.-.  (2.2^)«=2».2^; 

hence,  by  equating  the  indices,  a>^—~ri 

...  a:=^=3-6. 
o 

400.  When  it  is  understood  that  a  particular  system  of 
logarithms  is  in  use,  the  suffix  denoting  the  base  is  omitted. 
Thus  in  arithmetical  calculations  in  which  10  is  the  base,  we 
usually  write  log  2,  log  3, instead  of  logjoS,  log^oS, 
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Logarithms  to  the  base  10  are  known  as  Common  Loga- 
rithms ;  this  system  was  first  introduced  in  1615  by  Briggs,  a 
contemporary  of  Napier  the  inventor  of  Logarithms. 


Properties  of  Logarithms. 

401.  The  logarithm  o/ 1  w  0. 

For  a<*=l  for  all  values  of  a;  therefore  log  1=0,  whatever 
the  base  may  be. 

402.  The  logarUhm  of  ike  base  itself  is  I. 
For  a^^a\  therefore  log^ a = 1. 

403.  To  find  the  logarithm  of  a  product. 

Let  MN  be  the  product ;  let  a  be  the  base  of  the  system, 
and  suppose 

^=log,if,        y=logair; 

so  that  a*^M^  a^^N. 

Thus  the  product     MN=a'xav^a'-*-v; 
whence,  by  definition,  loga3/!/V=a?+y 

^log.if+logaiV: 
Similarly,  lo&,i/"jrP=log«J/^+log«iV+logaP; 
and  so  on  for  any  number  of  factors. 

Example,     log  42 = log  (2  x  3  x  7) = log  2  +  log  3 + log  7. 

404.  To  find  the  logarithm  of  a  fraction. 

M 

Let  -j^  be  the  fraction,  and  suppose 

a7=logaJ/,        y==logaiV; 
so  that  a*= Jf,  a?'=^N. 

Thus  the  fraction  -—  r=  — = a*  -  » ; 

N     av  * 

whence,  by  definition,    log^  -tt^  =  ^ — y 

=log«J/-logaJr. 
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Exanvple,     log  (2^ )  =  log— = log  15  -  log  7 

=log(3x6)-log7=log3+log6-log7. 

405.     To  find  the  logarithm  of  a  number  raised  to  any  power^ 
integral  or  fra^stional, 

I^t  loga(i^^)  be  required,  and  suppose 

^^log^My  so  that  a*^M\ 

then  i/i> = (a«)P = a*» ; 

whence,  by  definition,       log^  (ifP)  =  jor ; 

that  is,  log„(i/"P)  =jt?  log^i/; 

I      1 

Similarly,  loga(Jr)  =  -  log^M. 


Example.  Express  the  logarithm  of  \^  in  terms  of  log  a,  log  6 
and  log  c. 

s 
Ja^  a^  ? 

log  c«p=log^  =loga'-log(c»6») 

3  S 

=sg  log  a  -  (log  c»  +  log  62)  =    log  a  -  5  log  c  -  2  log  6. 

406.  From  the  equation  10»=i\r,  it  is  evident  that  common 
logarithms  will  not  in  general  be  integral,  and  that  they  will 
not  always  be  positive. 

For  instance,         3154>10«  and  <10* ; 

.  • .  log  3154 = 3  +  a  fraction. 
Again,  •06>10-«  and  <10-i ; 

.  • .  log  '06  =  —  2  +  a  fraction . 

407.  Definition.  The  integral  part  of  a  logarithm  is 
called  the  characteristic,  and  the  decimal  part  is  called  the 
mantissa. 

The  characteristic  of  the  logarithm  of  any  number  to  the 
base  10  can  be  written  down  by  inspection,  as  we  shall  now 
show. 
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408.  To  determine  the  characteristic  of  the  logarithm  of  any 
number  greater  than  unity. 

It  is  clear  that  a  number  with  two  digits  in  its  integral  part 
lies  between  10^  and  lO^ ;  a  number  with  three  digits  in  its  in- 
tegral part  lies  between  10^  and  l(fi ;  and  so  on.  Hence  a  number 
with  n  digits  in  its  integral  part  lies  between  10»~^  and  10". 

Let  JV  be  a  number  whose  integral  part  contains  n  digits; 
then 

jy_  lQ(f«-D+a  fraction . 

.  •.  log  JV=  (n  - 1 ) + a  fraction. 

Hence  the  characteristic  is  n—  1 ;  that  is,  tJie  characteristic  of 
the  logarithm  of  a  number  greater  than  unity  is  less  by  one  than 
the  nwfnher  of  digits  in  its  int^ral  party  and  ts  positive. 

409.  To  determine  the  characteristic  of  the  logarithm  of  a 
decimal  fraction. 

A  decimal  with  one  cipher  immediately  after  the  decimal 
point,  such  as  •0324,  being  greater  than  "01  and  less  than  -1,  lies 
between  10 ~*  and  10~^;  a  number  with  two  ciphers  after  the 
decimal  point  lies  between  10 "^  and  10"^;  and  so  on.  Hence 
a  decimal  fraction  with  n  ciphers  immediately  after  the  decimal 
point  lies  between  10  "■<'^"  and  10"". 

Let  D  be  a  decimal  beginning  with  n  ciphers ;  then 

2)«siO-^»»+w+*'^*c"«»'  • 

.'.  log  i)=  -  (n+ 1)  +  a  fraction. 

Hence  the  characteristic  ia  —  (n  +  l);  that  is,  tJie  cliaracteristie 
of  the  logarithm  of  a  decimxil  fniction  isgreaier  by  unity  than  the 
number  of  ciphers  immediately  after  the  decim^  point  and  is 
negative. 

Advantages  of  Common  Logarithms. 

410.  Common  logarithms,  because  of  the  two  great  advan- 
tages of  the  base  10,  are  in  common  use.  These  two  advantages 
are  as  follows : 

(1)  From  the  results  already  proved  it  is  evident  that  the 
characteristics  can  be  written  down  by  inspection,  so  that  only 
the  mantissse  have  to  be  registered  in  the  Tables. 

(2)  The  mantissse  are  the  same  for  the  logarithms  of  all 


LOGARITHMS.  329 

numbers  which  have  the  same  significant  digits;  so  that  it  is 
sufficient  to  tabulate  the  mantisssd  of  the  logarithms  of  integers. 

This  proposition  we  proceed  to  prove.     ' 

411.  Let  N  be  any  number,  then  since  multiplying  or 
dividing  by  a  power  of  10  merely  alters  the  position  of  the 
decimal  pomt  without  changing  the  sequence  of  figures,  it  follows 
that  iVx  10^,  and  JV^-MO',  where  p  and  q  are  any  integers,  are 
numbers  whose  significant  digits  are  the  same  as  those  of  N, 

Now        log  (iVx  lOP) =log  N-^-p  log  10 

=logir+i> (1). 

Again,      log  {N-r- 10«) = log  N-  g^  log  10 

=^\ogN-q (2). 

In  (1)  an  integer  is  added  to  log  Ny  and  in  (2)  an  integer 
is  subtracted  from  log  N\  that  is,  the  nuintissa  or  decimal  portion 
of  the  logarithm  remains  unaltered. 

In  this  and  the  three  preceding  articles  the  mantisssa  have 
been  supposed  positive.  In  order  to  secm^  the  advantages  of 
Briggs'  system,  we  arrange  our  work  so  as  always  to  keep  the 
mantissa  positive,  so  that  when  the  mantissa  of  any  logarithm 
has  been  taken  from  the  Tables  the  characteristic  is  prefixed 
with  its  appropriate  sign,  according  to  the  rules  already  given. 

412.  In  the  case  of  a  negative  logarithm  the  minus  sign  is 
written  over  the  characteristic,  and  not  before  it,  to  indicate  that 
the  characteristic  alone  is  negative,  and  not  the  whole  expression. 
Thus  4*30103,  the  logarithm  of  "0002,  is  equivalent  to  -  4  +  -30103, 
and  must  be  distinguished  from  -4*30103,  an  expression  in 
which  both  the  integer  and  the  decimal  are  negative.  In  work- 
ing with  negative  logarithms  an  arithmetical  artifice  will  some- 
times be  necessary  in  order  to  make  the  mantissa  positive.  For 
instance,  a  result  such  as  —  3*69897,  in  which  the  whole  expres- 
sion is  negative,  m&y  be  transformed  by  subtracting  1  from  the 
characteristic  and  adding  1  to  the  mantissa.     Thus 

-  3-69897  =  -  4  -H  (1  -  -69897) = 4*30103. 

Example  1.    Bequired  the  logarithm  of -0002432. 

In  Seven-Place  Tables  we  find  that  3859636  is  the  mantissa  of 
log  2432  (the  decimal  point  as  well  as  the  characteristic  being 
omitted)  ;  and,  by  Art.  409,  the  characteristic  of  the  logarithm  of 
the  given  number  is  —  4 ; 

.-.  log -0002432 =4-3869636. 
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Example  2.    Find  the  value  of  /^-OOOOOieS,  given 

log  165 = 2-2174839,  log  G97424  =  5-8434968. 

Let  X  denote  the  value  required ;  then 

I     1 
loga:=log  {•00000165)»  =    log  (•00000166) 

=  i  (6-2174839); 

the  mantissa  of  log  -00000165  being  the  same  as  that  of  log  165,  and 
the  characteristic  being  prefixed  by  the  rule. 

Now       I  (6-2174839) = ^  (10  +  4-2174839)  =  2-8434968 
o  o 

and  -8434968  is  the  mantissa  of  log  697424 ;  hence  x  is  a  number 
consisting  of  these  same  digits  but  with  one  cipher  after  the  decimal 
point.     [Art.  409.] 

Thus  a;=-0697424. 

413.     To  transform  logarithms  from  base  a  to  base  b. 
Suppose  that  the  logarithms  of  all  numbers  to  base  a  are 
known  and  tabulated. 

Let  JV  be  any  number  whose  logarithm  to  base  h  ia  required. 

Lety=logftir,  BO  that  l»^J^; 

.-.     log«W=log.ir; 

that  is,  yloga5=logair; 

°^  ^^•^^i^T^^^''^^^ ^^^• 

Now  since  ^and  b  are  given,  log«ir  and  log^t  are  known  from 
the  Tables,  and  thus  log^iTmay  be  found. 

Hence  it  appears  that  to  transform  logarithms  from  base  a  to 

base  b  we  have  only  to  multiply  them  all  by ;  this  is  a 

loga6 
constant  quantity  and  is  given  by  the  Tables ;  it  is  known  as 
the  modulus. 
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Cor.    K  in  equation  (1)  we  put  a  for  iV,  we  obtain 

.*.    logiflX  l0gah  =  l. 

414.  In  Arts.  403-405  we  demonstrated, 

(1)  The  logarithm  of  a  product  is  equal  to  the  sum  of  the 
logarithms  of  its  factors. 

(2)  The  logarithm  of  a  fraction  is  equal  to  the  logarithm  of 
the  numerator  minus  the  logarithm  of  the  denominator. 

(3)  The  logarithm  of  any  power,  integral  or  fractional,  of 
any  quantity  is  equal  to  the  logarithm  of  the  quantity  multi- 
plied by  the  exponent  of  the  power. 

415.  The  following  examples  illustrate  the  application  of 
these  principles  and  the  utility  of  logarithms. 

«  6 

Example  1.    Given  log  3 =-4771213,  find  log  {{2-7)»  x  (-81)6-4- (90)*}. 

The  required  value  =  3  log  —  +  ^  log  ^  -  7  log  90 

=  3(log3»-l)  +  |(log3*-2)-|(log3«+l) 


■H-i)'-"-HA) 


Q7 
=  ^log3-5« 

=4-6280766-6-85 

=  2-7780766. 

The  student  should  notice  that  the  logarithm  of  5  and  its 
powers  can  always  be  obtained  from  log  2 ;  thus 

log  5 =log  —  =log  10  -  log  2  =  1  -  log  2. 

Example  2.    Find  the  number  of  digits  in  875^',  given 
log  2 = -3010800,  log  7  =  -8460980. 
log  (87518)  =  16  log  (7x125) 

=  16  (log  7  +  3  log  6) 
=  16(log7  +  3-31og2) 
=  16x2-9420080 
=  47-072128; 
hence  the  number  of  digits  is  48.     [Art.  408.] 
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EXAMPLES  XL.  a. 

1.  Find  the  logarithms  of  i^/32  and  -03125  to  base  ^2,  and 
100  and  -00001  to  base  -01. 

2.  Find  the  value  of 

log4612,    loggOOie,    logai^,    log4»343. 

3.  Write  down  the  numbers  whose  logarithms 

to  bases  25,      3,  -02,  1,  -4,  1*7,  1000 

1  2 

are  -,  -2,   -3,  5,  -1,     2,  -  -  respectively^ 

Simplify  the  expressions : 

6.  Find  by  inspection  the  characteristics  of  the  logarithms 
of  3174,  625-7,  3*502,  -4,  -374,  -000135,  23*22065. 

7.  The  mantissa  of  log  37203  is  '5705780:  write  down  the 
logarithms  of  37*203,  -000037203,  372030000. 

8.  The  logarithm  of  7623  is   3*8821259:   write  down  the 
numbers  whose  logarithms  are  -8821259,  6*8821259,  7*8821269. 

Given  log  2 =-3010300,  log  3= -4771213,  log  7  =  '8450980,  find 
the  value  of 

9.  log  729.  10.    log  8400.  11.    log -25a 

12.    log  6-832.  la     log'y392.  14.    log-304S. 

11  4Q0  7 

15.  Show  that  log  — +log^  -  2  log  i=log  2. 

16.  Find  to  six  decimal  places  the  value  of 

l°gS-21og§9+log^^. 

17.    Simplify    log  {(10*8)i  x  (-24)^-^(90) -2},    and    find  its 
niunerical  value. 
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18,  Find  the  value  of 

log  (>^12"6.  Vi08-7-  ^1008 .  .^'162). 

in      XI-   J  XI.        1        ^1         7^88x768 

19.  Find  the  value  of  log  ^^3^^^2- 

20,  Find  the  number  of  digits  in  42*'. 

21.  Show  that  ( — )       is  greater  than  100000. 


22.  How  many  ciphers  are  there  between  the  decimal  point 

/2\iooo 
and  the  first  significant  digit  iii  ( «  )      ? 

23.  Find  the  value  of  *y -01008,  having  given 

log  398742=5-6006921. 

24.  Find  the  seventh  root  of  -00792,  having  given 
log  11  =  1-0413927  and  log  500-977 =2-6998179. 

75  135  45 

25.  Find  the  value  of  2log— +log  — -31og  — . 
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N 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 
11 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 

0414 

0453 

0492 

0531 

0569 

0607 

0645 

0682 

0719 

0755 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

18 

1139 

1173 

1206 

1239 

12fl 

1303 

1335 

1367 

1399 

1430 

14 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 

15 
16 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

2041 

2068 

2095 

2122 

2148 

2176 

2201 

2227 

2253 

2279 

17 

2304 

2330 

2355 

2380 

2406 

2430 

2455 

2480 

2604 

2529 

18 

2563 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2766 

19 
20 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2946 

2967 

2989 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3641 

3560 

3579 

3598 

28 

3617 

3636 

3656 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

24 
25 

26 

3802 

3820 

3838 

3856 

3874 

3892 

3909 

3927 

3945 

3962 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4266 

4281 

4298 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4466 

28 

4472 

4487 

4502 

4518 

4633 

4548 

4564 

4579 

4594 

4609 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4767 

80 
81 

4771 

4786 

4800 

4814 

4829 

4843 

4867 

4871 

4886 

4900 

4914 

4928 

4942 

4956 

4969 

4983 

4997 

6011 

5024 

5038 

82 

5051 

5065 

5079 

6092 

5105 

5119 

6132 

5146 

5159 

5172 

88 

5185 

5198 

5211 

5224 

6237 

5250 

5263 

6276 

5289 

6302 

84 
85 
86 

5315 

5328 

5340 

5353 

6366 

5378 

6391 

6403 

5416 

5428 

5441 

5453 

5465 

5478 

5490 

5502 

6614 

6527 

5639 

6561 

5563 

5575 

5687 

5599 

6611 

6623 

5635 

6647 

6658 

6670 

87 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

6763 

6776 

5786 

88 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

6888 

6899 

5911 

5922 

5933 

5944 

5956 

5966 

5977 

5988 

5999 

6010 
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N 
40 
41 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6326 

48 

6335 

6346 

6365 

6365 

6376 

6385 

6395 

6405 

6415 

6425 

44 
45 
46 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6603 

6513 

6522 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

51 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

52 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

58 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

54 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

55 

7404 

7412 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

56 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7636 

7543 

7561 

57 

7569 

7566 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

58 

7634 

7642 

7649 

7667 

7664 

7672 

7679 

7686 

7694 

7701 

59 
60 
61 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 

7782 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

62 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

68 

7993 

8000 

8007 

8014 

8021 

8028 

8035 

8041 

8048 

8055 

64 
65 

8062 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

8116 

8122 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

66 

8196 

8202 

8209 

8215 

8222 

8228 

8236 

8241 

8248 

8254 

67 

8261 

8267 

8274 

8280 

8287 

8293 

8299 

8306 

8312 

8319 

68 

8326 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8382 

69 

8388 

8396 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 
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N 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

70 

71 
73 
78 
74 

8451 

8457 

8463 

8470 

8476 

8482 

8488 

8494 

8500 

8506 

8613 
8573 
8633 
8692 

8519 
8579 
8639 
8698 

8525 
8585 
8645 
8704 

8531 
8591 
8651 
8710 

8637 
8697 
8657 
8716 

8543 
8603 
8663 
8722 

8549 
8609 
8669 
8727 

8566 
8615 
8676 
8733 

8561 
8621 
8681 
8739 

8667 
8627 
8686 
8746 

76 

76 
77 
78 
79 

8751 

8756 

8762 

8768 

8774 

8779 

8786 

8791 

8797 

8802 

8808 
8865 
8921 
8976 

8814 
8871 
8927 
8982 

8820 
8876 
8932 

8987 

8825 
8882 
8938 
8993 

8831 
8887 
8943 
8998 

8837 
8893 
8949 
9004 

8842 
8899 
8964 
9009 

8848 
8904 
8960 
9016 

8864 
8910 
8966 
9020 

8869 
8916 
8971 
9025 

80 

9031 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

81 
82 
83 
84 

9085 
9138 
9191 
9243 

9090 
9143 
9196 
9248 

9096 
9149 
9201 
9253 

9101 
9154 
9206 
9258 

9106 
9159 
9212 
9263 

9112 
9165 
9217 
9269 

9117 
9170 
9222 
0274 

9122 
9176 
9227 
9279 

9128 
9180 
9232 
9284 

9133 
9186 
9238 
9289 

85 

9294 

9299 

9304 

9309 

9315 

9320 

9326 

9330 

9335 

9340 

86 
87 
88 
89 

90 

9345 
9395 
9445 
9494 

9350 
9400 
9450 
9499 

9355 
9405 
9455 
9504 

9360 
9410 
9460 
9509 

9365 
9415 
9465 
9613 

9370 
9420 
9469 
9518 

9376 
9425 
9474 
9523 

9380 
9430 
9479 
9528 

9386 
9435 
9484 
9533 

9390 
9440 
9489 
9538 

9542 

9547 

9552 

9567 

9662 

9666 

9671 

9676 

9581 

9586 

91 
92 
98 
94 

9590 
9638 
9685 
9731 

9595 
9643 
9689 
9736 

9600 
9647 
9694 
9741 

9605 
9662 
9699 
9745 

9609 
9667 
9703 
9760 

9614 
9661 
9708 
9754 

9619 
9666 
9713 
9769 

9624 
9671 
9717 
9763 

9628 
9676 
9722 
9768 

9633 
9680 
9727 
9773 

95 

96 
97 
98 
99 

9777 

9782 

9786 

9791 

9796 

9800 

9806 

9809 

9814 

9818 

9823 
9868 
9912 
9956 

9827 
9872 
9917 
9961 

9832 
9877 
9921 
9965 

9836 
9881 
9926 
9969 

9841 
9886 
9930 
9974 

9846 
9890 
9934 
9978 

9850 
9894 
9939 
9983 

9864 
9899 
9943 
9987 

9859 
9903 
9948 
9991 

9863 
9908 
9952 
9996 
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Use  of  the  Table. 

416.  On  pages  334-336  we  give  a  four-place  table  contain- 
ing the  mantissse  of  the  common  logarithms  of  all  integers 
from  100  to  1000. 

To  Find  the  Logarithm  of  a  Number. 

(a)  Suppose  the  number  consists  of  three  figures,  as  56*7. 
In  the  column  headed  N  find  the  first  two  significant 

figures.  On  a  line  with  these  and  in  the  column  having  at 
the  top  the  third  figure  will  be  found  the  mantissa.  Thus 
on  a  line  with  56  and  m  the  column  headed  7  we  find  7536.  To 
this,  which  is  the  decimal  part  of  the  logarithm,  prefix  the 
characteristic  [Art.  408],  and  we  have 

log  56-7 =1-7536. 

(b)  Since  in  common  logarithms  the  mantissa  remains  un- 
changed when  the  number  is  multiplied  by  an  integral  power 
of  10,  we  change  one  or  two-figure  numbers  into  tnree-figure 
numbers  by  addition  of  ciphers  before  looking  for  the  mantissse. 
The  mantissa  of  log  5^  will  be  that  of  560,  tne  only  change  in 
the  logarithm  being  in  the  characteristic. 

Thus  log  560 =2-7482, 

log  56=1-7482. 
In  the  same  manner  log  7  has  for  mantissa  that  of  log  700. 

log  700=2-8451, 

log     7=0-8451. 

(c)  Suppose  the  logarithm  of  a  number  of  more  than  three 
figures,  as  62543,  is  required.  Since  the  number  lies  between 
62500  and  62600,  its  logarithm  lies  between  their  logarithms. 
In  the  column  headed  N  we  find  the  first  two  figures,  62 ;  on  a 
line  with  these  and  in  the  columns  headed  5,  and  6,  we  find 
the  mantissse  -7959  and  -7966.  Prefixing  the  characteristic 
[Art.  408],  we  have 

Iog62600=4-79q6, 

log  62500 =4-7959. 

Therefore  while  the  number  increases  from  62500  to  62600, 
the  logarithm  increases  -0007.  Now  our  number  is  ^  of  the 
way  from  62500  to  62600;  hence  if  to  the  logarithm  of  62500 
we  add  ^  of  -0007,  a  nearly  correct  logarithm  of  62543  is 
obtained. 
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Thus  log  62543 =4-7959 

•0003  correction 
=4-7962 

(rfj  Suppose  the  logarithm  of  a  decimal,  as  '0005243,  is  re- 
quired. The  number  hes  between  -0005240  and  -0005250.  In 
the  column  headed  N  we  find  the  first  two  significant  figures, 
52 ;  on  a  line  with  these  and  in  the  columns  headed  4,  and  5, 
we  find  the  mantissas  -7193  and  -7202.  Prefixing  the  character- 
istic [Art  409],  we  have 

log -0005250 =4-7202 

log -0005240=4-7193 

differences  -0000010      -0009 

Now  -0005243  is   -0000003  greater  than   -0005240;   hence 

log -0005243  equals  log -0005240  plus  '^999991  or  -i  of  -0009 

^  ^6  r       -0000010        10 

(the  difference  of  logarithms) ; 
that  is,  log  -0005243 =4-7193 

-0003  (nearly) 
=4-7196 

In  practice  negative  characteristics  are  usually  avoided  by 
adding  them  to  10  and  writing  — 10  after  the  logarithm.  Thus 
in  the  above  example  4-7196=6-7196-10. 

417.  The  increase  in  the  logarithms  on  the  same  line,  as 
we  pass  from  column  to  column,  is  caUed  the  tabular  difference. 
In  finding  the  logarithm  of  62543,  we  assumed  that  the  differ- 
ences of  logarithms  are  proportional  to  the  differences  of  their 
corresponding  numbers,  which  gives  us  results  that  are  ap- 
proximately correct.  For  greater  accuracy  we  must  use  tables 
of  more  places. 

To  Find  the  Number  Corresponding  to  a  Logarithm. 

418.  (a)  Suppose  a  logarithm,  as  1-7466,  is  given  to  find 
the  corresponding  number. 

Look  m  the  table  for  the  mantissa  -7466.  It  is  found  in 
the  column  headed  8  and  on  the  line  with  55  in  the  column 
headed  N.  Therefore  we  take  the  figures  558,  and,  as  the 
characteristic  is  1,  point  off  two  places,  obtaining  the  number 
55-8. 
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(b)  Suppose  a  logarithm,  as  3*7531,  is  given  to  find  the  cor- 
responding number. 

The  exact  mantissa,  -7531,  is  not  found  in  the  table,  there- 
fore take  out  the  next  larger,  '7536,  and  the  next  smaller,  '7528, 
and  retain  the  characteristic  in  arranging  the  work. 

Thus,  the  number  corresponding  to  3*7536  is  5670 
"         "  "  "  3-7528  is  5660 

differences    '0008         10 

Now  the  logarithm  3*7531  is  '0003  greater  than  the  loga- 
rithm 3-7528,  and  a  difference  in  logarithms  of  -0008  corre- 
sponds to  a  difference  in  numbers  of  10 ;  therefore  we  should 
increase  the  number  corresponding  to  the  logarithm  3-7528  by 

•0008        8 

Thus  the  number  corresponding  to  the  logarithm 

3-7531=5660 

3-7  correction 


=5663-7 

(c)  Suppose  a  logarithm,  as  8-8225  —  10  or  2^8225,  is  given 
to  find  the  corresponding  number. 

Take  out  the  mantissse  as  in  the  previous  example. 

The  number  coiTesponding  to ^-8228  is  -0665  [Art.  409.] 
«  «  "  "  "2-8222  is -0664 


differences     -0006      -0001 

Now  the  logarithm  2-8225  is  -0003  greater  than  the  logarithm 
2-8222,  and  a  difference  in  logarithms  of  -0006  corresponds  to  a 
difference  in  numbers  of  -0001;  therefore  we  should  increase 

the  number  corresponding  to  the  logarithm  2-8222  by  :kkfi^ 

or  I  of  .0001. 
6 

Thus 

the  number  corresponding  to  the  logarithm  2-8222  =  -0664 

u         «  u  a    u  u         2-8225  =  -0664 

Correction,    -00005 

=  •06645 
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EXAMPLES  XL.  b. 

Find  the  common  logarithms  of  the  following : 

I.  50.  2.    203.  3,    5-3. 
4.    6-73.                    5.    -341.                      6.    0045. 

7.    5266.  8.     12345.  9,    0010203. 

10.    354-076. 

Find  the  numbers  corresponding  to  the  following  common 
logarithms : 

II,  1-8156.  12.    2-1439.  13.    40022. 
14.    1-9131.                 16.    3-8441.                 16.    7-4879-10. 

Arithmetical  Complement. 

419.    The  logarithm  of  the  reciprocal  of  a  number  is  called 
the  Arithmetical  Complement  or  Cologarithm  of  that  number. 

Thus  colog  210=  log3y|ff=  logl-  log  210. 

Since  log  1=0,  we  write  it  in  the  form  10  —  10  and  then  sub- 
tract log  210,  which  gives 

colog  210 = (10  -  2  3222)  - 10 
=7-6778-10. 
Hence 

Rule.     To  find  the  cologarithm  of  a  number,  subtract  the 
logarithm  of  the  number  from  10  and  write  —10  after  the  result. 

-    420.    The  advantage  gained  by  the  use  of  cologarithms  is 
the  substitution  of  addition  for  subtraction. 

4'26 
Example.    Find  by  use  of  logarithms  the  value  of 


7-42  X -068 


4-26       __  J_     _1_ . 

7-42  X  -068  "  ^^   ^  7-42  ^  -068  ' 

=  log  4 -26+  colog  7-42+  colog  -058 
=  -6294+  (9-1296-10)  +  1-2366 
=10-9956-10. 
The  number  corresponding  to  this  logarithm  is  9-9. 
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The  student  should  carefully  notice  the  operations  involved 
in  finding  colog  0*058. 

colog  -068=  log.-^  =10-  [log  -058]  -10  (Art.  419). 

=10-  [8-7634-10]  -10  (Art.  409.) 

=10-8-7634+10-10 

=  1-2366. 

Exponential  Equations. 

421.  Equations  in  which  the  unknown  quantity  occurs  as 
an  exponent  are  called  Exponential  Equations,  and  are  readily 
solved  by  the  aid  of  logarithms. 

Example,    Find  the  value  of  x  in  15* =28. 
Taking  the  logarithms  of  both  sides  of  the  equation,  we  have 
logl5«=log28; 
.-.  X  log  15=  log 28. 

EXAMPLES  XL.  o. 

Find  by  use  of  logarithms : 

,      24-051 X -02456  o«  145-206  x  (-7-664) 

^'    -006705  X  -0203  448-1  x  (-2406)  (-47-86)* 

3.     (742-8024) «.  4.     (--0012045)*. 

r.      v^x\/^002xv^44?6  o       V9^8149x  80-80008 

0, r--  0. 


(18)2  X  -7» X  (3-4562)*  v^^283  x  (-0006412)* 

7.    845692-1 X -846856.  8.    -00010101  x  (7117-1)8. 


(285-42)1'* X  (5-672)8  l/l2-876x  V^068x  (-005157)2 

^'     V20xv^xv^-124-89      •^"'     ^    29-029  X  (52-81)*  x(-4)» 
11.    3«+2=405.       12.     106-8«=27-2«.     13,     128*-*  X  187-^=1458. 
14.    2«x6«-2=52«x7i-".  15,    2»+y=:6y, 

3«=3x2y+». 
16.    3i-«-y=4-y, 

22*-!=:  3*^-*. 

*  Treat  negative  quantities  occurring  in  logarithmic  work  as  positive.  When 
the  nomerlcal  result  is  obtained,  determine  Its  sign  by  the  rules  for  multiplication 
and  division  already  given. 


CHAPTER  XLI. 
Interest  and  Annuities. 


422.  Questions  involving  Simple  Interest  are  easily  solved 
by  the  ordinary  rules  of  Arithmetic ;  but  in  Compound  Interest 
the  calculations  are  often  extremely  laborious.  We  shall  now 
show  how  these  arithmetical  calculations  may  be  simplified  by 
the  aid  of  logarithms.  Instead  of  taking  as  the  rate  of  in- 
terest the  interest  on  ^100  for  one  year,  it  will  be  found  more 
convenient  to  take  the  interest  on  ^1  for  one  year.  If  this  be 
denoted  by  $r,  and  the  amount  of  ^1  for  1  year  by  $12,  we  have 
R  =  l+r. 

423.  To  find  the  interest  and  amount  of  a  given  sum  in  a 
given  time  at  compound  interest. 

Let  P  denote  the  principal,  R  the  amount  of  81  in  one  year, 
n  the  number  of  years,  /  the  interest,  and  M  the  amount. 

The  amount  of  P  at  the  end  of  the  first  year  is  PR ;  and, 
since  this  is  the  principal  for  the  second  year,  the  amount  at 
the  end  of  the  second  year  is  PR  xR  or  PR\  Similarly  the 
amount  at  the  end  of  the  third  year  is  PR%  and  so  on ;  hence 
the  amount  in  n  years  is  PR^\  that  is, 

M:=PR^', 

and  therefore  7= P{R^  - 1). 

Example.  Find  the  amount  of  $100  in  a  hundred  years,  allow- 
ing compound  interest  at  the  rate  of  6  per  cent.,  payable  quarterly ; 
having  given 

log  2 = -3010300,    log  3 = -4771213,     log  14-3906 = 1-15808. 

The  amount  of  $1  in  a  quarter  of  a  year  is  $(  i + _.  -_.  ]  or  $_ . 

\       4   100/         oO 
The  number  of  payments  is  400.    If  ikf  be  the  amount,  we  have 


U-.^Q-': 
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.-.  logJM'=logl00+400(log81-log80) 
=2+400(4  log3-l-31og2) 
=2+400C0053952)  =4-16808 ; 
whence  JM'=  1439.6. 

Thus  the  amount  is  914300.60. 

Note.    At  simple  interest  the  amount  is  $600. 

424.  To  find  the  present  value  and  discount  of  a  given  sum 
due  in  a  given  time,  allowing  compound  interest. 

Let  P  be  the  given  sum,  V  the  present  value,  D  the  discount, 
R  the  amount  of  V^  for  one  year,  n  the  number  of  years. 

Since  V  is  the  sum  which,  put  out  to  interest  at  the  present 
time,  will  in  n  years  amount  to  P,  we  have 
P=Fi2-; 
.-.  V=PR-^, 
and  2>=P-  F=P(l-i2-«). 

Annuities. 

425.  An  annuity  is  a  fixed  sum  paid  periodicallv  under 
certain  stated  conditions ;  the  payment  may  be  made  either  once 
a  year  or  at  more  frequent  intervals.  Unless  it  is  otherwise 
stated  we  shall  suppose  the  payments  annual. 

426.  To  find  the  amount  of  an  annuity  left  unpaid  for  a  given 
number  of  years,  allowing  compound  interest. 

Let  A  be  the  annuity,  R  the  amoimt  of  $1  for  one  year,  n 
the  number  of  years,  M  the  amount. 

At  the  end  of  the  first  year  A  is  due,  and  the  amount  of  this 
sum  in  the  remaining  n— 1  years  is  -4i2**~^;  at  the  end  of  the 
second  year  another  A  is  due,  and  the  amount  of  this  sum  in 
the  remaining  n—2  years  is  -4-R*-*;  and  so  on. 

.-.  M^AR^-^+AR^-^+ -\-AE^+AR+A 

=A(l+R-\-R^-\- to  n  terms) 

427.  To  find  the  present  value  of  an  annuity  to  continue  for 
a  given  number  of  years,  allowing  compound  interest. 

Let  A  be  the  annuity,  R  the  amount  of  91  in  one  year,  n 
the  number  of  years,  V  the  required  present  value. 
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The  present  value  of  A  due  in  1  year  is  AR-^'^ 
the  present  value  of  A  due  in  2  years  is  AR~'^\ 
the  present  value  of  A  due  in  3  years  is  AR-^\  and  so  on. 

[Art.  424.] 
Now  V  is  the  sum  of  the  present  values  of  the  different 
payments ; 

.-.  F=-4i2"i+^/2-2+^i2-8+ to  n  terms 


=^ 


Note.  This  result  may  also  be  obtained  by  dividing  the  value 
of  M,  given  in  Art.  426,  by  R^.     [Art.  423.] 

Cor.  K  we  make  n  infinite  we  obtain  for  the  present  value 
of  a  perpetual  annuity 

R-\      r' 

EXAMPLES  ZLI. 

1.  If  in  the  year  1600  a  sum  of  $1000  had  been  left  to  accu- 
mulate for  300  years,  find  its  amount  in  the  year  1900,  reckoning 
compound  interest  at  4  per  cent,  per  annum.    Given 

log  104=2-0170333  and  log  12885*5 =4-10999. 

2.  Find  in  how  many  years  a  sum  of  money  will  amount  to 
one  hundred  times  its  value  at  5^  per  cent,  per  annum  compound 
interest.     Given  log  1055 = 3-023. 

3.  Find  the  present  value  of  $6000  due  in  20  years,  allowing 
compound  interest  at  8  per  cent,  per  annum.     Given 

log  2=  -30103,  log  3=  -47712,  and  log  12875=4-10975. 

4.  Find  at  what  rate  per  cent,  per  annum  $1200  will  amount 
to  $20000  in  15  years  at  compound  interest.    Given 

log  2  =  -30103,  log  3= -47712,  and  log  12063=4-08145. 

5.  Find  the  amount  of  an  annuity  of  $100  in  15  years,  allow- 
ing compound  interest  at  4  per  cent,  per  annum.    Given 

log  l-04=-01703,  and  log  180075=5-25545. 

6.  What  is  the  present  value  of  an  annuity  of  $1000  due  in  30 
years,  allowing  compound  interest  at  5  per  cent,  per  annum  ? 

7.  A  man  borrows  $5000  at  4  per  cent,  compound  interest ; 
if  the  principal  and  interest  are  to  be  repaid  by  10  equal  annual 
instalments,  find  the  amount  of  each  instalment.    Given 

logl-04=-01703,  and  log 675565=5-8296. 


CHAPTER  XLII. 
Limiting  Values  and  Vanishing  Fractions. 

428.  It  will  be  convenient  here  to  introduce  a  phraseology 
and  notation  which  the  student  will  frequently  meet  with  in 
his  mathematical  reading. 

429.  An  expression  which  involves  any  quantity,  as  x,  and 
whose  value  is  dependent  on  that  of  ar,  is  called  a  function  of  x. 
Functions  of  x  are  usually  denoted  by  symbols  of  the  form 
f(x),  F(x),  <l>(x). 

Thus  the  equation  y—fix)  may  be  considered  as  equivalent 
to  a  statement  that  any  change  made  in  the  value  of  x  will  pro- 
duce a  consequent  change  in  y,  and  vice  versa.  The  quantities 
x  and  y  are  called  variables,  and  are  further  distinguished  as 
the  independent  variable  and  the  dep^dent  variable. 

An  independent  variable  is  a  quantity  which  may  have  any 
value  we  choose  to  assign  to  it,  and  the  corresponding  dependent 
variable  has  its  value  determined  as  soon  as  the  value  of  the 
independent  variable  is  known. 

430.  Definition.  If  y=f(x),  and  if  when  x  approaches  a 
value  a,  the  function  f(x)  can  be  made  to  differ  by  as  little  as 
we  please  from  a  fixed  quantity  &,  then  b  is  called  the  limit  of 
y  when  x=a. 

For  instance,  if  S  denote  the  sum  of  n  terms  of  the  series 

l  +  i  +  ^2  +  |j  +  -;tl^en5=2-^,. 

Here  5  is  a  function  of  n,  and  ~ — r  can  be  made  as  small  as 

we  please  by  increasing  n ;  that  is,  the  limit  of  jS  is  2  when  n 
is  infinite. 
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431.  We  shall  often  have  occasion  to  deal  with  expressions 
consisting  of  a  series  of  terms  arranged  according  to  powers  of 
some  common  letter,  snch  as 

aQ+a^x+a^^+a^+ 

where  the  coefficients  Oq,  a^,  Oo,  Cg,  ...  are  finite  quantities  inde- 
pendent of  X,  and  the  number  of  terms  may  be  limited  or 
unlimited. 

It  will  therefore  be  convenient  to  discuss  some  propositions 
connected  with  the  limiting  values  of  such  expressions  under 
certain  conditions. 

432.  The  limit  of  the  series 

ao+aiX  +  a2x2+a3x8+ 

when  X  is  indefinitely  diminished  is  \. 

Suppose  that  the  series  consists  of  an  infinite  number  of 
terms. 

Let  h  be  the  greatest  of  the  coefficients  a^,  a^  ag, ...;  and  let 
us  denote  the  given  series  by  Oq+'^J  ^^®^ 

and  if  ar<l,  we  have  5< 


1-x 

Thus  when  x  is  indefinitely  diminished,  S  can  be  made  as 
small  as  we  please ;  hence  the  limit  of  the  given  series  is  a^. 

If  the  series  consists  of  a  finite  number  of  terms,  S  is  less 
than  in  the  case  we  have  considered,  hence  still  more  is  the 
proposition  true. 

433.    In  the  series 

ao+aiX  +  a2x2+a3x8+  ..., 

hy  taking  x  small  enough  we  may  make  any  term  as  large  as  we 
please  compared  with  the  sum  of  all  that  follow  it;  and  hy  taking x 
large  enough  we  may  make  any  term  as  large  as  we  please  compared 
with  the  sum  of  all  that  precede  it. 

The  ratio  of  the  term  a^x**  to  the  sum  of  all  that  f  oUow  it  is 

Of^ ^    ^j.   On 

an+ix''+^  +  an+^+^+  ...'         a^ix+an+ix:^+  ..." 

When  X  is  indefinitely  small  the  denominator  can  be  made 
as  small  as  we  please ;  that  is,  the  fraction  can  be  made  as  large 
as  we  please. 
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Again,  the  ratio  of  the  term  ana:*»  to  the  sum  of  all  that  pre- 
cede it  is 

or  " 


where  y=_. 

X 

When  X  is  indefinitely  large,  y  is  indefinitely  small ;  hence, 
as  in  the  previous  case,  the  fraction  can  be  made  as  large  as 
we  please. 

434.  The  following  particular  form  of  the  foregoing  propo- 
sition is  very  useful. 

In  the  expression 

a„x«+a„_iar"-i+ +aia:+ao, 

consisting  of  a  finite  number  of  terms  in  descendina  powers  of 
X,  by  taking  x  small  enough  the  last  term  a^  can  be  made  as 
large  as  we  please  compared  with  the  sum  of  all  the  terms  that 
precede  it,  and  by  taking  x  large  enough  the  first  term  a„ar*  can 
be  made  as  large  as  we  please  compared  with  the  sum  of  all 
that  follow  it. 

Example  1.  By  taking  n  large  enough  we  can  make  the  first 
term  of  n*— Sw^— 7w+9  as  large  as  we  please  compared  with  the 
sum  of  all  the  other  terms ;  that  is,  we  may  take  the  first  term  n^ 
as  the  equivalent  of  the  whole  expression,  with  an  error  as  small 
as  we  please  provided  n  be  taken  large  enough. 

Example  2.  Find  the  limit  of  7^,  ^;^ — 1  when  (1)  x  is  infi- 
nite  ;  (2)  x  is  zero. 

(1)  In  the  numerator  and  denominator  we  may  disregard  all 
terms  but  the  first ;  hence  the  limit  is  _^,  or  _. 

—4  1 

(2)  When  x  is  indefinitely  small  the  limit  is  --Z,  or  —  z. 

8  2 

Vanishing  Fractions. 

435.  Suppose  it  is  required  to  find  the  limit  of 

x^+ax-2a^ 
x^-a^ 
whenx=a. 
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K  we  put  x=a+h,  then  h  will  approach  the  value  zero  as  i 
approaches  the  value  a. 

Substituting  a+A  for  x, 

x^+ax-2a^  _  Zah+h*  __  Sa+h . 

o 

and  when  h  is  indefinitely  small  the  limit  of  this  expression  is  -. 
There  is  however  another  way  of  regarding  the  question;  for 
x^+ax-2a^  _  (x-a)(x+2a)  _  x+2a 
x^-a^      ""  (x-aXx+a)  ~  x+a' 

o 

and  if  we  now  put  x=a  the  value  of  the  expression  is  -,  as  before. 

T^  .     j.T_       .  .       x^4-ax—2a^  2 

If  in  the  given  expression  _I^ — __  ^e  put  x=a  before 

simplification  it  will  be  found  that  it  assumes  the  form  -,  the 

value  of  which  is  indeterminate  [Art.  168]  ;  also  we  see  that  it 
has  this  form  in  consequence  of  the  factor  x—a  appearing  in 
both  numerator  and  denominator.  Now  we  cannot  divide  by  a 
zero  factory  but  as  long  as  a:  is  not  absolutely  equal  to  a  the 
factor  x—a  may  be  removed,  and  we  then  find  that  the  nearer 
X  approaches  to  the  value  a,  the  nearer  does  the  value  of  the 

fraction  approximate 4k)  -,  or  in  accordance  with  the  definition 
of  Art.  430, 

when  x=a,  the  limit  of  a:Haa?-2aa  j^  3 

436.  K/(x)  and  <^(x)  are  two  functions  of  x,  each  of  which 
becomes  equal  to  zero  for  some  particular  value  a  of  x,  the  frac- 
tion ZW.  takes  the  form  _,  and  is  called  a  Vanishing  Fraction. 

Example  1.    If  x=3,  find  the  limit  of 
x»-6a;»4-7x-3 
x»-x2-6x-3' 
When  x=3,  the  expression  reduces  to  the  indeterminate  form 
- ;  but  by  removing  the  factor  x— 3  from  numerator  and  denomi- 
nator, the  fraction  becomes  ^^-^^+^.    When  x=3  this  reduces 

1  x2+2x+l 

to  -,  which  is  therefore  the  required  limit. 
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Example  2.    The  fraction  VSg-g-Vx+g  ^jgcomes  ?  when 

x—a  0 

x=a. 

To  find  its  limit,  multiply  numerator  and  denominator  by  the 
surd  conjugate  to  V3a;— a—  Vx+o ;  the  fraction  then  becomes 

(aj-  a)  (  V8x-  a+  Vaj+ a) 
whence  by  putting  a;=a  we  find  that  the  limit  is 

1—  ''iK  0 

JExample  3.    The  fraction  y—  becomes  _  when  x=l. 

To  find  its  limit,  put  x=l+^,  and  expand  by  the  Binomial 
Theorem.    Thus  the  fraction 


-5  +  26*- 


Now  h=0  when  x=l;  hence  the  required  limit  is  -, 

437.  We  shall  now  discuss  some  peculiarities  which  may 
arise  in  the  solution  of  a  quadratic  equation. 

Let  the  equation  be 

ax^+bx-\'C=0. 

If  c=0,  then  ax^-\-bx=0 ; 

whence  ar=:0,  or  — ; 

a 

that  is,  one  of  the  roots  is  zero  and  the  other  is  finite. 

If  5=0,  the  roots  are  equal  in  magnitude  and  opposite  in 
sign. 

If  a=0,  the  equation  reduces  to  bx+c=0;  and  it  appears 
that  in  this  case  the  quadratic  furnishes  only  one  root,  namely 

— ^   But  every  quadratic  equation  has  two  roots,  and  in  order 

0 

to  discuss  the  value  of  the  other  root  we  proceed  as  follows. 
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Write  i  for  a:  in  the  original  equation  and  clear  of  fractions; 

thus  cy^-\-by-\-u=zO, 

iVoto  put  a=0,  and  we  have 

cy^-\-hy=:0; 

b  c 

the  solution  of  which  is  y=0,  or  — ;   that  is,  .r=oo,  or  -7. 


Hence,  in  any  quadratic  equation  one  root  will  become  infinite 
if  the  coefficient  ofx.^  becomes  zero. 

This  is  the  form  in  which  the  result  will  be  most  frequently 
met  with  in  other  branches  of  higher  Mathematics,  but  the 
student  should  notice  that  it  is  merely  a  convenient  abbrevia- 
tion of  the  following  fuller  statement : 

In  the  equation  ax^+hx+c=0,  if  a  is  very  small  one  root  is 
very  large,  and  as  a  is  indefinitely  diminished  this  root  becomes 
indefinitely  great.    In  this  case  the  finite  root  approximates 

to  -£.  as  its  limit. 

EXAMPLES  Xin. 

Find  the  limits  of  the  following  expressions, 


1. 
3. 
5. 

7. 

8. 

9. 

10. 


(1)  when  a:  =00, 
(2a;  ~  3)  (3 -5a;) 

7a;2~6x+4 
(3+2x8)  (g-6) 
(4a;«-9)(l+x)" 
l-x2      1-x 
2x8-1  *    2x2  ' 

Find  the  limits  of 
^'+1,  whenx=-l. 


(2)  when  x=0. 
(3x2-l)a 


x*+9 
(x-.3)(2-5x)(3x+l) 

(2x-l)8 
(3-x)(x+5)(2-7x) 

(7x-l)(x+l)8 


x2-r 

V^-^^+^^^.  when  x=2a. 
Vx2-4a2 

(?!z^!)^±(iZ^,whenx=a. 
(a8_a;8)i+(a-x)i 

Va2  +  ^x+a;2-Va2_ax+a;2  ^^^^  ^^^ 

Va+x— Va~x 


CHAPTER  XLIII. 

CONVERGKNCY  AND  DIVERGENCY  OP  SERIES. 


438.  We  have,  in  Chap,  xxxvi.,  defined  a  series  as  an 
expression  in  which  the  successive  terms  are  formed  by  some 
regular  law ;  if  the  series  terminates  at  some  assigned  term, 
it  IS  called  a  finite  series ;  if  the  number  of  term's  is  unlimited, 
it  is  called  an  infinite  series. 

In  the  present  chapter  we  shall  usually  denote  a  series  by 
an  expression  of  the  form 


til  +  W2  +  W3+ +  ««+. 


439.  Suppose  that  we  have  a  series  consisting  of  n  terms. 
The  sum  of  the  series  will  be  a  function  of  n ;  if  n  increases 
indefinitely,  the  sum  either  tends  to  become  equal  to  a  certain 
finite  limit,  or  else  it  becomes  infinitely  great. 

An  infinite  series  is  said  to  be  convergent  when  the  sum  of 
the  first  n  terms  cannot  numerically  exceed  some  finite  quantity 
however  great  n  may  be. 

An  infinite  series  is  said  to  be  divergent  when  the  sum  of 
the  first  n  terms  can  be  made  numerically  greater  than  any 
finite  quantity  by  taking  n  sufficiently  great. 

440.  K  we  can  find  the  sum  of  the  first  n  terms  of  a  given 
series,  we  may  ascertain  whether  it  is  convergent  or  divergent 
by  examining  whether  the  series  remains  finite,  or  becomes  in- 
finite, when  n  is  made  indefinitely  great. 

For  example,  the  sum  of  the  first  n  terms  of  the  series 
l+a:+a:2-fx«+  ...  is  ln^. 
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If  x  is  numerically  less  than  1,  the  sum  approaches  to  the 
finite  limit ,  and  the  series  is  therefore  convergent 

If  ;z;  is  numerically  greater  than  1,  the  sum  of  the  first  n 

terms  is -,  and  by  taking  n  sufficiently  great,  this  can  be 

x—l 

made  greater  than  any  finite  quantity;    thus  the  series  is 
divergent. 

If  a:=l,  the  sum  of  the  first  n  terms  is  n,  and  therefore  the 
series  is  divergent. 

11  x=—lf  the  series  becomes 

1_1  +  1-_1+1_14. 

The  sum  of  an  even  number  of  terms  is  0,  while  the  sum 
of  an  odd  number  of  terms  is  1 ;  and  thus  the  sum  oscillates 
between  the  values  0  and  1.  This  series  belongs  to  a  class 
which  may  be  called  oscillating  or  periodic  convergent  series, 

441.  There  are  many  cases  in  which  we  have  no  method 
of  finding  the  sum  of  the  first  n  terms  of  a  series.  We  proceed 
therefore  to  investigate  rules  by  which  we  can  test  the  con- 
vergency  or  divergency  of  a  given  series  without  effecting  its 
summation. 

442.  An  infinite  series  in  which  the  terms  are  aUemately 
positive  and  negative  is  convergent  if  each  term  is  numerically  less 
than  the  preceding  term. 

Let  the  series  be  denoted  by 

where  u{>U2>Uq>u^>u^ 

The  given  series  may  be  written  in  each  of  the  following 
forms : 

(Wl-W2)+(U3-uJ  +  (U5-tie)+ (1), 

Ml-(W2-W3)-("4-«5)-K-%)-       (2)- 

From  (1)  we  see  that  the  sum  of  any  number  of  terms  is 
a  positive  quantity ;  and  from  (2)  that  the  sum  of  any  number 
of  terms  is  less  than  w, ;  hence  the  series  is  convergent. 

For  example,  in  the  series 

^"2'^3~4'^5"6"*' 
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the  terms  are  alternately  positive  and  negative,  and  each  tetm 
is  numerically  less  than  the  preceding  one ;  hence  the  series  is 
convergent. 

443.  An  infinite  series  in  which  all  the  terms  are  of  the  same 
sign  is  divergent  if  each  term  is  greater  than  some  finite  quantity 
however  small. 

For  if  each  term  is  greater  than  some  finite  quantity  a,  the 
sum  of  the  first  n  terms  is  greater  than  na;  and  this,  by  taking 
n  sufficiently  great,  can  be  made  to  exceed  any  finite  quantity. 

444.  Before  proceeding  to  investigate  further  tests  of  con- 
vergency  and  divergency,  we  shall  lay  down  two  important 
principles,  which  may  almost  be  regarded  as  axioms. 

I.  K  a  series  is  convergent  it  will  remain  convergent,  and 
if  divergent  it  will  remain  divergent,  when  we  add  or  remove 
any  finite  number  of  its  terms ;  for  the  sum  of  these  terms  is 
a  finite  quantity. 

II.  If  a  series  in  which  aU  the  terms  are  positive  is  con- 
vergent, then  the  series  is  convergent  when  some  or  all  of  the 
terms  are  negative ;  for  the  sum  is  clearly  greatest  when  all 
the  terms  have  the  same  sign. 

We  shall  suppose  that  all  the  terms  are  positive,  unless  the 
contrary  is  stated. 

445.  An  infinite  series  is  convergent  if  from  and  after  some 
fixed  term  the  ratio  of  each  term  to  the  preceding  term  is  numerically 
less  than  some  quantity  which  is  itself  numerically  less  than  unity. 

Let  the  series  beginning  from  the  fixed  term  be  denoted  by 

WiH-ti2H-U3+ti4+ ; 

and  let  ^<r,  ^<r,  -*<r, , 

where  r<l. 

Then  w^-f  1/2+^3+^4+  ... 


^V  t/j        Wa    Ml       tig    Mj,    t«i  / 

<Wi(l  +  r+ra+r8+  ); 


that  is,  <=— ^,  since  r<l. 
1  — r 

Hence  the  given  series  is  convergent. 
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446.  In  the  enunciation  of  the  preceding  article  the  student 
should  notice  the  significance  of  the  words  <'  from  and  after  a 
fixed  term." 

Consider  the  series 

l+2x+dx^+ix^+  +na:«-i+  ... 


Here  Jl?.  =  J!^  =  fi  +  J_V; 


and  by  taking  n  sufficiently  large  we  can  make  this  ratio  ap- 
proximate to  a:  as  nearly  as  we  please,  and  the  ratio  of  each  term 
to  the  preceding  term  will  ultimately  be  x.  Hence  if  x<l  the 
series  is  convergent. 

But  the  ratio  -^  will  not  be  less  than  1,  until  -^<1: 

that  is,  until  n> . 

1— X 
Here  we  have  a  case  of  a  convergent  series  in  which  the 
terms  may  increase  up  to  a  certain  point  and  then  begin  to 

99                 1 
decrease.    For  example,  if  iP=T7T7^»  then  = =100,  and  the 

terms  do  not  begin  to  decrease  until  after  the  100*^  term. 

447.  An  infinite  series  in  which  all  the  terms  are  of  the  same 
sign  is  divergent  if  from  and  after  some  fixed  term  the  ratio  of  each 
term  to  the  preceding  term  is  greater  than  unity,  or  equal  to  unity. 

Let  the  fixed  term  be  denoted  by  Wj.  If  the  ratio  is  equal 
to  unity,  each  of  the  succeeding  terms  is  equal  to  u^,  and  the 
sum  of  n  terms  is  equal  to  nu^ ;  hence  the  series  is  divergent. 

If  the  ratio  is  greater  than  unity,  each  of  the  terms  after  the 
fixed  term  is  greater  than  ti^,  and  the  sum  of  n  terms  is  greater 
than  nuj ;  hence  the  series  is  divergent. 

448.  In  the  practical  application  of  these  tests,  to  avoid 
having  to  ascertain  the  particular  term  after  which  each  term 
is  greater  or  less  than  the  preceding  term,  it  is  convenient  to 

find  the  limit  of  — —  when  n  is  indefinitely  increased ;  let  this 

limit  be  denoted  by  X. 

If  X<1,  the  series  is  convergent.     [Art.  445.] 

If  X>1,  the  series  is  divergent.     [Art.  447.] 

If  X=l,  the  series  may  be  either  convergent  or  divergent, 
and  a  further  test  will  be  required;  for  it  may  happen  that 

— ^<1  but  continually  approaching  to  1  as  its  limit  toTieti  n  is  inr 
•**— 1 
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definitely  increased.    In  this  ca«se  we  cannot  name  any  finite 
quantity  r  which  is  itself  less  than  1  and  yet  greater  than  X. 

Hence  the  test  of  Art.  445  fails.    K,  however,  — ^>1  but  con- 

Wn-l 

tinually  approaching  to  1  as  its  limit,  the  series  is  divergent  by 
Art.  447. 

We  shall  use  "ifw-!^"  as  an  abbreviation  of  the  words 
"  the  limit  of  - —  when  n  is  infinite." 

Example  1.    Find  whether  the  series  whose  n^  term  is  C^+  )^ 
is  convergent  or  divergent. 

Here       ^^0^+^^J^     (n+l)(n-iy 

...  Lim-^=zx; 

Un-l 

hence  if  x<l  the  series  is  convergent ; 

if  a;>l  the  series  is  divergent. 

K  a;=l,  then  ifw-i^ =1,  and  a  further  test  is  required. 

«n-l 

Example  2.    Is  the  series 

124.22x+32x3+42x8+ 

convergent  or  divergent? 

Here  Lim—^=L%m-,  — 


Un-i  (w-l)2a;»-2    •*'• 

Hence  if  a;<l  the  series  is  convergent ; 

if  x>l  the  series  is  divergent. 
If  x=l  the  series  becomes  1^+22+ 32+42+...,  and  is  obviously 
divergent. 

Example  3.    In  the  series 

a+(a+flO»'+(a+2<i)ra+...  +  (a+n^.d)r«-i+..., 
_..     Un       y,    a+(n— l)d 

Wn-i  a+(n-2)d  ' 

thus  if  r<l  the  series  is  convergent,  and  the  sum  is  finite. 

449.  If  there  are  two  infinite  series  in  each  of  which  all  the 
terms  are  positive,  and  if  the  ratio  of  the  corresponding  terms  in 
the  two  series  is  always  finite,  the  two  series  are  both  convergent,  or 
both  divergent. 
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Let  the  two  infinite  series  be  denoted  by 

WiH-M2+W3  +  ti4+ , 

and  V1+V2+ ^8+1^4+ 

The  value  of  the  fraction 

U^  +  U^+U^+ +  Un 

»! +1^2  +  ^8+ +  ^n 

lies  between  the  greatest  and  least  of  the  fractions 

— 9    — > — > 

and  is  therefore  2^ finite  quantity,  L  say; 

Hence  if  one  series  is  finite  in  value,  so  is  the  other ;  if  one 
series  is  infinite  in  value,  so  is  the  other;  which  proves  the 
proposition. 

450.  The  application  of  this  principle  is  very  important,  for 
by  means  of  it  we  can  compare  a  given  series  with  an  auxiliary 
series  whose  convergency  or  divergency  has  been  already  estab- 
lished. The  series  discussed  in  the  next  article  will  frequently 
be  found  useful  as  an  auxiliary  series. 

451.  The  infinite  series 

ip  "^  21' "^  ap  "^  4p 

is  always  divergent  except  when  p  is  positive  and  greater  than  1. 

Case  I.    Letjo>l. 

The  first  term  is  1 ;  the  next  two  terms  together  are  less 
than  — ;  the  following  four  terms  together  are  less  than  — ;  the 

Q 

following  eight  terms  together  are  less  than  — ;   and  so  on. 
Hence  the  series  is  less  than 

that  is,  less  than  a  geometrical  progression  whose  common  ratio 

2 

—  is  less  than  1,  since  ^>1 ;  hence  the  series  is  convergent. 
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Case  II.    Let  jo =1. 

The  series  now  becomes    1  +  ?j  +  oH-t  +  ^+... 

2     o     4     o 

2       1 

The  third  and  fourth  terms  together  are  greater  than  ^^  or  -; 

4  1 

the  following  four  terms  together  are  greater  than  ^  or  _ ;  the 

8        1 
following  eight  terms  together  are  greater  than  —  or  - ;  and  so 

Xu        ^ 

on.    Hence  the  series  is  greater  than 

1111 

2"'"2"'"2"^2''"  '*** 
and  is  therefore  divergent.  [Art.  447.] 

Case  HE.    Let  jt?<l,  or  negative. 

Each  term  is  now  greater  than  the  corresponding  term  in 
Case  IL,  therefore  the  series  is  divergent. 

Hence  the  series  is  always  divergent  except  in  the  case  when 
p  is  positive  and  greater  than  unity. 

Example.    Prove  that  the  series 

is  divergent. 

Compare  the  given  series  with  1+  -  +  «  +  ...  H !-•.. 

Thus  if  tin  and  Vn  denote  the  nf^  terms  of  the  given  series  and 
the  auxiliary  series  respectively,  we  have 

Un__n+l  .  1  _.n+l. 

Vn       n^       n        n    * 
hence  £i*w»~  =1,  and  therefore  the  two  series  are  both  convergent 

or  both  divergent.    But  the  auxiliary  series  is  divergent,  therefore 
also  the  given  series  is  divergent. 

This  completes  the  solution  of  Example  1.     [Art.  448.] 

452.  To  show  that  the  expansion  of  (l  +  x)"  by  the  Binomial 
Theorem  is  convergent  when  x<l. 

Let  u„  Ur^i  represent  the  r^  and  (r-f  1)*^  terms  of  the  ex- 
pansion; then 

^r+i_n-r+l^ 


2  +  3  +  4       .!H:1  +  ... 
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When  r>n4-l,  this  ratio  is  negative;  that  is,  from  this 
point  the  terms  are  alternately  positive  and  negative  when  i  is 
positive,  and  always  of  the  same  sign  when  x  is  negative.    Now 

when  r  is  infinite,  Lim^^^^=x  numerically;   therefore  since 

x<l  the  series  is  convergent  if  all  the  terms  are  of  the  same 
sign ;  and  therefore  still  more  is  it  convergent  when  some  of 
the  terms  are  positive  and  some  negative.     [Art.  444.] 


KXAMPT.KS  XT.m. 

Find  whether  the  following  series  are  convergent  or  diver- 
gent: 

1.  1-^+.  1       1   . 


X     x+a     «+2a     «+3a 
X  and  a  being  positive  quantities. 

2    JL  +  J_+JL  +  J_  + 

^'    1.2^2.3^3.4^4.6^ 

3.    1-  1  •  ^ 


xy     (x+l)(y+l)      (x+2)(y+2)      (x+3)(y+3) 
X  and  y  being  positive  quantities. 
4.       X     ,    x^    .    x^    .    X*    . 

*•    1.2      2.3     3.4      4.6      

X         x'        x'        x^ 

^'  1:2+3:4+5:6+7:8+ 

+  12  +  ^  +  ^+ 

7-  Vi+Vi+v!+Ar5+ 

8.    l+3x+5x«+7x»+9x*+ 

9.  2+1+4^6^ 

1J»     2j»     ^i*     4*' 

10-  ^+l+f+S+-  +  ;.5i+ 


CHAPTER   XLIV. 
Undetermined  Coefficients. 

453.  The  method  of  Undetermined  Coefficients  is  often 
employed  in  developing  algebraic  expressions.  It  consists  in 
assuming  that  the  expression  is  equal  to  a  series  in  ^hich  the 
coefficients  are  at  first  unknown,  but  determined  by  subsequent 
operations.    The  method  is  based  on  the  following  principles : 

454.  If  the  infinite  series  aQ+ajX  +  agX^+ajX'H- is  equal 

to  zero  for  eoery  finite  value  of  x  for  which  the  series  is  convergent, 
then  each  coefficient  must  be  equal  to  zero  identically. 

Let  the  series  be  denoted  by  5,  and  let  S^  stand  for  the  ex- 
pression aj-\-a,^-\-a^x^+ ;  then  S=aQ-\-xS^,  and  therefore, 

by  hypothesis,  aQ-\-xS^=0  for  all  finite  values  of  x.  But  since 
S  is  convergent,  S^  cannot  exceed  some  finite  limit;  therefore 
by  taking  x  small  enough  xS^  may  be  made  as  small  as  we 
please.  In  this  case  the  limit  of  5  is  a^;  but  S  is  always  zero, 
therefore  a^  must  be  equal  to  zero  identically. 

Removing  the  term  a^,  we  have  a:5j=0  for  all  finite  values  of 
x;  that  is,  ai+a^-\-agJc^-\- vanishes  for  all  finite  values  of  x. 

Similarly,  we  may  prove  in  succession  that  each  of  the 
coefficients  a^  02,  a^j is  equal  to  zero  identically. 

455.  If  two  infinite  series  are  convergent  and  equal  to  one 
another  for  every  finite  value  of  the  variable,  the  coefficients  of  like 
powers  of  the  variable  in  the  two  series  are  equal. 

Suppose  that  the  two  series  are  denoted  by 

^o+^r'^+^2^^+^3^+ 

and  Aq+A^x+A^^+A^-\- ; 

then  the  expression 
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vanishes  for  all  values  of  x  within  the  assigned  limits ;  there- 
fore by  the  last  article 

aQ-AQ=0,  ai-^i=0,  02-^3=0,  03-^43=0, 

that  is,  aQ=AQ,  a^=Aj^,  02= A^,  a^=A^, ; 

hence  the  coefficients  of  like  powers  of  the  variable  are  equal,  which 
proves  the  proposition. 

456.  The  principle  of  Art.  455  is  equally  true  oi  finite 
series,  for  we  may  regard  them  as  infinite  series  in  which  the 
missing  terms  are  to  be  supplied  with  zero  coefficients. 


Expansion  op  Fractions  into  Series. 

457.    Expand  - — — — -  in  a  series  of  ascending  powera  of  x. 

Let  ^  ^'^^^  ^  =:A  +Bx+  Cx^-\-Ds^+ ..., 

1  +  ar— X* 

where  A,  B,  C,  D, ...  are  constants  whose  values  are  to  be 
determined;  then 

2i-x^=(l+x-x^)(A-\-Bx+Cx^+D3^-\-.,.) 


=^  +  B 

x+ 

C 

xH 

D 

A 

B 
-A 

C 
-B 

Equating  the  coefficients  of  like  powers  of  x,  we  have 
A=2]        J5+^=0,        C+B-A=l,        D+C-B=0, 

,'.  iB=-2;  .-.  C=5;  .-.  D=-7; 

thus  ^"^^^  ,  =2-2a;+5a;2-7x3+ ... 

l+a;-x2 

458.  Both  numerator  and  denominator  should  always  be 
arranged  with  reference  to  the  ascending  or  descending  powers 
of  the  same  quantity;  then  dividing  the  first  term  of  the 
numerator  by  the  first  term  of  the  denominator  determines 
the  ybrw  of  the  expansion, 

o 
Example.  Expand  — ^  in  a  series  of  ascending  powers  of  x. 
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Dividing  as^,  of  the  first  term  of  the  numerator,  by  a^^  of  the  first 
term  of  the  denominator,  we  obtain  x~^  for  the  first  term  of  the 
expansion ;  therefore  we  assume 


-=^ar2+5x-i+C+/>x+... ; 


then 


2x*-'-3x8 
2=2A+2B]x-^     2C|xH     2Z)  1  xH... 


--3^1        -35 1         -3C| 
Equating  the  coefficients  of  like  powers  of  Xy  we  have 
^=1;       2B-3^=0,         2C-3JB=0,         2Z>-3C=0, 


2C-3JB=0, 


D= 


thus 


_  1    .   3      9     27a; 
x«     2a;     4"^   8  '"' 


27. 
8' 


EXAMPLES  ZLIV.  a. 

Expand  to  four  terms  in  ascending  powers  of  x : 


1. 
5. 
8. 


l-f2g 

1-X-X2 

1 


2. 


l-8x 
l_a;-6x2 


3. 


1+x 
2-fx+x'^ 


4. 


l+ax— ax'— X* 
c 


6. 


2-2x+3x^ 

4  +  X  +  X2 

2+x 


6— ox 


3xHx3 


7. 
10. 


34-g 
2-x-x«' 

1 


2x-3x2 
1-fx+a;'. 
x+Jc'+x* 


Expansion  of  Surds  into  Series. 
459.  Expand  VI -fx  in  ascending  powers  of  x. 
Let  VlTx=A-\'Bx+Cx^-\-Dx^+Ex*. 

By  squaring  both  sides  of  the  equation,  we  have 


l-^x=A^+2AB 


-h2AC 


x^-\-2AD 
+2BC 


x8+C2 
+2B2) 
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Equating  the  coefficients  of  like  powers  of  a;,  we  have 
^  =  1;        2^5  =  1,        B^-\-2AC=:0y         2AD+2BC=0y 

■■^-2'  •^-     8'  ••'^-16' 

C+2BD+2AE=0, 

••■^-"128' 


X    x^ ,  x^    6x^ 


thus  vT+x=i+*-±:+^-H^+. 

2     8     16    128 


EXAMPLES  XLI7.  b. 

Expand  the  following  expressions  to  four  terms : 


1,     VI -X.  2.     Va-ic.  3,     Va2-a;3. 

4.     >^2+i.  5.    (l+a:)».  6.    (l+«+«2)*. 

Reversion  of  Series. 

460.    To  revert  a  series  y=aa?+6a:2+caH*+,..  is  to  express 
a;  in  a  series  of  ascending  powers  of  y. 

Revert  the  series 

y=ar-2a:H3x«-4a:*+ (1). 

Assume  x=Ay-^By^-{-Cy^'^Dy^-^.,, 

Substituting  in  this  equation  the  value  of  y  as  given  in  (1), 
we  have 

a:=^(a;-2x2+3aH»-4a:*+...)  =:A(x  -2arH3a:«-4a:*+...) 
+  i?(ar-2a;a+3a:«-4a:*+...)2=B(a:2+4a:*-4x«+6a:*+...) 
+  C(x-2ar2+3a:«-4a:*+...)8=C(aH»-6a:4-...  ) 

+  Z)(a:-2a-2+3a-8-4ar*+...)*  =  Z)(a:*+...  ) 

Equating  the  coefficients  of  like  powers  of  x 
A  =  l]   B-2A=0,     C-45  +  3/l=0,    2) -6C+ 105-4^=0, 
.-.  ii=2;  .-.  C=5;  .-.  2>=14. 

Hence  x=y+2y«+5y«+14y*+... 
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461.     If  the  series  be  2^  =  l-f  2a;  +  3a;2+4a:8+... 
puty-l=2; 
then  z=2a;+3a;2+4a:»+... 

Assume  x=:Az+Bz'^-\-  C«'+...  and  complete  the  work  as  in 
Art.  460,  after  which  replace  z  by  its  value  y— 1. 

EXAMPLES  XLIV.  o. 

Revert  each  of  the  following  series  to  four  terms : 
1.    yz=x+x^+x^+x^-\-.,.  2.    y=aj+3a;24.5a^+7a;*+... 

3.      y=^^^  +  t^t+,„  4.      ^=1+0,+  ^  +  ^  +  ^+... 


2  4       8  "  2       6      24 

3  6       7 


5,    y=a;-^  +  ~-^  +  ...  6.    2/=aa;+6a;2+ca8+dx*+. 


Partial  Fractions. 

462.  A  group  of  fractions  connected  by  the  signs  of  addition 
and  subtraction  is  reduced  to  a  more  simple  form  by  being  col- 
lected into  one  single  fraction  whose  denominator  is  the  lowest 
common  denominator  of  the  given  fractions.  But  the  converse 
process  of  separating  a  fraction  into  a  group  of  simpler,  or  paiv 
tial,  fractions  is  often  required.    For  example,  if  we  wish  to 

expand  - — -^ — —  in  a  series  of  ascending  powers  of  x,  we 

A.  ~~  ^X  "T"  QX 

might  use  the  method  of  Art.  457,  and  so  obtain  as  many  terms 

as  we  please.    But  if  we  wish  to  find  the  general  term  of  the 

series  this  method  is  inapplicable,  and  it  is  simpler  to  express 

1  2 

the  given  fraction  in  the  equivalent  form h  - — r-.     Each 

of  the  expressions  (1—x)-^  and  (1  — 3a;)~^  can  now  be  ex- 
panded by  the  Binomial  Theorem,  and  the  general  term 
obtained. 

463.  We  shall  now  give  some  examples  illustrating  the  de- 
composition of  a  rational  fraction  into  partial  fractions.  For  a 
fuller  discussion  of  the  subject  the  reader  is  referred  to  treatises 
on  Higher  Algebra,  or  the  Integral  Calculus.  In  these  works 
it  is  proved  that  any  rational  fraction  may  be  resolved  into  a 
series  of  partial  fractions ;  and  that  to  any  factor  of  the  first 
degree,  as  or— a,  in  the  denominator  there  corresponds  a  partial 
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fraction  of  the  form ;  to  any  factor  of  the  first  degree,  as 

x—a 

x—b,  occurring  twice  in  the  denominator  there  correspond  two 

partial  fractions, and — -.    Jix—b  occurs  three  times, 

x—b  (x—by 

there  is  an  additional  fraction, -— ;   and  so  on.      To  any 

(x-by  ^ 

quadratic  factor  x^-^px+q  there  corresponds  a  partial  fraction 

Px+  Q. 
of  the  form  -r —  ;   if  the  factor  ar^-fpar+a  occurs  twice, 

x^+px+q'  Rx4.^ 

there  is  a  second  partial  fraction, i-- — ;  and  so  on. 

(x^+px  +  qy' 
Here  the  quantities  A,  B,  C,  D, PjQ,R,S  are  all  inde- 
pendent of  X. 

We  shall  make  use  of  these  results  in  the  examples  that 
follow. 

Example  1.    Separate    ^""         into  partial  fractions. 

jiX  ~{~X — 0 

Since  the  denominator  2x2+a;— 6=(a;+2)(2aj— 3),  we  assume 
to-ll  A  B 


2x2H-x-6     a;+2     2x-3 

where  A  and  B  are  quantities  independent  of  x  whose  values  have 
to  be  determined. 

Clearing  of  fractions, 

6a;-ll=J(2a:-3)  +  5(a;+2). 

Since  this  equation  is  identically  true,  we  may  equate  coeffi- 
cients of  like  powers  of  x ;  thus 

2^+5=5,  --3^+2JB=-ll; 
whence  -4=3,  5=— 1. 

...     5a;-ll    ^3  1 

2iK2+a;-6     x+2     2a;-3' 

Example  2.    Resolve  — ^^±w —  j^^  partial  fractions. 
(x-a)(a;+6) 

Assume  _!?*E±^?_  = -^  +  .^_ 

(x— a)(a;+6)      x—a     a:+6 

.-.  mx-\-n^A{x-\'l))^-B{x-d)   (1). 

We  might  now  equate  coeflficients  and  find  the  values  of  A  and 
£,  but  it  is  simpler  to  proceed  in  the  following  manner : 
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Since  A  and  B  are  independent  of  x,  we  may  give  to  x  any  value 
we  please. 

In  (1)  put  X— a=0,  or  x=o ;  then 

putting x+6=0,  orx=-6,  jB=5^^^. 

.         wx+n       _.    1     fma-^n  .  mft—nX 
(x— a)(x+6)     a+6  \  x— o        x+6  / 

Example  3.    Resolve '^~      into  partial  fractions. 

^  (2x-l)(9-x2) 

Assume    ^^^-^^^' =  ^^  +  _^  +  _^  ..(1)  ; 

(2x-l)(3+x)(3-x)      2x~l      3+x     3-x     ^^' 

.-.  23x-llx2=^(3+x)(3-x)+-B(2x-l)(3-x) 

+  a(2x-l)(3+x). 

By  equating  the  coefficients  of  like  powers  of  x,  or  putting  in 
succession  2x— 1=0,  3+x=0,  3— x=0,  we  find  that 

^=1,  5=4,  C=-l. 
23x-llx2      _     1       ,     4  1 


(2x-l)(9-x2)     2x-l     3+x     3-x 

Example  4.    Resolve  x  +x~^ — . ^^^  partial  fractions, 

(x-2)2(l-2x) 
Assume         3x«+x-2      ^     A  B  C      . 

(x-2)2(l-2x)      l-2x     x-2      (x-2)2' 
...  3x2+x-2=^(x-2)2+JB(l-2x)(x-2)  +  C(l-2x). 
Let  l-2x=0,  then  A=  -  i ; 

let  x-2=0,  then  C=  -4. 

To  find  By  equate  the  coefficients  of  x2 ;  thus 

8=^-2JB ;  whence  B=  -  5. 
3 
.        3x2+x-2  1  6  4 


(x-2)2(l-2x)         3(1 -2x)      3(x-2)      (x-2)2 

Example  6.    Resolve  — ^= — ^:^^ —  into  partial  fractions. 
(x2+l)(x-4) 

Assume  42^19x      ^Ax^B     _C_ 

(x2+l)(x-4)       x2+l  ^x-4' 

/.  42-19x=(^+JB)(x-4)  +  C(x2+l). 
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Let  x=4,  then  C=  -2 ; 

equating  coefficients  of  sc^,       0=^+  C,  and  A=z2; 
equating  the  absolute  terms,  42=  —45+  (7,  and  5=  —11, 
.        42-19g       _2x-ll        2 
**  («Hl)(«-4)       xHl       aJ-4' 

464.  In  all  the  preceding  examples  the  numerator  has  been 
of  lower  dimensions  than  the  denominator ;  if  this  is  not  the 
case,  we  divide  the  numerator  by  the  denominator  until  a  re- 
mainder is  obtained  which  is  oi  lower  dimensions  than  the 
denominator. 

Example.    Resolve  J'v    ^  ~J  iiito  partial  fractions. 
^  3x2-2x-l 

By  division, 

6x8  +  5a;2_7  Sx-4 

3x2-2x-l  ^   ^3x2-2x-l' 

and  _8^Zll-=_J_  +  ^; 

3x2_2x-l     3aj+l      x-l' 
...  6x3+6x^,7^  _5__j_ 

3x2_2a;-l  3x+l     x-l 

465.  We  shall  now  explain  how  resolution  into  partial  frac- 
tions may  be  used  to  facilitate  the  expansion  of  a  rational  frac- 
tion in  ascending  powers  of  x. 

Example.    Find  the  general  term  of  —      +x— 2 —  ^^^hen  ex- 
^  ^  (x-2)2(l-2x) 

panded  in  a  series  of  ascending  powers  of  x. 
By  Ex.  4,  Art.  463,  we  have 

3a;g+x-2      ^  1 6 4__ 

(x-2)2(l-2x)         3(l-2x)      3(x-2)      (x-2)2 

1.5 £_ 

3(1 -2x)     3(2-x)      (2-x)2 

=-ic'-^>--i('-i)"'-('-ir 

Hence  the  (r +!)'*»  or  general  term  of  the  expansion  is 
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466.  The  following  example  sufficiently  illustrates  the 
method  to  be  pursued  when  the  denominator  contains  a  quad- 
ratic factor. 

SoMimple,    Expand  — i^ —  in  ascending  powers  of  x. 

(l+x)(l  +  x2) 

and  find  the  general  term. 

Assume        I±^ ^^^     Bx±0 

(l  +  x)(l  +  x2)     l  +  a;^  l  +  x2 

.-.  7  +  «  =  ^(l  +  x2)4.(5a;+(7XH.a). 
Let  1  +  «  =  0,  then  ^  =  3 ; 

equating  the  absolute  terms,     7  =  -4  +  (7,  whence  C  =  4 ; 

equating  the  coefficients  of  aj^,  0  =  ^  -f  B,  whence  5  =  —  3. 
7  +  x  _     3        4-3a; 

*  '  (1  +  a;)(l  +  x^)     1  4-  X      1  +  xa 

=  3(1  +  x)-i  +  (4  -  3  X)  (1  +  x2)-i 

=  3(1  -  X  +  x2  - +(-  1)'XP+...} 

4.(4_3x){l-x2  +  a;*- +  (- 1)i'x2j' +...}. 

To  find  the  coefficient  of  xr : 

(1)  If  r  is  even,  the  coefficient  of  xr  in  the  second  series 

r 

is  4(—  1)^;    therefore  in  the  expansion  the  coefficient  of  ac"  is 

3  +  4(-l)^. 

(2)  If  r  is  odd,  the  coefficient  of  yr  in  the  second  series  is 

—  3(—  1)  2  ,  and  the  required  coefficient  is  3(~  1)""^  —  3.    ' 


EXAMPLES  XLIV.  d. 

Resolve  into  partial  fractions : 

,  7x-l  o  46  +  13X  «       l  +  3x4-2a;a 

^'    l-5a;  +  6x2*      ^'    12x2-lla;-16*      ^'  (1 -2a;)(l -x^)* 

-  x2-10x-H3  g  2x8  +  x2-x-3 

^*  (x-l)(x2-5x  +  6)*  x(x-l)(2x-f  3)' 

^  9  „  x*- 3x8 -3x2 +  10 

^'  (x-l)(x  +  2)2'  '•        (x  +  l)2(x-3) 
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ft        26a;g4-208a;  p  2a;g-llx  +  5 

^'     (a;a+l)(a;  +  6)'  ^*  (a; -3)(x2  + 2a;-6)' 

lA     3a^-8gg  +  10  ,,  6g8  +  6a;84-5x 

^"'  («-!)*  ^-^^  («2-l)(x+l)8 

Find  the  general  term  of  the  following  expressions  when 
expanded  in  ascending  powers  of  x. 

12.  l  +  3a;  j^g  6x  +  e  ^^      x^  +  7x+S 


H-lla;  +  28xa  (2+a;)(l-x)               x?  +  7x  +  10 

ifi              2a;~4  ,^             4  +  3x  +  2x^ 

■*■"'     (l-x2)(i_2x)*  •^'''     (l-x)(H-x-2aJ2)* 

,„          3  +  2X-X'  ,p              4  +  7x 

^'*     (l+x)(l-4x)«  ^°'     (2  +  3x)(l  +  a;)a 

19.     ^      ^,^+\^.  20.     ^-^-t2^- 


(x-i)(x2  +  i)  ""'     (i-xy 

1 oo  3-2x« 

(l-ax)(l-6xXl-cx)  (2-3X  +  J 
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Continued  Fractions. 


467.  An  expression  of  the  form  a+>— ""^^^is  called  a 

e+  ,.. 

continued  fraction;  here  the  letters  a,  by  c, may  denote 

any  quantities  whatever,  but  for  the  present  we  shall  only  con- 
sider the  simpler  form  ai+— «— — ^  where  a^  Cg,  Cj,  ...  are 

positive  integers.    This  will  be  usually  written  in  the  more 
compact  form  ^        -t 

468.  When  the  number  of  quotients  a„  a^i  Oa)  ...  is  finite  the 
continued  fraction  is  said  to  be  terminating;  if  the  number  of 
quotients  is  unlimited  the  fraction  is  calledf  an  infinite  continued 
fraction. 

It  is  possible  to  reduce  every  terminating  continued  fraction 
to  an  ordinary  fraction  by  simplifying  the  fractions  in  succes- 
sion beginning  from  the  lowest. 

469.  To  convert  a  given  fraction  into  a  continued  fraction. 

Let  —  be  the  given  fraction ;  divide  m  by  n,  let  a,  be  the 
n 
quotient  and  p  the  remainder ;  thus 

""^        ,  P         ,1. 
n       '^     n       ^    n 
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divide  n  by  p,  let  a^  be  the  quotient  and  q  the  remainder ;  thus 

n  a  1 

-=02+^  =  03+-; 
P  P  P 

9 
divide©  by  q,  let  03  be  the  quotient  and  r  the  remainder;  and  so 
on.    Thus 

m         ,  1  ,     1       1 

If  m  is  less  than  n,  the  first  quotient  is  zero,  and  we  put 

--i 
n~n 

m 
and  proceed  as  before. 

It  will  be  observed  that  the  above  process  is  the  same  as  that 
of  finding  the  greatest  common  measure  of  m  and  n ;  hence  if  m 
and  n  are  commensurable  we  shall  at  length  arrive  at  a  stage 
where  the  division  is  exact  and  the  process  terminates.  Thus 
every  fraction  whose  numerator  and  denominator  are  positive 
integers  can  be  converted  into  a  terminating  continued  fraction. 

QQQ 

Example,    Reduce  —  to  a  continued  fraction. 

169 
Finding  the  greatest  common  measure  of  832  and  159  by  the 
usual  process,  thus : 

169)832(6 
796 

37)169(4 
148 
11)37(3 

4)11(2 
8^ 
3)4(1 

3^ 

1)3(3 

0 
We  have  the  successive  quotients  5,  4,  3,  2,  1,  3  ;  hence 
832_g.    1      1      1      11 
169  4+  3+  2+  1+  8 
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470.  The  fractions  obtained  by  stopping  at  the  first,  second, 

third, quotients  of  a  continued  fraction  are  called  the  first, 

second,  third, convergents,  because,  as  will  be  shown  in 

Art.  476,  each  successive  convergent  is  a  nearer  approximation 
to  the  true  value  of  the  continued  fraction  than  any  of  the 
preceding  convergents. 

471.  To  show  that  the  convergents  are  alternately  less  and 
greater  than  the  continued  fraction. 

Let  the  continued  fraction  be  a,H 

The  first  convergent  is  a,,  and  is  too  small  because  the  part 

11  1 
...  is  omitted.    The  second  convergent  is  a,  H — ,  and  is 

«2+  «3+  «a 

too  great  because  the  denominator  Og  is  too  small.    The  third 

convergent  is  a^-\- ,  and  is  too  small  because  03+  —  is  too 

^2+  as  «8 

great ;  and  so  on. 

When  the  given  fraction  is  a  proper  fraction  0^=0;  if  in 
this  case  we  agree  to  consider  zero  as  the  first  convergent,  we 
may  enunciate  the  above  results  as  follows : 

The  convergents  of  an  odd  order  are  all  less,  and  the  convergents 
of  an  even  order  are  all  greater,  than  the  continued  fraction. 

472.  To  establish  the  law  of  formation  of  the  successive  conver- 
gents. 

Let  the  continued  fraction  be  denoted  by 

^1+ ; 

then  the  first  three  convergents  are 

fli    a^a^+l    a^(afy+l)  +  a., 

-=->   >    — = > 

1         ag  ag.fla+l 

and  we  see  that  the  numerator  of  the  third  convergent  may  be 
formed  by  multiplying  the  numerator  of  the  second  convergent 
by  the  third  quotient,  and  adding  the  numerator  of  the  first 
convergent;  also  that  the  denominator  may  be  formed  in  a 
similar  manner. 

Suppose  that  the  successive  convergents  are  formed,  in  a 
similar  way ;  let  the  numerators  be  denoted  by  jOj,  jOj,  i?3, ..-,  and 
the  denominators  by  q^,  q,^  ^3,  ... 

Assume  that  the  law  ot  wrmation  holds  for  the  n**»  conver- 
gent ;  that  is,  suppose 
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The  (n+1)*^  convergent  differs  from  the  n*^  only  in  having 

the  quotient  a^-^ iii  the  place  of  a^ ;  hence  the  (n+1)^  con- 

vergent 

_\  fln-i-l/ Qn-f l(gn;>n-l -^-Pn-V  +/>n-l 

(a.+  ^)  ?n-i+9«-.  "  «-+!(«.  9.-l+9-«)+9n-l 

=  ?!Ll:l^!Lt^!L=.\  by  supposition. 
If  therefore  we  put 

we  see  that  the  numerator  and  denominator  of  the  (n+l)***  con- 
vergent follow  the  law  which  was  supposed  to  hold  in  the  case 
of  the  n"*.  But  the  law  does  hold  in  the  case  of  the  third  con- 
vergent, hence  it  holds  for  the  fourth,  and  so  on ;  therefore  it 
holds  universally. 

674 
Example.    Reduce  — —  to  a  continued  fraction  and  calculate 
olo 
the  successive  convergents. 

By  Art.  469,  |?t=2+ri-  ^  ^  -^l 
^  313  6+  1+  1+  11+  2 

The  successive  quotients  are  2,  6,  1,  1,  11,  2. 

The  successive  convergents  are  |,  L,   ^,  ?|,   _,  |Z|. 

[Explanation.     With  the  first  and  second  quotients  take  the 
first   and   second    convergents    which    are    readily    determined. 

Thus,  in    this   example,  2    is   the    first   convergent,   and   2+  - 

13  ^ 

or  —  the  second  convergent.    The  numerator  of  the  third  con- 
o 

vergent,  16,  equals  the  numerator  of  the  preceding  convergent,  13, 

multiplied  by  1,  the  third  quotient,  plus  2,  the  numerator  of  the 

convergent  next  preceding  but  one.    The  denominator  is  formed 

in  a  similar  manner :  thus  7=1x6+1. 

The  fifth  convergent  =^^  =  f|.] 

473.     K  the  fraction  is  a  proper  fraction,  we  may  consider 
zero  as  the  first  convergent,  and  proceed  as  follows : 
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84 
Reduce  — --  to  a  continued  fraction,  and  calculate  the  suc- 
cessive convergents. 

Proceeding  as  in  Art.  469, 

227)84(0 
00 

84)227(2 
168 

59)84(1 
59^ 
25)59(... 

We  obtain     0+  -i-  -i-  -i-  -L    ^    J_  1. 

2+  1+  2+  2+  1+  3+  2 

The  successive  quotients  are  0,  2,  1,  2,  2, 1,  3,  2. 
Writing  -  for  the  first  convergent  we  have,  [Art.  472], 

0113^10J7_84^ 
l'   2*   3'    8*    19'   27'    100'   227* 

474.  It  will  be  convenient  to  call  a„  the  n^  partial  quotient ; 
the  complete  quotient  at  this  stage  being  a«^ ... 

We  shall  usually  denote  the  complete  quotient  at  any  stage 
hjk. 

We  have  seen  that 

qn      fln^n-l  +  qn-2 

Let  the  continued  fraction  be  denoted  by  x ;  then  x  differs  from 
^  only  in  taking  the  complete  quotient  k  instead  of  the  partial 

quotient  a^ ;  thus 

kpn-i-\-pn-2 
~kqn-i+qn-2 

475.  IfYlLhe  the  n*^  convergent  to  a  continued  fraction,  then 

qn 

Pnqn-l~Pn-iqn=(-l)". 
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Let  the  continued  fraction  be  denoted  by 

^       ^2+    «3+    «4+    ' 

then  pn qn-l -Pn-l  qn  =  (OnPn-l -^-Pn-O  9n-l  -Jt)n-l(a«  ^n-1  +  Qn-i) 
=  (  "  1 )  (Pn-l  qn-2  —Pn-2  Qn-l) 

=  (-'^)KPn-2qn-z-Pn-sqn-di  similarly, 


=  (-l)"-'(;>2'7i-i'i^a)- 

But     ;>27i-;^i(72=(«i«2+l)-«i-«3=l  =  (-l)^ 

hence  p^  qn-i  -pn-i  ?» = (  - 1)*- 

"When  the  contmued  fraction  is  less  than  unity,  this  result 
will  still  hold  if  we  suppose  that  ^1=0,  and  that  the  first  con- 
vergent is  zero. 

Note,  When  we  are  calculating  the  numerical  value  of  the 
successive  convergents,  the  above  theorem  furnishes  an  easy  test 
of  the  accuracy  of  the  work. 

CoR.  1.  Each  convergent  is  iji  its  lowest  terms;  forif;)nand 
Qn  had  a  common  divisor  it  would  divide  Pnqn-i—Pn-iqm  or 
unity ;  which  is  impossible. 

CoK.  2.  The  difference  between  two  successive  convergents  is 
a  fraction  whose  numerator  is  unitg,  and  whose  denominator  is  the 
product  of  the  denominators  of  these  convergents;  for 

*   Pn^  Pn-l  _  Pnqn-\'^Pn-\qn  _        1        . 

qn      qn-l  qnqn-1  qnqn-1 

476.  Each  convergent  is  nearer  to  the  continued  fraction  thaii 
any  of  the  preceding  convergents. 

Let  X  denote  the  continued  fraction,  and  ^  E:i±l,  Hull 

qn       <7n+l      qn+2 

three  consecutive  convergents ;  then  x  differs  from  -?!!^  only  in 

qn+2 
taking  the  complete  (n4-2)"*  quotient  in  the  place  of  a,vf2  J  denote 
this  by  k ;  thus  Jcp„_^_^  +JP„ . 

^qn+l-^qn 

'^  Qn  qa{^'qn+l  +  qn)  ?u(^(?n+l4-<?n)' 

*  Tho  sign  '^  means  "  difference  between.** 
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and         -25±i r^x=  P^+^^^'"P''^^+^  -. ^ 

Now  A;  is  greater  than  unity,  and  qn  is  less  than  ^n+i ;  hence 
on  both  accounts  the  difference  between  -?!i±l  and  x  is  less  than 

the  difference  between  ^  and  x ;  that  is,  every  convergent  is 

% 
nearer  to  the  continued  fraction  tiian  the  next  preceding  conver- 
gent, and  therefore  nearer  than  any  preceding  convergent. 

Combming  the  result  of  this  article  with  that  of  Art.  471,  it 
follows  that 

The  convergents  of  an  odd  order  continually  ind'ease,  hut  are 
always  less  than  the  continued  fraction  ; 

.  The  convergents  of  an  even  order  continually  decrease^  but  are 
always  greater  than  the  continued  fraction, 

477.  To  find  limits  to  the  error  made  in  taking  any  convergent 
for  the  continued  fraction. 

Let  -?!.*,  ?l^f  -?5±?  be  three  consecutive  convergents,  and  let 

k  denote  the  complete  (n+2)*^  quotient ; 

then  ^^Wi+Pn. 

Now  k  is  greater  than  1,  therefore  the  difference  between  the 
continued  fraction  x,  and  any  convergent,  ^  is  less  than  , 

,  ,        .,  1  ^n  QnQn+l 

and  greater  than . 

Again,  since  qn+i>qnf  the  error  in  taking  -?5  instead  of  ar  is 

1  \  9n 

less  than  __  and  greater  than  -— — . 

478.  From  the  last  article  it  appears  that  the  error  in 
taMng  ^  instead  of  the  continued  fraction  is  less  than , 

Qn  Mn+l 
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or  — ;  that  is,  less  than ;  hence  the  larger 

a^^i  is,  the  nearer  does  ^  approximate  to  the  continued  frac- 

tion;   therefore,  any  convergent  which   immediately  precedes  a 
large  quotient  is  a  near  approximation  to  the  continued  fraction. 

Again,  since  the  error  is  less  than  -— ,  it  follows  that  in 

order  to  find  a  convergent  which  will  differ  from  the  continued 

fraction  by  less  than  a  given  quantity  -,  we  have  only  to  calcu- 

a 

late  the  successive  convergents  up  to  ^  where  q^  is  greater 
than  a. 

479.  The  properties  of  continued  fractions  enable  us  to  find 
two  small  integers  whose  ratio  closely  approximates  to  that  of 
two  incommensm-able  quantities,  or  to  that  of  two  quantities 
whose  exact  ratio  can  only  be  expressed  by  lai'ge  integers. 

Eocample,    Find  a  series  of  fractions  approximating  to  3.14159. 

In  the  process  of  finding  the  greatest  common  measure  of  14159 

and  100000,  the  successive  quotients  are  7, 15, 1, 25, 1,  7, 4.    Thus 

314159=3+  -L  J^  J-  -1-  -L  -i- 1. 
7+  15+  1+  25+  1+  7+  4 

The  successive  convergents  are 

3    22    333    355 

r    7'   106*   113' ' 

This  last  convergent  which  precedes  the  large  quotient  25  is  a 

very  near  approximation,  the  error  being  less  than  -— ,  and 

i  25x(113)« 

therefore  less  than  26x7l0m2»  ^^  '000004. 

480.  Any  convergent  is  nearer  to  the  continued  fraction  than 
any  other  fraction  whose  denominator  is  less  than  that  of  the  con- 
vergent. 

Let  X  be  the  continued  fraction,  — ,  -^^  two  consecutive 

convergents,  -  a  fraction  whose  denommator  s  is  less  than  qt^. 

11  possible,  let  -  be  nearer  to  x  than  ^,  then  -  must  be 
s  qn  9 
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nearer  to  x  than  -^""^  [Art.  476] ;  and  since  x  lies  between  ^ 

Pn-l  Qn-l  r  Pf^  Pn-l  ^* 

and ,  it  follows  that  -  must  lie  between  —  and  • 

</«-!  «  qn  Qn-l 

Hence 

r^Pn-i^Pn^Pn-i^  that  is  <  — i- ; 

»       ^n-l       ?n       <7«-l  7n7n-I 

••.  rqn-i^s2Jn-i<  —  i 

qn 

that  is,  an  integer  less  tlian  a  fraction;  which  is  impossible. 

Therefore  ?1  must  be  nearer  to  the  continued  fraction  than  -. 
qn  s 

EXAMPLES  XLV.  a. 

Calculate  the  successive  convergents  to 

1     2+-!- J--l--J--i-^ 
^'       ■^1+3+5+1+1+2 


2, 

3.    3+ 


1111111 
2+  2+  3+  1+  4+  2+  6* 
111111 
3+  1+  2+  2+  1+  9' 


Express  the  following  quantities  as  continued  fractions  and 
find  the  fourth  convergent  to  each :  also  determine  the  limits  to 
the  error  made  by  takmg  the  tliu-d  convergent  for  the  fraction. 

.253  fi     251  g      1189  „       729^ 

179*  802*  3927*  2318* 

8.    -37.  9.     1-139.  10.     -3029.  H.    4-316. 

222 

12,  Find  limits  to  the  error  in  taking  —  yards  as  equivalent 

to  a  metre,  given  that  a  metre  is  equal  to  1  '0936  yards. 

13,  Find  an  approximation  to 

i+J--LJ_J__L_ 

^3+  6+  7+  9+  11+ 

which  differs  from  the  true  value  by  less  than  -0001 . 

99 

14,  Show  by  the  tlieory  of  continued  fractions  that  ^  differs 

1  70 

from  1*41421  by  a  quantity  less  than • 

11830 
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Recurring  Continued  Fractions. 

481.  We  have  seen  that  a  terminating  continued  fraction 
with  rational  quotients  can  be  reduced  to  an  ordinary  fraction 
with  integral  numerator  and  denominator,  and  therefore  cannot 
be  equal  to  a  surd  ;  but  we  shall  prove  that  a  quadratic  surd 
can  be  expressed  as  an  infinite  continued  fraction  whose  quo- 
tients recur.    We  shall  first  consider  a  numerical  example. 

Example,  Express  yi9  as  a  continued  fraction,  and  find  a 
series  of  fractions  approximating  to  its  value. 


Vl9=4+(Vie-4)=4+ 


V19+4' 


V19-f4^c^^Vl9^2^^^_5 


3                     3                 V19+2 
a/19+2  ^^  I  Vl9-3^^  ^  2 


6  6  V19+3 

v/19-f3^3     V19-3^3  6 

2  2  V19+3 

v/19+3^^,  a/19^2^^^        3 


5  6  V19+2 

V19+2^^^V19^4^^^ 


3  V19+4 

V19+4=8+(VlO-4)=8+ 

after  this  the  quotients  2,  1,  3,  1,  2,  8  recur ;  hence 

^2+1+3+1+2+8+ 

It  will  be  noticed  that  the  quotients  recur  as  soon  as  we 
come  to  a  quotient  which  is  double  the  first. 

{^Eopplanation,    In  each  of  the  lines  above  we  perform  the  same 
series  of  operatioiis.    For  example,  consider  the  second  line :  we 

first  find  the  greatest  integer  in  v^^+^  j  this  is  2,  and  the  remain- 

3 

der  is  •v^-^^'^^  -2,  that  is  V^^~^.    We  then  multiply  numerator 

3  3 

and  denominauor  by  the  surd  conjugate  to  ^19—2,  so  that  after 

inverting  the  result  — ^  ■    ,  we  begin,  a  new  Hue  with  a  rational 

"\/19+2 
denominator.] 
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The  first  seven  convergents  formed,  as  explained  in  Art.  472  are 

4    9    13    48    61     170    1421 
1'   2'    3'   11'   14'    39'    326* 

The  error  in  taking  the  last  of  these  is  less  than    ^  ^^  .  and  is 
1  1  (326)2' 

therefore  less  than  732q\2  ^^  102400'  *^^  ^^^^  ^®®®  ^^^^  -00001. 
Thus  the  seventh  convergent  gives  the  value  to  at  least  four  places 
of  decimals. 

482.  Every  periodic  continued  fraction  is  equal  to  one  of  the 
roots  of  a  quadratic  equation  of  which  the  coefficients  are  rational. 

Let  X  denote  the  continued  fraction,  and  y  the  periodic  part, 
and  suppose  that 

^    «-L   1      1  111 

X  =  a+- :; — , 

b+  c+         A+  k-\-  y 

and  y=m+  — —  —  -, 

n+  w+  v+  y 

where  a,  ft,  c, ...  ^,  A:,  m,  n, ... «,  w  are  positive  integers. 

Let  ?.y  ?-  be  the  convergents  *to  x  corresponding  to  the  quo- 
tients  A,  k  respectively ;  then  since  y  is  the  complete  quotient, 
we  have  x—^,      ^\  whence  y—  —, — —.^ 

Let  -,    ^  be  the  convergents  to  y  corresponding  to  the  quo- 

*     *  r'v+r 

tients  Uf  v  respectively ;  then  y=  ,        » 

s  y  -tS 

Substituting  for  y  in  terms  of  x  and  simplifying  we  obtain  a 
quadratic  of  which  the  coefficients  are  rational. 

The  equation  s'y2+(s— r')y— r=0,  which  gives  the  value  of 
y,  has  its  roots  real  and  of  opposite  signs ;  if  the  positive  value 

of  y  be  substituted  in  g=^/    ^,  on  rationalizing  the  denomi- 

<iy+<l     A-^  /B 
nator  the  value  of  a;  is  of  the  form  —    "^    ,  where  A,  B,  C  are 

c» 
integers,  B  being  positive  since  the  value  of  y  is  real. 
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Example.    Express  l4.-LJi-_L-L...  asa  surd. 

2+  3+  2-f  3-f 

Let  X  be  the  value  of  the  continued  fraction ;  then 

2+  3+(x-l)' 
whence  2xH2a;-7=0. 

The  continued  fraction  is  equal  to  the  positive  root  of  this 
equation,  and  is  therefore  equal  to  ^ — ^— 


EXAMPLES  XLV.  b. 

Express  the  following  surds  as  continued  fractions,  and  find 
the  sixth  convergent  to  each : 


1. 

V3. 

2. 

V6. 

3. 

V8. 

4. 

v*. 

5. 

Vil. 

6. 

VIS- 

7. 

V14- 

8. 

V22. 

9. 

2V3. 

10. 

4^2. 

11. 

3V6. 

12. 

4^10. 

13. 

1 

V21 

14. 

1 
V33 

15. 

aI 

16. 

268 

17.  Find  limits  of  the  error  when  ^  is  taken  for  ^^17. 

65 

•  916 

18.  Find  limits  of  the  error  when  ^^  is  taken  for  v^3. 

191  ^ 

19.  Find  the  first  convergent  to  V^^l  ^^^^  is  correct  to  five 
places  of  decimals. 

20.  Find  the  first  convergent  to  v^l6  that  is  correct  to  five 
places  of  decimals. 

Express  as  a  continued  fraction  the  positive  root  of  each  of  the 
following  equations : 

21.  a;2+2a;-l=0.     22.   x^-^x-S=0,     23.    1x^-Sx-S=0. 
24.    Express  each  root  of  aj^ — 6x + 3 = 0  as  a  continued  fraction. 


25.  Find  the  value  of  3  +  7:^  r^  J- 

^"^  6+  6+  6+ 

26.  Find  tte  value  of  X_L_L^2_ 

27.  Findtbevalueof3  +  jl-A._LX_L_L. 

28.  FiBd  the  value  of  6  +  jL  _L  _L  ^ 


CHAPTER  XLVI. 
Summation  of  Series. 

483.  Examples  of  the  summation  of  certain  series  (Arith- 
metic and  Geometric)  have  occurred  in  previous  chapters.  We 
will  now  consider  methods  for  summing  other  series. 

484.  A  series        u^-^u^+u^-^u^-^ , 

in  which  from  and  after  a  certain  term  each  term  is  equal  to 
the  sum  of  a  fixed  number  of  the  preceding  terms  multiplied 
respectively  by  certain  constants  is  called  a  recurring  series. 
A  recurring  series  is  of  the  !■*,  2"<*,  or  r^  order  according  as  one, 
two,  or  r  constants  are  required  as  multipliers. 

485.  In  the  series 

l  +  2a;+3a;2+4a;8+5x*+ , 


each  term  after  the  second  is  equal  to  the  sum  of  the  two  pre- 
ceding terms  multiplied  respectively  by  the  constants  2x,  and 
—x^;  these  quantities  being  called  constants  because  they  are 
the  same  for  all  values  of  n.    Thus 

5a:*=2a:.4a;8+(-a;2)  .3a;2; 
that  is,  u^ = 2xu^ — a;%2  > 

and  generally  when  n  is  ^ater  than  1,  each  term  is  connected 
with  the  two  that  immediately  precede  it  by  the  equation 

Mn=2a:Mn-i-a;%„_2, 
or  M«-2a:M„_i+x%n-2=0. 

In  this  equation  the  coefficients  of  tin)  Un-h  and  t4„_2,  taken 
with  their  proper  signs,  form  what  is  called  the  scale  of 
relation. 
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Thus  the  series 

l  +  2ar+3a;2+4a:8+5x*+ 

is  a  recurring  series  in  which  the  scale  of  relation  is 
l-2a;  +  a:2. 

486.  If  the  scale  of  relation  of  a  recurring  series  is  given, 
any  term  can  be  found  when  a  sufficient  number  of  the  preced- 
ing terms  are  known.  As  the  method  of  procedure  is  the  same 
however  many  terms  the  scale  of  relation  may  consist  of,  the 
following  illustration  will  be  sufficient. 

If  l—px—qx'^—rjfi 

is  the  scale  of  relation  of  the  series 

GQ+a^x-^-a^^+a^-^ 

we  have 

a^z=:px  ,  an-i3i^~^-\-gx^ ,  an-^~^+rafi .  On..^-^, 

or  On  =pan^i  +  qan-2 + ran-3 ; 

thus  any  coefficient  can  be  found  when  the  coefficients  of  the 
three  preceding  terms  are  known. 

487.  Conversely,  if  a  sufficient  number  of  the  terms  of  a 
series  be  given,  the  scale  of  relation  may  be  found. 

Example.    Find  the  scale  of  relation  of  the  recmTing  series 

2+5a;+13aj2+36a58+97a;*+275x5+ 

This  is  plainly  not  a  series  of  the  first  order.  If  it  be  of  the 
second  order,  to  obtain  p  and  q  we  have  the  equations 

13=5p+2g,  and  35=13p+5g ; 

whence  j9=5,  and  g=— 6.  By  using  these  values  of  p  and  q,  we 
can  obtain  the  fifth  and  sixth  coefficients ;  hence  they  are  correct, 
and  the  scale  of  relation  is 

1-bx+Qx^. 

488.  If  the  scale  of  relation  consists  of  3  terms  it  involves 
2  constants,  p  and  q ;  and  we  must  have  2  equations  to  deter- 
mine p  and  q.  To  obtain  the  first  of  these  we  must  know  at 
least  3  terms  of  the  series,  and  to  obtain  the  second  we  must 
have  one  more  term  given.  Thus  to  obtain  a  scale  of  relation 
involving  two  constants  we  must  have  at  least  4  terms  given. 

If  the  scale  of  relation  be  1  —px—qx^—rxfiy  to  find  the  3  con- 
stants we  must  have  3  equations.     To  obtain  the  first  of  these 
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we  must  know  at  least  4  terms  of  the  series,  and  to  obtain  the 
other  two  we  must  have  two  more  terms  given ;  hence  to  find 
a  scale  of  relation  involving  3  constants,  at  least  6  terms  of  the 
series  must  be  given. 

Generally,  to  find  a  scale  of  relation  involving  m  constants, 
we  must  know  at  least  2wi  consecutive  terms. 

Conversely,  if  2m  consecutive  terms  are  given,  we  may  assume 
for  the  scale  of  relation 

1-PiX-p^^-p^- -p»a?~. 

489.     To  find  the  sum  ofn  terms  of  a  recurring  series. 

The  method  of  finding  the  sum  is  the  same  whatever  be  the 
scale  of  relation ;  for  simplicity  we  shall  suppose  it  to  contain 
only  two  constants. 

Let  the  series  be 


QQ+a^x+a^^+a^-^- 


and  let  the  sum  be  »9;  let  the  scale  of  relation  be  l—px—q3^\ 
so  that  for  every  value  of  n  greater  tlian  1,  we  have 

an-pan-i-qan-2  =  0. 

—px  S=    ^pa^—pa^x^—  ...  —pan-^'^—pOn-i^t^y 

Hence 

(1  -px  -  qx'^  ,Sf = ao  +  («!  -pa^x  -  (pa^-i  +  qan-s)^^  -  qan-i3i^+\ 

for  the  coefficient  of  eveiy  other  power  of  x  is  zero  in  consequence 
of  the  relation 

Qn-pan-l-qOn-S^O. 

1  —px — qx^  1  —px — qx^ 

Thus  the  sum  of  a  recurring  series  is  a  fraction  whose  de- 
nominator is  the  scale  of  relation. 

490.  If  the  second  fraction  in  the  result  of  the  last  article 
decreases  indefinitely  as  n  increases  indefinitely,  the  sum  of  an 
infinite  number  of  terms  of  a  recurring  series  of  the  second 

order  reduces  to  «o+(^]-;^S)^.  ^ 
1—px—qx^ 
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K  we  develop  this  fraction  in  ascending  powers  of  a;  as 
explained  in  Art.  457,  we  shall  obtain  as  many  terms  of  the 
original  series  as  we  please ;  for  this  reason  the  expression 

1—px  —  qx^ 

is  called  the  generating  function  *  of  the  series.    The  summation 
of  the  series  is  the  finding  of  this  generating  function. 
If  the  series  is  of  the  third  order, 

5^qo+(gi~/>qn)^+  («2-P«T-7«o)^'. 
1  —px — qx'^  1  —px — qx^ — ra^ 

491.  From  the  result  of  Art.  489,  we  obtain 

1—px—qx^ 

1—px—qx^ 
from  which  we  see  that  although  the  generating  function 

l—px—qx'^ 

may  be  used  to  obtain  as  many  terms  of  the  series  as  we  please, 
it  can  be  regarded  as  the  true  equivalent  to  the  infinite  series 

aQ+ayX:+a^^+ , 

only  if  the  remainder 

1—px—qx^ 

vanishes  when  n  is  indefinitely  increased ;  in  other  words  only 
when  the  series  is  convergent. 

492.  When  the  generating  function  can  be  expressed  as  a 
group  of  partial  fractions  the  general  term  of  a  recurring  series 
may  be  easily  found. 

Hxample.  Find  the  generating  function,  and  the  general  term, 
of  the  recurring  series 

l-7a;_a;2-43a^- 

*  Sometimes  colled  the  generating  fracUon, 
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Let  the  scale  of  relation  be  l—px—qx^ ;  then 
-l  +  7i)-^=0,  -43+i)+7g=0; 
whence  1>=1,  9=6  ;  and  the  scale  of  relation  is 
l_a;_6x2. 

Let  S  denote  the  sum  of  the  series ;  then 

S=1^7x-  x2_48x8_ 

-xS=  -  x+7x^+    aj8+ 

-6x2/S'=  -6x2+42aj8+ 

...  (l-a;-6«2)^=:l-8aj, 

a_     l-8x    . 

which  is  the  generating  function. 

If  we  separate   ^^-   into  partial  fractions,  we  obtain 

l^x-Qx^ 

_2 1 

l+2x     l-3x' 

By  actual  division,  or  by  the  Binomial  Theorem, 

__?_  =2[l-2x+(2x)2-  ...  +(-l)r(2x)r] 

-  j33^  =  -[l+3x+(3x)2+  ...  +(3x)'']. 

Whence  the  (r+l)'^,  or  general  term,  is 

[2(2'')  (  -  l)*--3'*]x^={( -l)r  2*'+i-3''}x^. 


EXAHPLES  XL7I.  a. 

Find  the  generating  functions  of  the  following  series  : 

1.  l+6x+24x2+84x8+ 

2.  2+2x-2x2-f6x3-14x*+ 

3.  3~16x+42x2-94x»+ 

4^  2-5x+4x2Hr7x8-26x*+ 

5,  4+5x+7x2+llx«+ 

6,  l+x+2x2+2x8+3x*+3x5+4x«+4xH 

7,  l+3x+7x2+13x8+21x*+31x6+ 
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8,  i-3x+6x«-7a*+9je*-llaj^+ 

Find  the  generating  function  and  the  general  t«rm  in  each 
of  the  following  series : 

9.  l+5x+9a;2+13a8+ 10.    2-a;H-6x2-7x9+ 

11,    2+8a;+5x2+9ir9+ 12.    7-6x+9x^-\-27x^ -\- 

13,    3+6x+14xa+36ir9+98x*+276aHi+ 

•     Summation  by  the  Method  of  Differences. 

493.  Let  Un  denote  some  rational  integral  function  of  n, 
and  let  Uj,  tig,  tig,  m^,  ...  denote  the  values  of  Un  when  for  n  the 
values  1,  2,  3,  4, ...  are  written  successively. 

We  proceed  to  investigate  a  method  of  finding  u„  when  a 
certain  number  of  the  terms  m^,  ««,  Wg,  w^, ...  are  given. 

From  the  series  tip  u^  tig,  ti^,  ti^, ...  obtain  a  second  series 
by  subtracting  each  term  from  the  term  which  immediately 
follows  it. 

The  series 

t^2-*^r    ^3-^2?    «*4-%    tig-ti^,  ... 

thus  found  is  called  the  series  of  the  first  order  of  differences,  and 
may  be  conveniently  denoted  by 

At/^,    Atig,    Atig,    Ati^, ... 

By  subtracting  each  term  of  this  series  from  the  term  that 
immediately  follows  it,  we  have 

Atig- Atij,    Atig- Ati2,    Ati^-Atig, ... . 

which  may  be  called  the  series  of  the  second  order  of  differences, 
and  denoted  by 

Agtii,         Agtijp         AgMg,  ... 

From  this  series  we  may  proceed  to  form  the  series  of  the 
third,  fourth,  fifth, ...  orders  of  differences,  the  general  terms  of 
these  series  being  Agtir,  A4ti„  A^it^ ...  respectively. 

From  the  law  of  formation  of  the  series 

tip  W2»  «^8>  ^4»  «*5>  ^e^ 

Atij,      Atig,      Atig,      Ati^,      Atig, 

Ajtip        Agtig       Agtig,       Agti^, 

^S'^l       ^3^2       ^8«3) 
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it  appears  that  any  term  in  any  series  is  eqnal  to  the  term 
immediately  preceding  it  added  to  the  term  below  it  on  the  left. 

Thus  W2=Mj  +  Atij,  and  Am2=Awi+A2Wi. 

By  addition,  since  «2+Aw2=ti3,  we  have 

W8  =  Wi  +  2AMi  +  A2Mi. 

In  an  exactly  similar  manner  by  using  the  second,  third,  and 
fourth  series  in  place  of  the  first,  second,  and  third,  we  obtain 

Aw3= Atii+ 2A2W1  +  AgMj. 

By  addition,  since  u^-{-^u^=u^y  we  have 

w^ = Mj + 3  Amj  +  3  A2M^ + AgWj . 

So  far  as  we  have  proceeded,  the  numerical  coefficients  follow 
the  same  law  as  those  of  the  Binomial  Theorem.  We  shall  now 
prove  by  induction  that  this  will  always  be  the  case.  For  sup- 
pose that 

tt»+i=Wi+nAtti+-Y;2-^A2Wi+  ...+«CrA,.«i+ +AnW,; 

then  by  using  the  second  to  the  (n+2)^  series  in  the  place  of 
the  first  to  the  (n+ 1)*^  series  we  have 

Au„+i=Awi  +  nA2Wi+^^^^^^A8Wi+  ...  +«C^_iA,.tii 

+   ...  +A„+iMi. 

By  addition,  since  Un+\  +  ^Un+i=Un+2f  we  obtain 
«n+2=Wi+(n  +  l)Awi+  ...  +(»C^-f»C^_])A,t^i4-  ...  +A„+iiii. 

But  «>a+'»C„i=  (^"^"^^  +l)  x»C,_i  =  ^x»C,_i 


_  (n  +  l)n(n-l)...(n  +  l-rH-l)  _„^,^ 
1.2.3...(r-l)r  ""      ^'^ 


Hence  if  the  law  of  formation  holds  for  Un+i  it  also  holds  for 
tt„+2,  but  it  is  true  in  the  case  of  u^  therefore  it  holds  for  w^, 
and  therefore  universally.     Hence 

.  /       IN  A         (n-l)(n-2)  ^ 
«n=Wi+(n-l)Aui+^^ ^ ^A2Wi+  ...  +A„_iMi. 

494.  This  formula  may  be  expressed  in  a  slightly  different 
form,  as  follows :  if  a  is  the  first  term  of  a  given  series,  d^,  d^ 
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t/g, ...  the  first  terms  of  the  successive  orders  of  differences,  any 
term  of  the  given  series  is  obtained  from  the  formula 

495.  To  find  the  sum  of  n  terms  of  the  series 

^v     «*2»     «*8».     «4> 

in  terms  of  the  differences  of  Uy 

Suppose  the  series  u^,  Uj,  tig, ...  is  the  first  order  of  differences 
of  the  series 

Vp     Wjp     ^sy     '^4»—> 

then  Un+i = ( Vn+i  - 1?„)  H-  (vn  -  Vn-i)  +  •  •  •  +  (^3  -  Vj) + ^i  identically ; 

Hence  in  the  series 

0,     v^    Vg,    r^,     Wg 

Mp     W2»     ''a*     '^4» 

Ati^,  Aug,  Amj 

the  law  of  formation  is  the  same  as  in  the  preceding  article ; 

n(n  — 1)  .  . 

.-.  t;n+i=0  +  nMi+— J— g— AMi+...  +  Antii; 

that  is,  Mj  +  M2  +  M3+...  +  Wn 

n(n--l)^         n(n-l)(n-2)^ 
=ntii+       |2     ^Au^  +  -^ il^^ ^AaMi+.-.  +  Antii. 

496.  If,  as  in  the  preceding  article,  a  is  the  first  term  of  a 
given  series,  dp  rfg,  «?3>  •••  the  first  terms  of  the  successive  orders 
of  differences,  the  sum  of  n  terms  of  the  given  series  is  obtained 
from  the  formula 

c      .^"("-l).   ,  »(n-l)(n-2)^ 
bn=na-{ Tg diH r^ «2 

n(n-l)(n-2)(«-3) 
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Example  1.  Find  the  7*^  term  and  the  sum  of  the  first  seven 
terms  of  the  series  4, 14,  30,  52,  80,... 

The  successive  orders  of  differences  are 

10,     16,    22,    28, 
6,      6,      6, 
0,      0. 
Here  n=7,  and  a=4. 

Hence,  using  formula,  Art.  494,  the  7'*»  term 

=4+6.10+^.6=154. 
1.2 

Using  formula,  Art.  496,  the  sum  of  tlie  first  seven  terms 

Example  2.  Find  the  general  term  and  the  sum  of  n  terms  of 
the  series 

12,     40,     90,     168,     280,    482, 

The  successive  orders  of  difference  are 

28,     50,     78,     112,     152, 

22,     28,     34,       40, 

6,      6,       6, 

0,      0,... 
Hence  the  n*  term  [Art.  494] 

-12^28rn    iv,  22(n-l)(n~2)     6(n-l)(n-2)(n-3) 
-12+28(n-l)+ il + j3 

=n«+5n2+6».  • 

Using  the  formula  for  the  sum  of  n  terms  we  obtain 

o-io^  .  28n(n-l)  .  22n(n-l)(n-2)  .  6n(n-l)(n-2)(n-3) 
A„^lJn+ ^ +  ^  +  ^ 

=  i*  (3n2+26n+69n+46) 
12 

=  ±n(n+l)(3n2+23n+46). 
12 

497.  It  will  be  seen  that  this  method  of  summation  will 
only  succeed  when  the  series  is  such  that  in  forming  the  orders 
of  differences  we  eventually  come  to  a  series  in  which  all  the 
terms  are  equal.  This  will  always  be  the  case  if  the  rfi^  term  of 
the  series  is  a  rational  integral  function  of  n. 
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Piles  op  Shot  and  Shells. 

498.  To  find  the  number  of  shot  arranged  in  a  complete 
pyramid  on  a  square  base. 

The  top  layer  consists  of  a  single  shot;  the  next  contains  4; 
the  next  9,  and  so  on  to  n^,  n  being  the  number  of  layers :  hence 
the  form  of  the  series  is 

12,        22,        32,        42,...,n2. 
Series  1,         4,  9,        16,  „.,n\ 

1*  order  of  differences      3,         5,         7, 
2nd     «       u  it  2,  2, 

3rd      a        it  u  Q^ 

Substituting  in  Art.  496,  we  obtain 

n(n-l)          n(n-l)(n-2)          n(n  +  l)(2n  +  l) 
^-^■^"T:2-*^-^ 17273 •^- 6 

499.  To  find  the  number  of  shot  arranged  in  a  complete  pyra- 
mid the  base  of  which  is  an  equilateral  triangle. 

The  top  layer  consists  of  a  single  shot ;  the  next  contains  3 ; 
the  next  6 ;  the  next  10,  and  so  on,  giving  a  series  of  the  form 

1,    1+2,    1+2+3,    1+2  +  3+4, 

Series  1,       3,  6,  10. 

!•'  order  of  differences  2,        3,  4, 

2nd     «         «  a  l^  ^1^ 

3rd      a         it  u  0. 

Hence  S=«+^^.2+<!i=^f^.  i^»("+y«+2) 

500.  To  find  the  number  of  shot  arranged  in  a  complete  pile 
the  base  of  which  is  a  rectangle. 

The  top  layer  consists  of  a  single  row  of  shot.  Suppose  this 
row  to  contain  m  shot;  then  the  next  layer  contains  2(m+l) ; 
the  next  3(m+2),  and  so  on,  giving  a  series  of  the  form 

m,        2m+2,      3m  +  6,      4m+12,  ... 
1  ■*  order  of  differences    m + 2,        m + 4,        m + 6, 
2nd    «      «  it  2,  2, 

3rd      «        a  u  Q, 
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Now  let  /  and  w  be  the  number  of  shot  in  the  length  and 
width,  respectively,  of  the  base;   then  m=l—w-\-l. 

Making  these  substitutions,  we  have  i 

^= 6 • 


EXAMPLES  XLVI.  b. 

1.  Find  the  eighth  term  and  the  sum  of  the  first  eight  terms 
of  the  series  1,  8,  27,  64,  125,  ... 

2.  Find  the  tenth  term  and  the  sum  of  the  first  ten  terms  of 
the  series  4,  11,  28,  66,  02,  ... 

Find  the  number  of  shot  in : 

3.  A  square  pile,  having  15  shot  in  each  side  of  the  base. 

4.  A  triangular  pile,  having  18  shot  in  each  side  of  the  base. 

5.  A  rectangular  pile,  the  length  and  the  breadth  of  the  base 
containing  50  and  28  shot  respectively. 

6.  An  incomplete  triangular  pile,  a  side  of  the  base  having  25 
shot,  and  a  side  of  the  top  14. 

7.  An  incomplete  square  pile  of  27  courses,  having  40  shot  in 
each  side  of  the  base. 

8.  Find  the  ninth  term  and  the  sum  of  the  first  nine  terms  of 
the  series  1,  3+6,  7+9+11,... 

The  numbers  1,  2,  3,...  are  often  referred  to  as  the  natural 
numbers* 

9.  Find  the  sum  of  the  squares  of  the  first  n  natural  numbers. 

10.  Find  the  sum  of  the  cubes  of  the  first  n  natural  numbers. 

11.  The  number  of  shot  in  a  complete  rectangular  pile  is 
24395 ;  if  there  are  34  shot  in  the  breadth  of  the  l)ase,  how  many 
are  there  in  its  length? 

12.  The  number  of  shot  in  the  top  layer  of  a  square  pile  is  169, 
and  in  the  lowest  layer  is  1089;  how  many  shot  does  the  pile 
contain  ? 

13.  Find  the  number  of  shot  in  a  complete  rectangular  pile  of 
16  courses,  having  20  shot  in  the  longer  side  of  its  base. 

14.  Find  the  number  of  shot  in  an  incomplete  rectangular  pile, 
the  number  of  shot  in  the  sides  of  its  upper  course  being  11  and  18, 
and  the  number  in  the  shorter  side  of  its  lowest  course  being  30. 
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Find  the  n^  term  and  the  sum  of  n  terms  of  the  series : 

15.  4,  14,  30,  62,  80,  114,... 

16.  8,  26,  64,  92,  140,  198, ... 

17.  2,  12,  36,  80,  160,  262, ... 

18.  8,  16,  0,  -64,  -200,  -432,... 

19.  30,  144,  420,  960,  1890,  3360, ... 

20.  What  is  the  number  of  shot  required  to  complete  a  rec- 
tangular pile  haying  16  and  6  shot  in  the  longer  and  shorter  side, 
respectively,  of  its  upper  course  ? 

21.  The  number  of  shot  in  a  triangular  pile  is  greater  by  160 
than  half  the  number  of  shot  in  a  square  pile,  the  number  of  layers 
in  each  being  the  same ;  find  the  number  of  shot  in  the  lowest 
layer  of  the  triangular  pile. 

22.  Find  the  number  of  shot  in  an  incomplete  square  pile  of 
16  courses  when  the  number  of  shot  in  the  upper  course  is  1006 
less  than  in  the  lowest  course. 

23.  Show  that  the  number  of  shot  in  a  square  pile  is  one- 
fourth  the  number  of  shot  in  a  triangular  pile  of  double  the  number 
of  courses. 

24.  If  the  number  of  shot  in  a  triangular  pile  is  to  the  number 
of  shot  in  a  square  pile  of  double  the  number  of  courses  as  13  to 
176,  find  the  number  of  shot  in  each  pile. 


Interpolation. 

501.  The  process  of  introducing  between  the  terms  of  a 
series  intermediate  values  conforming  to  the  law  of  the  series 
is  called  interpolation.  An  important  application  is  in  finding 
numbers  intermediate  between  those  given  in  Logarithmic  and 
other  mathematical  tables.  For  this  purpose  we  may  employ 
the  formula  used  in  finding  the  n^  term  by  the  Differential 
Method,  giving  fractional  vsdues  to  n. 

Example,  Given  log  40=1-6021,  log  41  =  1-6128,  log  42=1-6232, 
log  43=1-6336,  find  log  40*7. 

Series  1*6021,         1-6128,         1-6232,         1-6336, 

1"*  order  of  differences  -0107,  -0104,  -0103, 

2nd     u       u  44  --0003,         --0001, 

Srd  44  4*  44  +-0002. 
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Substituting  in  formula  of  Art.  494,  we  have 

log  40.7=1-6021+  1(K)107)+  f^(-l)  (^) 
,J_[_S\(_1S\  /•0002\ 

■^loV   loA  loyv  [s  ) 

=  1-6021  +  -00749+  -000031  +  -000009 
=1-6096+. 

Here  log  40  is  the  first  term  (n=l);  log  41  is  the  second  term 
(n=2) ;  hence  in  introducing  the  intermediate  tenn  log  40-7  we 
give  to  n  a  value  1-7. 

EXAMPLES  XL7I.  c. 

1.  Given  log  3=0-4771,  log  4=0-6021,  log  6=0.6990,  log  6 
=0-7782,...;  find  log  4-4. 

2.  Given  log  61  =  1-7076,  log  62=1-7160,  log  63=1-7243,  log  64 
=  1-7324, ;  find  log  61-9. 

3.  Given  ^6= 2-236,  ^6=2*449,  ^7=2646,  ^8=2-828;  find 
VE^,  VR,  and  \/7-74. 

4.  Given  ^51=3-7084,^62=3-7326,  ^63=3-7563,...;  find 
v^'5ri8. 


CHAPTER  XLVIL 
Binomial  Theorem,     Ant  Index. 

502.  In  Chap,  xxxix,  we  investigated  the  Binomial  The- 
orem when  the  index  was  any  positive  integer ;  we  shall  now 
consider  whether  the  formulae  there  obtained  hold  in  the  case 
of  negative  and  fractional  values  of  the  index. 

Since,  by  Art.  385,  every  binomial  may  be  reduced  to  one 
common  t^e,  it  wiU  be  sufficient  to  connne  our  attention  to 
binomials  of  tiie  form  (1+x)*. 

By  actual  evolution,  we  have 

(l+x)i  =  A/I+5=l  +  |x- ^0:3+^^:3. 

and  by  actual  division, 

(l-a;)-«=— i— =l+2a:+3x«+4a:«+ ; 

and  in  each  of  these  series  the  number  of  terms  is  unlimited. 
In  these  cases  we  have  by  independent  processes  obtained  an 

expansion  for  each  of  the  expressions  (l-\-xp  and  (1+x)-*. 
We  shall  presently  prove  that  they  are  only  particular  cases  of 
the  general  formula  for  the  expansion  of  (l+a:)*»,  where  n  is 
any  rational  quantity. 

This  formula  was  discovered  by  Newton. 

503.  Suppose  we  have  two  expressions  arranged  in  ascend- 
ing powers  of  x,  such  as 

l+^  +  rnim^^,_^m(m-lXm-2)^_^_ ^j^^ 

1.2  1.2.3 

and     1+  „x  +  ni!L^x<'+  »("  "  ^)(»  -  2)^+ (2). 
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The  product  of  these  two  expressions  will  be  a  series  in 
ascending  powers  of  x ;  denote  it  by 

then  it  is  clear  that  -4,  J?,  C, are  functions  of  m  and  n,  and 

therefore  the  actual  values  of  -4,  B,  C, in  any  particular 

case  will  depend  upon  the  values  of  m  and  n  in  that  case.  But 
the  way  in  which  the  coefficients  of  the  powers  of  x  in  (1)  and 

(2)  combine  to  give  -4,  5,  C, is  quite  independent  of  w  and 

n ;  in  other  words,  whatever  values  m  and  n  may  have.  A,  B,  C, 
preserve  the  same  invariable  form.  K  therefore  we  can  de- 
termine the  form  of  -4,  5,  C, ......  for  any  value  of  m  and  n,  we 

conclude  that  -4,  5,  C, will  have  the  same  form /or  all 

values  of  m  and  n. 

The  principle  here  explained  is  often  referred  to  as  an  ex- 
ample of  "  the  permanence  of  equivalent  forms ; "  in  the  present 
case  we  have  only  to  recognize  the  fact  that  in  any  algebraical 
product  the  form  of  the  result  will  be  the  same  whether  the 
quantities  involved  are  whole  numbers,  or  fractions ;  positive, 
or  negative. 

We  shall  make  use  of  this  principle  in  the  general  proof  of 
the  Binomial  Theorem  for  any  index.  The  proof  which  we 
give  is  due  to  Euler. 

504.  To  prove  the  Binomial  Theorem  when  the  index  is  a 
positive  fraction. 

Whatever  be  the  value  of  m,  positive  or  negative^  integral  or 
fractional^  let  the  symbol  /(wi)  stand  for  the  series 

-  m(m  —  \)   „     m(m  —  l)(m—2)     ' 

then  /(n)  will  stand  for  the  series 

n(n-l)   ,     n(n-l)(n-2)   , 

K  we  multiply  these  two  series  together  the  product  will  be 
another  series  in  ascending  powers  of  x,  whose  coefficients  will  be 
unaltered  inform  whatever  m  and  n  may  be. 

To  determine  this  invariable  form  of  the  product  we  may  give 
to  m  and  n  any  values  that  are  most  convenient ;  for  this  pur- 
pose suppose  that  m  and  n  are  positive  integers.  In  this  case 
f(m)  is  the  expanded  form  of  (l  +  x)™,  and /(n)  is  the  ex- 
panded form  of  (l  +  x)**;  and  therefore 
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y(m)  x/(n)  =  (1 +ar)-  x  (1 +x)*=  (1 +x)«+", 
bnt  when  m  and  n  are  positive  integers  the  expansion  of 

(l+x)-^  is  l  +  (m+«)x+  <'"+''y+"-^>x'+ 

This  then  is  the  ybrro  of  the  product  of  f(m)  ^/(n)  in  all 
cases,  whatever  the  values  of  m  and  n  may  be ;  and  m  agree- 
ment with  our  previous  notation  it  may  be  denoted  by/(fn+n) ; 
therefore /or  all  values  o/m  and  n 

/(m)xy(n)=/(m+«). 
Also  y(m)  x/(n)  xf(p)=f(m-^n)  x/{p) 

=/(m+n  +  ^),  similarly. 
Proceeding  in  this  way  we  may  show  that 
/(m)  x/(n)  xf{p)  ...  to  1:  factors  =/(m+n+p+  ...  to  1:  terms). 

Let' each  of  these  quantities  mjn,p, be  equal  to  -,  where 

h  and  k  are  positive  integers ; 

but  since  A  is  a  positive  integer,  y(A)  =  (l+ic)*; 

••<-)•= Ml)  r> 

.■.(i«)W{|). 

stands  for  the  series 


but/g) 


which  proves  the  Binomial  Theorem  for  any  positive  fractional 
index. 

605.     To  prove  the  Binomial  Theorem  when  the  index  is  any 
negative  quantity. 
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It  has  been  proved  that 

/(m)xy(n)=y]Cm+n) 

for  all  values  of  m  and  n.    Replacing  m  by  —  n  (where  n  is  posi- 
tive), we  have 

/(-n)x/(n)=/(-n+n) 

=y(o) 

=  1, 
since  all  terms  of  the  series  except  the  first  vanish; 

but  f(n)  =  (1 +a;)",  for  any  positive  value  of  n ; 

or  (l+a;)-«=y(-n). 

But/(— n)  stands  for  the  series 

l.K-n).+  (-")(-»-^).H ; 

.-.  (l+^)-n=i  +  (^-„):c+^=^=f:^x*+ ; 

which  proves  the  Binomial  Theorem  for  any  negative  index. 
Hence  the  theorem  is  completely  established. 


CHAPTER  XLVnL 
Exponential  and  LfOGABiTimic  Sebies. 

506.  The  advantages  of  common  logarithms  have  been 
explained  in  Art.  410,  and  in  practice  no  other  system  is  used. 
But  in  the  first  place  these  logarithms  are  calculated  to  another 
base  and  then  transformed  to  the  base  10. 

In  the  present  chapter  we  shall  prove  certain  formulae 
known  as  the  Exponential  and  Logarithmic  Series,  and  give 
a  brief  explanation  of  the  way  in  which  they  are  used  in  con- 
structing a  table  of  logarithms. 

507»     To  expand  a*  in  cucendinsf  poipers  of  a. 
By  the  Binomial  Theorem,  if  n  >  1, 


^  1      Tixhix—V)    1       7ix{nx—\){na:  —  ^     1 

_i+„^._+ — ^ — ._+ ^ ._+ 

=i+.+A^+-L^i^+ (1). 

By  putting  ^=  1,  wo  obtain 

(•*i)"-'^'+nf*MM- <«)■ 

(-r-{(-9T^ 

hence  the  series  (1)  is  the  afi^  power  of  the  series  (2) ;  that  is, 

H)/H)("-S, 

"^^  |3  + 


(     1.1  (i-i)(,-?)   r. 
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and  this  is  true  however  great  n  may  be.  If  therefore  n  be 
indefimtelj  increased  we  have 

^     ^                  /             11  \* 

^+^+[2  +  13  + -(^-^1  +  12  +  13  + )• 

The  series  1  +  1+4  +  1^+4+ 

I?    Ir     C 

is  usually  denoted  by  e ;  hence 

i2?^        JK^        JC^ 

Write  ex  for  a;,  then 

^=l+,^+_+_+ 

Now  let  6*'= a,  so  that  c=log,a;  by  substituting  for  o  we 
obtain 

a*=l+.log,a+^^  +  ^|^+ 

If  I? 

This  is  the  Exponential  Theorem, 
508.     The  series 

which  we  have  denoted  by  e,  is  very  important  as  it  is  the  base 
to  which  logarithms  are  first  calculated.  Logarithms  to  this 
base  are  known  as  the  Napierian  system,  so  named  after  Napier 
their  inventor.  They  are  also  called  natural  logarithms  from  the 
fact  that  they  are  the  first  logarithms  which  naturally  come  into 
consideration  in  algebraical  investigations. 

When  logarithms  are  used  in  theoretical  work  it  is  to  be 
remembered  that  the  base  e  is  always  understood,  just  as  in 
arithmetical  work  the  base  10  is  invariably  employed. 

From  the  series  the  approximate  value  of  e  can  be  determined 
to  any  required  degree  of  accuracy;  to  10  places  of  decimals  it  is 
found  to  be  27182818284. 
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Example  1.    Find  the  sum  of  the  infinite  series 

«r      ,  ..111 

We  have  «=l  +  l+-;o +7^+17+ » 

if    If    i! 

and  by  patting  j;=  - 1  in  the  series  for  e*,  we  obtain 
1     .     ,      1       1       1 

'-^^-^^Yff 

.■.*+.-=2  (1+1  +  1  +  1+ )i 

hence  the  sum  of  the  series  is    ^  (e  +  e"^). 

a  —  hx 
Example  2.    Find  the  coefficient  of  x^  m  the  expansion  of  — jj— 

=  (a-6x)|l-x+|-|  +  ...+<::^+..j. 

<-l)T  I-  l)r-l 

The  coefficient  required = i-r—i-  .  a  -  —. — t—  .  6 
|r  |r-l 


509.     To  expand  log,  (1  +x)  wi  ascending  powers  ofn. 
From  Art.  507, 

«»=l+ylog.«+^^+l^^%^V 

If  12 

In  this  series  write  1  +^  for  a;  thus  (1  +:i7)«' 
=  l+2^1og.(l+^)+|'{log.(l+^)P-!-^{log.(l+^)}3+ (1). 

Also  by  the  Binomial  Theorem,  when  y  <  1  we  have 
(l+x)»=l+y^+?^*«+y>^^-(2'--2)^+ (2). 
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Now  in  (2)  the  coefl&cient  of  y  is 


,         .  3^       S^       X^ 

that  IS,  ^"2  "^"3 — 4"*"* 


Equate  this  to  the  coefficient  of  y  in  (1) ;  thus  we  have 

A«S        Ai3        ^A 


This  is  known  as  the  Logwntkmio  Series, 

510.  Except  when  x  is  very  small  the  series  for  logg(l+^) 
is  of  little  use  for  numerical  calculations.  We  can,  however, 
deduce  from  it  other  series  by  the  aid  of  which  Tables  of  Logar- 
ithms may  be  constructed. 


511.    In  Art.  509  we  have  proved  that 
log.(H-x)  = 
changing  x  into  -  ^,  we  have 


log. (H-x)=a:- -  +  --...; 


log,(l-j;)=-a?- Y"  g--— ' 
By  subtraction, 

Put  r-^  = ,  SO  that  x=- — — r :  we  thus  obtain 

log.(«+l)-log.n=2  {g^ip-j +3^jp  +  5^1pjp+..  j. 

From  this  formula  by  putting  n«l  we  can  obtain  log, 2. 
Again  by  putting  71=2  we  obtain  loga3-log,2;  whence  log,  3 
is  found,  and  therefore  also  log,  9  is  known. 

Now  by  putting  n=9  we  obtain  log,  10 -log, 9;  thus  the 
value  of  log,  10  is  found  to  be  2-30258509. . . . 

To  convert  Napierian  logarithms  into  logarithms  to  base  10 

we  multiply  by  :| r^ ,  which  is  the  modtUtis  [Art.  413]  of  the 
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common  BYBtem,  and  its  value  is  «  ^.^^o^r^r.     >  or  •43429448...; 

2*<>020odUU... 

we  shall  denote  this  modulus  by  fi. 

By  multiplying  the  last  series  throughout  by  /x  we  obtain  a 
formula  adapt^  to  the  calculation  of  common  logarithms.    Thus 

Ml0g.(«+l)-^l0g.«  =  2^  |_^+ _i__   +  _J_^^  ; 

that  is, 
logx„(«+l)-log,.«=2  {^j  +  ^^^J^,  +  ^^^£^+..j. 

From  this  result  we  see  that  if  the  logarithm  of  one  of  two 
consecutive  numbers  be  known,  the  logarithm  of  the  other  may 
be  found,  and  thus  a  table  of  logarithms  can  be  constructed. 

EXAMPLES  XLVm. 

1.    Show  that 

2'     2*     2* 

(1)  ^=i__+___+ 


(2>  -2r=i|+i+(7^- 

2.  EipandlogVl+'»' in  ascending  powers  of  iS, 

3.  PKrvetliatlog.2=|_+i  +  ^  +  ^+ 

4.  Show  that 

5.  Prove  that 

log  ^^=4r+4^+~a;3^.  2007*+ 

6.  Show  that  if  a?  >1, 

logV^^-r=log^-2^-4^-^- 

7.  Show  that 


CHAPTER  XLIX 
Determinants. 

512.  Consider  the  two  homogeneous  linear  equations 

multiplying  the  first  equation  by  h^,  the  second  by  b^,  subtract- 
ing and  dividing  by  x,  we  obtain 

ajb^—ajb^=0 (1). 

This  result  is  sometimes  written 

I  «i   ^  I  =o» 

I    ^2      *2    I 

and  the  expression  on  the  left  is  called  a  determinant.  It  con- 
sists of  two  rows  and  two  columns,  and  in  its  expanded  form 
or  development,  as  seen  in  the  first  member  of  (1),  each  term  is 
the  product  of  two  quantities ;  it  is  therefore  said  to  be  of  the 
second  order.  The  line  afi^  '^^  called  the  principal  diagonal,  and 
the  line  h-fl^  the  secondary  diagonal. 

The  letters  a,,  6j,  a^  h^  are  called  the  constituents  of  the  de- 
terminant, and  the  terms  a^^  ajb^  are  called  the  elements. 

513.  Since 

Ia^    5j  I  ^aib^—ajbi^^  I  a^    Ojl , 

it  follows  that  the  value  of  the  determinant  is  not  altered  by  chang- 
ing the  rows  into  columns,  and  the  columns  into  rows, 

514.  Again,  it  is  easily  seen  that 

I  flj    6j  I  =  —  I  6j    ^1  I  J  s-nd  \  a^    ^i  I  ==  ~  I  ^2    ^2  I » 


&2  I  I  fli    b. 
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that  is,  if  we  interchange  two  rows  or  two  columns  of  the  deter- 
minant, we  obtain  a  determinant  which  differs  from  it  only  in  sign, 

515.    Let  us  now  consider  the  homogeneous  linear  equations 
a^x+h-^y-\rC^z-0, 
ajX+&2y+Ca2=0, 
a^+h^-^c^-0. 

By  eliminating  x,  y,  z,  we  obtain 

+^1 


«2 
«3 


62  I  =0. 


?2 


=0, 


This  is  usually  written 
«i 

^2 
«8 

and  the  expression  on  the  left  being  a  determinant  which  con- 
sists of  three  rows  and  three  columns  is  called  a  determinant  of 
the  third  order, 

516.    By  a  rearrangement  of  terms  the  expanded  form  of 
the  above  determinant  may  be  written 

ai(  Va  -  V2) + ^2(p2pi  -  Va)  +  «8(  V2  -  Vi)> 
or  Cj  I  &2    ^3  I  +«2  I  *3    ^1  I  +«3  I  ^1    ^2  I » 


hence 


h 


«8 


6,     fto    6, 


that  is,  <^e  value  of  the  determinant  is  not  altered  by  changing  the 
rows  into  columns,  and  the  columns  into  rows. 


517.    From  the  preceding  article, 

2      C2    I   +^2    I    ^3 


«!      ^ 


+ao 


K 


=01  I  b, 


*i 


+««  I  ?i 


>, 


..(1). 
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Also  from  Art.  515, 


=  «i  I  h 


-h 


...(2). 


We  shall  now  explain  a  simple  method  of  writing  down  the 
expansion  of  a  determinant  of  the  third  order,  and  it  should  be 
noticed  that  it  is  immaterial  whether  we  develop  it  from  the 
first  row  or  the  first  column. 

From  equation  (1)  we  see  that  the  coefficient  of  any  one  of 
the  constituents  a,,  a^,  a^  is  that  determinant  of  the  second  order 
which  is  obtained  by  omitting  the  row  and  column  in  which  it 
occurs.  These  determinants  are  called  the  minors  of  the 
original  determinant,  and  the  left-hand  side  of  equation  (1) 
may  be  written 

where  -4^,-42,-43  are  the  minors  of  a^,  Cg,  Og  respectively. 
Again,  from  equation  (2),  the  determinant  is  equal  to 
a^A^-b^B^+c^C^y 
where  -4^  B^y  C^  are  the  minors  of  a^  ftp  c^  respectively. 


518.    The  determinant 


«a 


hence 


K 


«2 


Thus  it  appears  that  if  tico  adjacent  columns,  or  rows,  of  the 
determinant  are  interchanged,  the  sign  of  the  determinant  is  changed, 
hut  its  value  remains  unaltered. 

If  for  the  sake  of  brevity  we  denote  the  determinant 

a^    Ji    Ci 

Oj      ^2      ^2 
«8      ^8      <?8 

by  (fli^aCg),  then  the  result  we  have  just  obtained  may  be  written 

(^«2C8)  =  -(«lV8)- 
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Similarly  we  may  show  that 

519.  If  two  rows  or  two  columns  of  the  determinant  are 
identical  the  determinant  vanishes. 

For  let  D  be  the  value  of  the  determinant,  then  by  inter- 
changing two  rows  or  two  columns  we  obtain  a  determinant 
whose  value  is  —2);  but  the  determinant  is  unaltered;  hence 
Z)=  —  2),  that  is  D=0,    Thus  we  have  the  following  equations, 

Ml-M2+M3  =  ^> 

520.  If  each  constituent  in  any  row,  or  in  any  column,  is 
multiplied  by  the  same  factor,  then  the  determinant  is  multiplied  by 
that  factor. 


For 


?/ia3 


j; 


=may,A^—ma^,A2-\-mja^.A^ 

^m^a^A^-a^A^-^ra^A^', 

which  proves  the  proposition^ 

Cor.  If  each  constituent  of  one  row,  or  column,  is  the  same 
multiple  of  the  corresponding  constituent  of  another  row,  or 
column,  the  determinant  vanishes. 

521.  If  each  constituent  in  any  row,  or  column,  consists  of  two 
terms,  then  the  determinant  can  be  expressed  as  the  sum  of  two  other 
determinants. 


Thus  we  have 


Gl  +  Oi  6i  Ci 
«2  +  «2  ^2  ^2 
0$  +  ^      ^8      <^S 


h 


for  the  expression  on  the  left 

=  (fli + tti)  ^  I  -  (aj + 02)^12  +  (flg +fh)^s 

=  («l^l-«2^2  +  «8^8)  +  (ai-4i-a2il2  +  a8^3)  J 

which  proves  the  proposition. 
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In  like  manner  if  each  constituent  in  any  one  row,  or  column , 
consists  of  m  terms,  the  determinant  can  be  expressed  as  the 
sum  of  m  other  determinants. 

Similarly,  we  may  show  that 


Gl  +  tti 

h-^pl 

Cl 

ag+S 

h+B.    cj 

Os+<h 

h-^Ps    c. 

«1       ?1 

Ci 

+ 

«1  Pi 

Ci 

+ 

«! 

i^ 

^1 

+      «1 

1^ 

^i 

«2      h 

^2 

a,    ^, 

^2 

^2 

b 

^2 

aa 

^^ 

<?2 

a„    h 

Cs 

«8 

Ps 

^8 

Os 

h 

^3 

^8 

ft 

<^3 

These  results  may  easily  be  generalised;  thus  if  the  con- 
stituents of  the  three  columns  consist  of  m^n^p  terms,  respec- 
tively, the  determinant  can  be  expressed  as  the  sum  of  mnp 
determinants. 


Example  1.    Show  that 


The  given  determinant 


6+c  a—h  a 
c-fo  h  —  c  h 
a-\-h    c—a    c 


= Sahc — a' — 6* — c^. 


baa 
ebb 
ace 


b  b 
c  c 
a    a 


a 

+ 

c 

a 

a 

— 

c 

b 

a 

b 

a 

b 

b 

a 

e 

b 

e 

b 

e 

e 

b 

a 

c 

Of  these  four  determinants  the  first  three  vanish,  Art.  519 ; 
thus  the  expression  reduces  to  the  last  of  the  four  determinants  ; 
hence  its  value 

=  _(c(ca_a6)-6(ac^62)+a(a2-6c)} 


EoMimple  2.    Find  the  value  of 


We  have 

67  19  21 
39  13  14 
81  24  26 


10+57  19  21 
0+39  13  14 
9+72  24  26 


67  19  21 

39  13  14 

81  24  26 

10  19  21 

0  13  14 

9  24  26 


57  19  21 
39  13  14 
72  24  26 


10  19  21 
0  13  14 
9  24  26 


10  19  19+2 
0  13  13+1 
9  24  24+2 


10  19  2 
0  13  1 
9  24  2 


=  101  13  1  I  +9  I  19  2  |=20-63=-4a 

24  2       13  1 
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522.    Consider  the  determinant 

ai+pb2-\-qc2    h    Cg 
as  in  the  last  article  we  can  show  that  it  is  equal  to 


Ph    h    <^i 
Ph    h    Cg 


qc^     &2 
qcs    h 


and  the  last  two  of  these  determinants  vanish  [Art.  520  Cor.] . 
Thus  we  see  that  the  given  determinant  is  equal  to  a  new  one 
whose  first  column  is  obtained  by  subtracting  from  the  constit- 
uents of  the  first  column  of  the  original  determinant  equimul- 
tiples of  the  corresponding  constituents  of  the  other  columns, 
while  the  second  and  third  columns  remain  unaltered. 
Conversely, 


«2      ?3 


(^z-^ph-^qc^   h   ^8 


and  what  has  been  here  proved  with  reference  to  the  first  column 
is  equally  true  for  any  of  the  columns  or  rows ;  hence  it  appears 
that  in  reducing  a  determinant  we  may  replace  any  one  of  the 
rows  or  columns  by  a  new  row  or  column  formed  in  the  follow- 
ing way: 

Take  the  constituents  of  the  row  or  column  to  be  replaced, 
and  increase  or  diminish  them  by  any  equimultiples  of  the  corre- 
sponding constituents  of  one  or  more  of  the  other  rows  or  columns. 

After  a  little  practice  it  will  be  found  that  determinants 
may  often  be  quickly  simplified  by  replacing  two  or  more  rows 
or  columns  simultaneously  :  for  example,  it  is  easy  to  see  that 

fli  +pbi  b^  —  qc^  Ci 
a2+pb2  b^—qc^  c^ 
%-^Ph    h-Q^s    ^8 

but  in  any  modification  of  the  rule  as  above  enunciated,  care 
must  be  taken  to  leave  one  row  or  column  unaltered. 

Thus,  if  on  the  left-hand  side  of  the  last  identity  the  con- 
stituents of  the  third  column  were  replaced  by  c^+ra^,  C2-\-ra2, 
Cg+rog  respectively,  we  should  have  the  former  value  in- 
crease''  ' 


= 

«1 

^ 

^l 

02 

b 

C2 

«8 

h 

Cs 

3     A"' 

dby 
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a^pb^    1)2— qc^    ra^ 
a^+p\    b^-qc^    rag 

and  of  the  four  determinants  into  which  this  may  be  resolved 
there  is  one  which  does  not  vanish,  namely 


Ph     -QCs 
Ph     ~?<?8 

Example  1.    Find  the  value  of 


29  26  22 
26  31  27 
63    54    46 


The  given  dete 

rminant 

3    26     -4 

-6    31     -4 

9    54     -8 

=  -3x4x 

-12 

112 
0  -3 
0      1 

3 
5 
2 

=  -12     . 

1    26    1 

-2    31     1 

3    54    2 


=  -12x 


1    26    1 

-3      5    0 

12    0 


•3    6 
1    2 


=  132. 


^Explanation.  In  the  first  step  of  the  reduction  keep  the  second 
column  unaltered ;  for  the  first  new  column  diminish  each  constit- 
uent of  the  first  column  by  the  corresponding  constituent  of  the 
second ;  for  the  third  new  column  diminish  each  constituent  of  the 
third  column  by  the  corresponding  constituent  of  the  second.  In 
the  second  step  take  out  the  factors  3  and  —4.  In  the  third  step 
keep  the  first  row  unaltered ;  for  the  second  new  row  diminish  the 
constituents  of  the  second  by  the  corresponding  ones  of  the  first ; 
for  the  third  new  row  diminish  the  constituents  of  the  third  by 
twice  the  corresponding  constituents  of  the  first.  The  remaining 
steps  will  be  easily  seen.] 


Example  2.    Show  that 


The  given  determinant 

a-\-b-\-c  a+b+c  a-\-b+c 
26        b-c-a       26 
2c  2c       c— a— 6 


a— 6— c  2a  2a 
26  6-c-a  26 
2c         2c    c— a— 6 


=  (a+6+c)8. 


=  (a+6+c)x 


111 
26  6-c-a  26 
2c       2c    c— a— 6 


=  (a+&+c)x 


1  0  0 

26    -6-c-a       0 
2c  0        -c-a-6 


=  (a+6+c)x  I  -6-c-a        0 

0         -c-a-6 


=  (a+6+c)». 
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ISxplanation.  In  the  first  new  determinant  the  first  row  is  the 
sum  of  the  constituents  of  the  three  rows  of  the  original  determinant, 
the  second  and  third  rows  being  unaltered.  In  the  third  of  the  new 
determinants  the  first  column  remains  unaltered,  while  the  second 
and  third  columns  are  obtained  by  subtracting  Uie  constituents  of 
the  first  column  from  those  of  the  second  and  third  respectively. 
The  remaining  transformations  are  sufficiently  obvious.] 

EXAMPLES  XLDL  a. 

Calculate  the  values  of  the  deteiminants : 


4. 


Ill 

35    37    34 
23    26    26 

• 

2. 

13 
14 
15 

16  19 

17  20 

18  21 

• 

3. 

13 
30 
39 

3    23 
7    53 
9    70 

a    h    g 
h    b   f 
g    f   c 

5. 

1        z     -y 

-Z        1        X 

y    -X     1 

6. 

Ill 

1    1+x    1 
1      1    l+y 

a-b    b- 
b—c    c- 
c—a    a- 

■c 
a 
-b 

c—a 
a-b 
b-c 

• 

8. 

b+i 
b 
c 

a 

c+a 

c 

a 

b 

a+b 

• 

9.    Without  expanding  the  determinants,  prove  that 


a    b    c 

= 

y  ^  Q 

= 

X    y    z 

X    y    z 

X    a   p 

p    q    r 

p    q    r 

z    c    r 

a    b    c 

Solve  the  equations : 

10.      a     a     X     =0.  11, 

m    m    m 
b     X     b 

Prove  the  following  identities: 


15-2aj    11    10 

ll-3aj    17    16 

7-»      14    13 


=0. 


12. 


13. 


14. 


b+c    c+a    a+b 
q+r    r+p    p+q 
y+z    z+x    x+y 

=2 

a    b    c 
p    q    r 
X    y    z 

1    a    a^ 
1    6    62 

1    c    c2 

=  (&-c: 

l(c- 

»)(a-6). 

1 

1 

1 

a 

b 

c 

a» 

6» 

C8 

=  (6-c)(c-a)(a-6)(a+6+c). 
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Application  to  the  Solution  of  Simultaneous  Equa- 
tions OP  THE  First  Degree. 

523.    The  properties  of  determinants  may  be  usefully  em- 
ployed in  solving  simultaneous  linear  equations. 
Let  the  equations  be 

a^x+b^y+c^z+dy^^O, 
a^  +  b^+c^+d^^O, 
a^-\-bgy+Cffi-\-d;i=0] 

multiply  them  by  i4p  —A^A^  respectively  and  add  the  results, 
A^y  A2f  A^  being  minors  ot  a^,  a^t  a^  in  the  determinant 


D= 


The  coefficients  of  y  and  z  vanish  in  virtue  of  the  relations 
proved  in  Art.  519,  and  we  obtain 

(ajA^-a2A2+a^A^)x+(diA^'-d^A^-\-d^A^)=0. 
Similarly  we  may  show  that 

(biBi-b^B^+bsB^)y+  (rfiBi-rfaBa+rfgBg)  =0, 
and 

(CiCi-C3Ca  +  CgCg>+(^ZlCi-rf2C2+rf3Cg)=0. 

Now       a^Ai'-a^A^+a^A^=  -(b^Bi-b^B^+b^B^) 
hence  the  solution  may  be  written 


-y 


-1 


d,      &1      Ci 

rfa    K    C2 
ds     h     <?3 

or  more  symr 

X 

netr 

d,    a^    ci 
d^    a^    Cg 
ds     «3     Cs 
ically 

-y 

•=: 

X 

02    &a 

fls      ^3 

z 

-  = 

«1      Jl      ^1 

as    fta    ^2 

ag        5g        Cg 

-1 

b.    c,    d, 

^2      Ca      ^2 

63    cg    ds 

«i    <^i    di 
«2    <?a    «2 

as        Cg        dg 

«1 
«2 
«3 

b  d 

62      C^2 
^8      ^3 

«i    Ji    <^i 

«2      *2      H 
«3      ^3      Cg 

524.    Suppose  we  have  the  system  of  four  homogeneous 
linear  equations : 
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From  the  last  three  of  these,  we  have  as  in  the  preceding  article 


X 

N 

<^? 

d. 

i. 

Cz 

dz 

*4 

ca 

c/4 

Oj      Cj      rfj 
«3      Cj      4| 

a^    c^    d^ 
Substituting  in  the  first  equation,  the  eliminant  is 


2 

«s 

*» 

rf. 

«1 

*, 

rf. 

«4 

»« 

rf« 

—  » 

«2      ^  <?S 

<h      *3  <?3 

«4      *4  <?4 


6,  c,  rf,  1 

"ftl 

Oj  C,  rfj 

+  Ci 

«S    Jj^S 

-rfl 

«3   ?2C, 

h  Cj  rf. 

«S   Cj   rf. 

«3  Ja  «s 

«s  h  Cz 

^4  <?4  ^4  1 

«4  <?4   ^4 

«4   ^   «4 

«4  *4  <?4 

=a 


This  may  be  more  concisely  written  in  the  form 

=0; 


"l 

^ 

«i 

'i, 

«1 

^ 

cj 

'^^ 

«s 

^ 

c» 

''.' 

"t 

^ 

"4 

<i* 

the  expression  on  the  left  being  a  determinant  of  the  fourth 
order. 

Also  we  see  that  the  coefficients  of  o^,  b^,  C|,  d^  taken  with 
their  proper  si^is  are  the  minors  obtained  by  omitting  the  row 
and  column  which  respectively  contain  these  constituents. 

525.  More  generally,  if  we. have  n  homogeneous  linear 
equations 

ajXi+&jX2+CiX3+ -hk^x^  =0, 

0^1  +  ^2  +  ^2*8+ +k^n  =0, 


a«a:i  +  &na?2+CnX8+ +k^x^=Oy 

involving  n  unknown  quantities  x^,  x^  x,,  ...x.,  these  quantities 
can  be  eliminated  and  the  result  expressed  in  the  form 


«i    *i    ^i 


flj      ^2 


bn     Cn. 


=0. 
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The  left-hand  member  of  this  equation  is  a  determinant  which 
consists  of  n  rows  and  n  columns,  and  is  called  a  determinant 
of  the  n'^  order. 

The  discussion  of  this  more  general  form  of  determinant  is 
beyond  the  scope  of  the  present  work ;  it  will  be  sufficient  here 
to  remark  that  the  properties  which  have  been  established  in 
the  case  of  determinants  of  the  second  and  third  orders  are 
quite  general,  and  are  capable  of  being  extended  to  determi- 
nants of  any  order. 

Signs  op  the  Terms. 

526.  Although  we  may  always  develop  a  determinant  by 
means  of  the  process  described  above,  it  is  not  always  the 
simplest  method,  especially  when  our  object  is  not  so  much  to 
find  the  value  of  the  whole  determinant,  as  to  find  the  signs  of 
its  several  elements. 

527.  The  expanded  form  of  the  determinant 
a^    bi    c 

and  it  appears  that  each  element  is  the  product  of  three  factors, 
one  taken  from  each  row,  and  one  from  each  column ;  also  the 
signs  of  haK  the  terms  are  +  and  of  the  other  half  — .  When 
written  as  above  the  signs  of  the  several  elements  may  be  ob- 
tained as  follows.  The  first  element  aj&gCg,  in  which  the  suffixes 
follow  the  arithmetical  order,  is  positive ;  we  shall  call  this  the 
leading  element ;  every  other  element  may  be  obtained  from  it 
by  suitably  interchanging  the  suffixes.  The  sira  -|-  or  —  is  to 
be  prefixed  to  any  element  according  as  the  number  of  inversions 
of  order  in  the  line  of  suffixes  is  even  or  odd ;  for  instance  in 
the  element  agftjCp  2  and  1  are  out  of  their  natural  order,  or 
inverted  with  respect  to  3;  1  is  inverted  with  respect  to  2; 
hence  there  are  three  inversions  and  the  sign  of  the  element  is 
negative ;  in  the  element  a^bjC2  there  are  two  inversions,  hence 
the  sign  is  positive. 

528.  The  determinant  whose  leading  element  is  a^h^^d^  ... 
may  thus  be  expressed  by  the  notation 

S±aiV3^4 y 
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the  Sit  placed  before  the  leading  element  indicating  the  aggre- 
gate of  all  the  elements  which  can  be  obtained  from  it  by 
suitable  interchanges  of  suffixes  and  adjustment  of  signs. 

Sometimes  the  determinant  is  still  more  simply  expressed  by 
enclosing  the  leading  element  within  brackets ;  thus  (a^^^^  •••) 
is  used  as  an  abbreviation  of  ^±a^^^^  ... 

Ejximple.  In  the  determinant  (ai&2C8d466)  what  sign  is  to  be 
prefixed  to  the  element  a^bzCxd^e^  ? 

Here  3,  1,  and  2  are  inverted  with  respect  to  4 ;  1  and  2  are 
inverted  with  respect  to  3,  and  2  is  inverted  with  respect  to  6; 
hence  there  are  six  inversions  and  the  sign  of  the  element  is  positive. 

529.  If  in  Art.  525,  each  of  the  constituents  by,  c^, ...  ifc^  is 
equal  to  zero  the  determinant  reduces  to  a^A^ ;  in  other  words 
it  is  equal  to  the  product  of  a^  and  a  determinant  of  the  (n— 1)*^ 
order,  and  we  easily  infer  the  following  general  theorem. 

If  each  of  the  constituents  of  the  first  row  or  column  of  a 
determinant  is  zero  except  the  first,  and  %f  this  constituent  is  equal  to 
m,  the  determinant  is  equal  to  m  times  that  determinant  of  lower 
order  which  is  obtained  by  omitting  the  first  column  and  first  row. 

Also  since  by  suitable  interchange  of  rows  and  columns  any 
constituent  can  be  brought  into  the  first  place,  it  follows  that  & 
any  row  or  column  has  Si  its  constituents  except  one  equal  to 
zero,  the  determinant  can  immediately  be  expressed  as  a  deter- 
minant of  lower  order. 

This  is  sometimes  useful  in  the  reduction  and  simplification 
of  determinants. 

Example, 


Find  the  value  of 

30   11 

20 

38 

6   3 

0 

9 

11  -2 

36 

3 

19   6 

17 

22 

Diminish  each  constituent  of  the  first  column  by  twice  the  cor- 
responding constituent  in  the  second  column,  and  each  constituent 
of  the  fourth  column  by  three  times  the  corresponding  constituent 
in  the  second  column,  and  we  obtain 

8  11  20  5 

0  3  0  0 

16  -2  36  9 

7  16  17  4 

and  since  the  second  row  has  three  zero  constituents,  this  deter- 
minant 


=3 
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8    20    5 

6  36    9 

7  17    4 

=3 

8     20     5 

8    19    6 
7    17    4 

=3 

0      10 
8    19    6 
7    17    4 

415 

:-3|8    5  1=9. 
7    4 


EXAMPLES  XLIX.  b. 

Calculate  the  values  of  the  determinants : 


1111 
12  3  4 
1  3  6  10 
1    4    10    20 


3,  a  1  1  1 
1  a  1  1 
1  1  a  1 
Ilia 


5.         8  2  1-4 

15  29  2    14 

16  19  3    17 
33  39  8    38 

0  X  y  z 

X  0  z  y 

y  z  0  X 

z  y  X  0 


Solve  the  equations : 

9,  4a;-5y+20=ll, 
2x+Sy-  z=20, 
7aj-4y+3«=33. 


11.    2x-  y+Zz-2u=14, 

x+7y-\-  «—  w=13, 

3a;4-5y-5«+3tt=ll, 

4a;-3y+2«-  u  =21. 

13.     ax+  6y+  cz=k^ 
a'hi+b^-\-c^z=k^, 
a^x+b^-\-c^z=J(fi. 


4. 


6. 


8. 


7  13  10  6 
5  9  7  4 

8  12  11  7 
4  10  6  3 

0  111 

1  b+c  a  a 
1  b  c+a  b 
Ice       a4-6 

1+a  111 
11+6  1  1 
1  1       1+c      1 

1  1  1       1+d 

0  X  y  z 
-X  0  c  b 
—y—c  0  a 
-z     -6    -a    0 


10.  «  .  y  4.  «  -7 
2^  3^4"^' 
x  +  2y  +  32  =  48, 

3      3^3 

12.  «+  y+  «=1, 
aa;4-  by-\-  cz=k^ 
a^x-\-b^y-\-c^z=k^. 


14.       «+    y+    «+    w=l, 

ctx-\-  by-{-  CZ+  du=ky 

a^x-\-b^+c^z-\-€pu=k^, 

a^x+b^y-\-c^z+d^u=Ifi. 


CHAPTER  L. 

Theory  op  Equations. 

General  Form  of  an  Equation  op  the  n^  Degree. 

530.  Let  p^fd^  +  PiS^'^  +  pfi^'^  + +  Pn-i^  +Pn   l>e   a 

rational  integral  function  of  x  ox  n  dimensions,  and  let  us  denote 
it  by /(a:) ;  then /(a;)  =0  is  the  general  type  of  a  rational  integral 
equation  of  the  n^  degree.  Dividing  throughout  by  p^,  we  see 
that  without  any  loss  of  generality  we  may  take 

ic**  -i-pix!^-^  ■\-p^~^ + -\-p^^ix  ■\-pn = 0 

as  the  general  fonn  of  a  rational  integral  equation  of  any 
degree. 

Unless  otherwise  stated  the  coefficients  pi,  P2f*Pn  will 
always  be  supposed  rational. 

If  any  of  the  coefficients  |?j,  p^,,,pn  are  zero,  the  equation 
is  said  to  be  incomplete,  otherwise  it  is  called  complete, 

531.  Any  value  of  x  which  makes  f{x)  vanish  is  called  a 
root  of  the  equation /(x)  =0. 

532.  We  shall  assume  that  every  equation  of  the  form 
f(x)  =0  has  a  root,  real  or  imaginary.  The  proof  of  this  propo- 
sition will  be  found  in  treatises  on  the  Theory  of  Equations;  it 
is  beyond  the  range  of  the  present  work. 

Divisibility  of  Equations. 

533.  If  2b  is  a  root  of  the  equation  f(x)=0,  then  is  f(x) 
exactly  divisible  by  :8i  —  B,. 

Divide  the  first  member  by  a; —a  until  the  remainder  no 
longer  contains  x.  Denote  the  quotient  by  Q,  and  the  remain- 
der, if  there  be  one,  by  R.    Then  we  have 

f^x)  =  Q(x-a)+R=0 
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Now  since  a  is  a  root  of  the  equation  x=a,  therefore 

Q(a-a)+i2=0, 

hence  i2=0; 

that  is,  the  first  member  of  the  given  equation  is  exactly  divisi- 
ble by  x— a. 

534.  Conversely,  if  the  first  member  of  t(x)=0  is  exactly 
divisible  by  x  —  b,,  then  a,  is  a  root  of  the  equation. 

For,  the  division  being  exact 

Q(a:-a)=0, 

and  the  substitution  of  a  for  x  satisfies  the  equation ;  hence  a 
is  a  root. 

Division  by  Detached  Coeppicients. 

535.  The  work  of  dividing  one  multinomial  by  another 
may  be  abridged  by  writing  only  the  coefficients  of  the  terms. 
The  following  is  an  illustration. 

Example.  Divide  3xB-8aj*-5a;8+26a;2_33a;+26  by  x8-2x2 
-4x+8. 

1+2+4-8)3-8-  5+26-33+26(3-2+3 
3+6+12-24 
-2+  7+  2-33 
«2-  4-  8+16 


3-  6-17+26 
3+  6+12-24 

-5+2 


Thus  the  quotient  is  Sx^- 2a+3  and  the  remainder  is  —  5a;+2. 

It  should  be  noticed  that  in  writing  down  the  divisor,  the  sign 
of  every  term  except  the  first  has  been  changed ;  this  enables  us  to 
replace  the  process  of  subtraction  by  that  of  addition  at  each  suc- 
cessive stage  of  the  work. 


Horner's  Method  op  Synthetic  Division. 

536.  The  work  of  division  by  detached  coefficients  may  be 
abridged  by  the  following  arrangement,  which  is  known  as 
Horner's  Method  of  Synthetic  Division. 
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Let  us  consider  the  example  of  the  preceding  article.    The 
arrangement  of  the  work  is  as  follows : 


3_8-  5+26-33+26 
6  +  12-24 
-  4-  8  +  16 

6  +  12-24 


3-2+  3+  0-  6+  2 


ISxplanation.  The  column  of  figures  to  the  left  of  the  vertical 
line  consists  of  the  coefficients  of  the  divisor,  the  sign  of  each  after 
the  first  being  changed ;  the  second  horizontal  line  is  obtained  by 
multiplying  2,  4,  —8  by  3,  the  first  term  of  the  quotient.  We  then 
add  the  terms  in  the  second  column  to  the  right  of  the  vertical  line ; 
this  gives  —2,  which  is  the  coefficient  of  the  second  term  of  the 
quotient.  With  the  coefficient  thus  obtained  we  form  the  next 
horizontal  line,  and  add  the  terms  in  the  third  column ;  this  gives 
3,  which  is  the  coefficient  of  the  third  term  of  the  quotient. 

By  adding  up  the  other  columns  we  get  the  coefficients  of  the 
terms  in  the  remainder.] 

537.  In  employing  this  method  in  the  following  articles 
our  divisor  will  oe  of  the  form  x±a,  which  enables  us  to  still 
further  simplify  the  work  as  the  following  example  shows  : 

Example.  Find  the  quotient  and  remainder  when  Sa?"^ — a^ + 31x* 
+21a;+5  is  divided  by  x+2. 

3  -1      0      31      0      0      21      5  I  -2 

-6    14  -28  -6    12  -24      6 
3  -7    14        3  -6    12  -  3    11 

Thus  the  quotient  is  3a:8-7xB+i4x*+ 3x8-6x2+ 12a; -3,  and  the 
remainder  is  11. 

[Explanation.  The  first  horizontal  line  contains  the  coefficients 
of  the  dividend,  zero  coefficients  being  used  to  represent  te'i^ms  cor- 
responding to  powers  of  x  which  are  absent.  The  divisor  is  written 
at  the  right  of  this  line  with  its  sign  changed  (Art.  536)  and  1,  the 
coefficient  of  x  omitted.  The  first  term  of  the  third  horizontal  line, 
which  contains  the  quotient,  is  the  result  of  dividing  3,  the  coeffi- 
cient of  x"^  in  the  dividend,  by  1,  the  coefficient  of  x  in  the  divisor. 
This  is  then  multiplied  by  the  divisor  —2  and  the  result  is  —6,  the 
first  term  of  the  second  horizontal  line;  the  sum  of  —1  and  —6 
gives  —7,  the  second  term  of  the  quotient,  which  multiplied  by  —2 
gives  14  for  the  second  term  of  the  second  horizontal  line ;  the 
addition  of  14  and  0  gives  14  for  the  third  term  of  the  quotient, 
which  multiplied  by  —2  gives  —28  for  the  third  term  of  the 
second  line,  and  so  on.] 
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Number  of  Roots. 

538.  Every  equation  of  the  n***  degree  has  n  roots,  and  no  more. 
Denote  the  given  equation  by/(a;)=0,  where 

The  equation  f(x)  =0  has  a  root,  real  or  imaginary;  let  this  be 
denoted  by  a^;  then  f(x)  is  divisible  by  x—a^,  so  that 

where  //a:)  is  a  rational  integral  function  of  n  —  1  dimensions. 
Again,  the  equation /i(x^=:0  has  a  root,  real  or  imaginary;  let 
this  be  denoted  by  a^]  tnen/i(a:)  is  divisible  by  x—a^,  so  that 

/l(^)  =  (^-«2)/2(^)» 

where  f^ix)  is  a  rational  integral  function  of  n  — 2  dimensions. 
Thus  /(x)  =  (x-a^)(x-  a^)f^{x). 

Proceeding  in  this  way,  we  obtain 

Hence  the  equation  /(a:)=:0  has  n  roots,  since /(x)  vanishes 
when  x  has  any  of  the  values  a^,  a^,  03, ...  a^* 

Also  the  equation  cannot  have  more  than  n  roots ;  for  if  x 
has  any  value  different  from  any  of  the  quantities  a^,  a^  a,, ...  a**, 
all  the  factors  on  the  right  are  different  from  zero,  and  there- 
fore/(x)  cannot  vanish  for  that  value  of  x. 

In  the  above  investigation  some  of  the  quantities  a^  a^, 
a3,...an  may  be  equal;  in  this  case,  however,  we  shall  suppose 
that  the  equation  has  still  n  roots,  although  these  are  not  all 
different. 

539.  If  one  root  of  an  equation  is  known  it  is  evident  from 
the  preceding  paragraph  that  we  may  by  division  reduce  or 
depress  the  equation  to  one  of  the  next  lower  degree  containing 
the  remaining  roots.  So  if  k  roots  are  known  we  may  depress 
the  equation  to  one  of  the  (n  —  ky^  degree.  All  the  roots  but 
two  being  known,  the  depressed  equation  is  a  quadratic  from 
which  the  remaining  roots  are  readily  obtained. 

Formation  op  Equations. 

540.  Since  f(jc) ^^x-aMx-a^ {x- a„)  [Art.  538] ,  we 

see  that  an  equation  may  be  formed  by  subtracting  each  root 
from  the  unknovm  quantity  and  placing  the  continued  product  of 
the  binomial  factors  thusfoimed  equal  to  0. 
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Example.    Form  the  equation  whose  roots  are  1,-2,  and  - 


(x-l)(x+2)(x-i)=0; 
.\  2x8^a;2-5a;+2=0. 


EXAMPLES  L.  a. 

1,  Show  that  4  is  a  root  of  x8_5aja-2aj+24=0. 

2,  Show  that  +3  is  a  root  of  x8+7x2+7aj+15=0.  1 

3,  Show  that  -^  is  a  root  of  Q3fi+nx^-4x-'Z=0, 

4,  Show  that  ^  is  a  root  of  10x8-3a;2_9x+4=0.  l: 

5 

5,  One  root  of  x8+6x2-6x-63=0  is  3 ;  find  the  others. 

6,  One  root  of  x^  - 23x2 +166x- 378=0  is  7  ;  find  the  others. 

I        7,    One  root  of  x'— 2x2+6x— 9^=0  is  - ;  what  are  the  others  ? 

o 

8,  Two  roots  of  x*-15x2+10x+24=0  are  2  and  3;  find  the 
others. 

9,  Two  roots  of  x*-3x8-21x2+43x+60=0  are  3  and  5 ;  find 
the  others. 

10,  One  root  of  x8+2ax2+5a2x+4a8=0  is  -a ;  what  are  the 
'  others  ? 

11,  Form  the  equation  whose  roots  are  —1,  —2,  and  —5. 

12,  Form  the  equation  whose  roots  are  —2,  —3,  H-i,  and  —  i. 

Relations  between  the  Roots  and  the  Coefficients. 

541.     To  investigate  the  relations  between  ike  roots  and  the  coeffi- 
cients in  any  equation. 

Let  us  denote  the  equation  by 

x»*+;)iX»-i+;?2^-2+ -^Pn-ix+Pn=Oy 

and  the  roots  by  a,  6,  c, k;  then  we  have  identically 

x»»+PiX«-i+;)2^-2  4- ^p^_^x+p^ 

=  (x—a)(x—b)(x—c) (x-^k) ; 
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hence,  by  multiplication,  we  have 

a*+Pia^-*+;)2X«-2+ -^Pn-ix+Pn 

=a:«-5ia;»-i+52a:»-2- +(-l)»»-i5n-ix+  (-1)«5„. 

Equating  the  coefficients  of  like  powers  of  x  in  this  identity, 
we  have 

(r-irPn=Sn, 

in  which  S^  stands  for  the  sum  of  the  roots  a,  ft,  c...^;  Sg 
stands  for  the  sum  of  the  products  of  the  roots  taken  two  at  a 
time,  and  so  on  to  5„,  which  equals  the  continued  product  of  all 
the  roots.    That  is : 

(1)  The  coefficient  of  the  second  term  with  its  sign  changed 
equals  the  sum  of  the  roots. 

(2)  The  coefficient  of  the  third  term  equals  the  sum  of  all 
the  products  of  the  roots  taken  two  at  a  time. 

(3)  The  coefficient  of  the  fourth  term  toith  its  sign  changed 
equals  the  sum  of  all  the  products  of  the  roots  taken  three  at  a 
time,  and  so  on. 

(4)  The  last  term  equals  the  continued  product  of  all  the 
roots,  the  sign  being  +  or  —  according  as  n  is  even  or  odd. 

542.  It  follows  that  if  the  equation  is  in  the  general  form : 

(1)  The  sum  of  the  roots  is  zero  if  the  second  term  is 
wanting. 

(2)  One  root,  at  least,  is  zero  if  the  last  term  is  wanting. 

543.  The  student  might  suppose  that  the  relations  estab- 
lished in  the  preceding  article  would  enable  him  to  solve  any 
proposed  equation ;  for  the  number  of  the  relations  is  equal  to 
the  number  of  the  roots.  A  little  reflection  will  show  that  this 
is  not  the  case ;  for  suppose  we  eliminate  any  n  —  1  of  the  quan- 
tities a,  6,  c,  ...I;  and  so  obtain  an  equation  to  determine  the 
remaining  one ;  then  since  these  quantities  are  involved  sym- 
metrically in  each  of  the  equations,  it  is  clear  that  we  shall 
always  oDtain  an  equation  having  the  same  coefficients;  this 
equation  is  therefore  the  original  equation  with  some  one  of  the 
roots  a,  5,  c, ...  ^  substituted  for  x. 
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Let  us  take  for  example  the  equation 
7*  -^-PiX^  -\-p^  +Ps = 0 ; 
and  let  a,  5,  c  be  the  roots ;  then 

abc=  — J93. 

Multiply  these  equations  by  a^,  —a,  1  respectively  and  add; 

thus  a^  =  —Pia^  —P^  —P» 

that  is,  a»  -^-Pio!^  -\-p^  -^-p^ = 0, 

which  is  the  original  equation  with  a  in  the  place  of  x. 

The  above  process  of  elimination  is  quite  general,  and  is 
applicable  to  equations  of  any  degree. 

644.  If  two  or  more  of  the  roots  of  an  equation  are  con- 
nected by  an  assigned  relation,  the  properties  proved  in  Art. 
541  will  sometimes  enable  us  to  obtain  the  complete  solution. 

Example  1.  Solve  the  equation  4x8— 24x2.}.  23x+ 18=0,  having 
given  that  the  roots  are  in  arithmetical  progression. 

Denote  the  roots  by  a— 6,  a,  a+6 ;  then  the  sum  of  the  roots 
is  3a ;  the  sum  of  the  products  of  the  roots  two  at  a  time  is 
3a2— 62 .  and  the  product  of  the  roots  is  a{a^—h^)  ;  hence  we  have 
the  equations 

3a=6,  3a2-62=  J,  a(a2-62)  =  _|; 

from  the  first  equation  we  find  a =2,  and  from  the  second  &=:!:-) 

2 
and  since  these  values  satisfy  the  third,  the  three  equations  are 

1  9 

consistent.    Thus  the  roots  are  — ,  2,  -. 

2  2 

Example  2.  Solve  the  equation  24x*— 14x2— 63x+ 45=0,  one 
root  being  double  another. 

Denote  the  roots  by  a,  2a,  6 ;  then  we  have 

3a+6=:^,  2a2+3a6=-^,  2a26=-^. 
12  8  8 

From  the  first  two  equations,  we  obtain 
8a2-2a-3=0; 

3  1       J  I         5      25 
. •.  a=-  or  —  -  and  6=  —  or  — . 

4  2  3      12 
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1  25 

It  will  be  found  on  trial  that  the  values  a=  —  -,  6=  —  do  not 

15  ^  ^^ 

satisfy  the  third  equation  2a^b=  —  -— ;  hence  we  are  restricted  to 

or  8 

the  values  a=  -,  6=  —  ?. 
4  3 

Thus  the  roots  are  ?,  -,    ~, 
4    2        3 

545.  Although  we  may  not  be  able  to  find  the  roots^of  an 
equation,  we  can  make  use  of  the  relations  proved  in  Art.  541 
to  determine  the  values  of  symmetrical*  functions  of  the  roots. 

Example  1.  Find  the  sum  of  the  squares  and  of  the  cubes  of 
the  roots  of  the  equation  ofi—pz^-\-qx—r=(^. 

Denote  the  roots  by  a,  6,  c ;  then 

a+6+c=i),  6c+ca+a6=g. 

Now  a2+62+c2=(a+6+c)2-2(6c+ca+a6) 

=:l)2-2g. 

Again,  substitute  a,  &,  c  for  x  in  the  given  equation  and  add ; 
thus  a8+68+c3-l?(aH&2+c2)+g(a+6+c)-3r=0; 

.-.  a8+6Hc8=i)(l>^-2g)-l>g+3r 

EXAMPLES  L.  b. 

Form  the  equation  whose  roots  are : 

1.     |,    |,  diV3.  2.    0,0,2,  2,  -3,  -8. 

3,    2,  2,  -2,  -2,  0,  6.        4.    a+&,  a-6,  -a+&,  -a-6. 

Solve  the  equations : 

6,    ic*-16a:8+86x2-i76x+ 105=0,  two  roots  bemg  1  and  7.     • 

6,  4x8+ 16x2- 9a; -86=0,  the  sum  of  two  of  the  roots  being 
zero. 

7,  4x8+20aj2-28x+6=0,  two  of  the  roots  being  equal. 

*  A  fUnctioii  is  said  to  be  ftymmetHcal  with  respect  to  its  variables  when  its 
value  is  unaltered  by  the  interchange  of  any  pair  of  them ;  thus  x-¥y-\-z^  bc+ca+aby 
a5*+y"+a"— »^  are  symmetrical  fonctions  of  the  first,  second,  and  third  degrees 
respectively. 
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8.  3a:'— 26x2+ 52a— 24=0,  the  roots  being  in  geometrical  pro- 
gression. 

9,  2x8  _aj2_22x— 24=0,  two  of  the  roots  being  in  the  ratio  of 
3:4. 

10,  24x*+46x2+9x— 9=0,  one  root  being  double  another  of 
the  roots. 

11.  8x*-2x8-27x2+6x+9=0,  two  of  the  roots  being  equal 
but  opposite  in  sign. 

12!    54x»  -  39x2 -2ex+ 16=0,  the  roots  being  in  geometrical 
progression. 

13,  32x8-48x2+22x-3=0,  the  roots  being  in  arithmetical 
progression. 

14,  6x*-29x8+40x2-7x-12=0,  the  product  of  two  of  the 
roots  being  2. 

15,  X*  -  2x8 — 2 1x2 + 22x + 40 = 0,  the  roots  being  in  arithmetical 
progression. 

16,  27x*-195x8+494x2-520x+192=0,  the  roots  being  in  geo- 
metrical progression. 

17,  18x«+81x2+121x+60=0,  one  root  being  half  the  sum  of 
the  other  two. 

18,  Find  the  sum  of  the  squares  and  of  the  cubes  of  the  roots 
of  x*+gx2+rx+a=0. 

Fractional  Roots. 

546.    An  equation  whose  coefficients  are  integers,  that  of  the 
first  term  being  unity,  cannot  have  a  rational  fraction  as  a  root. 

If  possible  suppose  the  equation 

X"  +;)lX»»-l  +i>2^'*-2  + +Pn-2  X^  i-Pn-l  X  +/>«  =  0, 

has  for  a  root  a  rational  fraction  in  its  lowest  terms,  repre- 
sented by  ^.    Substituting  this  value  for  x  and  multiplying 

0 

through  by  6"~\  we  have 

0 

Transposing, 

^^=p^a^'l+p^n-2J,^ +Pn-iab^-^+Pnlf'-^. 

0 
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This  result  is  impossible,  since  it  makes  a  fraction  in  its 
lowest  terms  equal  to  an  integer.  Hence  a  rational  fraction 
cannot  be  a  root  of  the  given  equation. 

Imaginary  Roots. 

547.  In  an  equation  with  real  coefficients  imaginary  roots  occur 
in  pairs. 

Suppose  that  ^xj=0  is  an  equation  with  real  coefficients, 
and  suppose  that  it  has  an  imaginary  root  a  +  t6;  we  shall  show 
that  a—ib  is  also  a  root. 

The  factor  of /(a:)  corresponding  to  these  two  roots  is 

(a:-a--t5)(a:-a  +  {6),  or  (x-ay-{-bK 

hetf^x)  be  divided  by  (x—ay+b'^;  denote  the  quotient  by 
Q,  and  the  remainder,  if  any,  by  Rx+R';  then 

f{x)  =  Q{(x^ay-{-b^-hRx+R'. 

In  this  identity  put  x=a  +  iby  then/(x)  =0  by  hypothesis;  also 
(x-a)2+62=0;  hence  R{a  +  ib)+R'=0. 

Equating  to  zero  the  real  and  imaginary  parts, 

Ra+R'=0,    Rb=:0;     ' 
and  b  by  hypothesis  is  not  zero, 

.-.  jR=0  and  jR'=0. 
Hence /(x)  is  exactly  divisible  by  (x—ay^-b^,  that  is,  by 

(X'-a—ib)(x—a  +  ib) ; 
hence  x=a—ibia  also  a  root. 

548.  In  the  preceding  article  we  have  seen  that  if  the  equa- 
tion/(x)  =0  has  a  pair  of  imaginary  roots  a±ibf  then  (x—ay-\-b^ 
is  a  factor  of  the  expression  y(x). 

Suppose  that  a±ib,  c±id,  e±ig,..,  are  the  imaginary  roots  of 
the  equation /(x)=0,  and  that  ^(x)  is  the  product  of  the 
quadratic  factors  corresponding  to  these  imaginary  roots;  then 
<^(x)={(x~a)2+J^{(x-c)2+rf2jj(a;_g)2+^2j... 

Now  each  of  these  factors  is  positive  for  every  real  value  of  x; 
hence  ^  (x)  is  always  positive  for  real  values  of  x. 

549.  As  in  Art.  547  we  may  show  that  in  an  equation  with 
rational  coefficients,  surd  roots  enter  in  pau's ;  that  is,  if  a+  \/^ 
is  a  root  then  a—y/b'i^  also  a  root. 
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Example  1.  Solve  the  equation  6x*  -  13aj«  -  35a;«  -  a?  +  3  =  0, 
having  given  that  one  root  is  2  —  y/S. 

Since  2—  ^3  is  a  root,  we  know  that  2+  ^3  is  also  a  root,  and 
corresponding  to  this  pair  of  roots  we  have  the  quadratic  factor 

Also6a:*-13a;8-35x2-a;+3=(x2-4a;+l)(6x2+llx+3); 
hence  the  other  roots  are  obtained  from 

6x2+11x4-3=0,  or  (3x+l)(2x+3)=0 ; 

1         3 
thus  the  roots  are        —-,—-,  2+^3,  2— v^. 
o         2 

Example  2,  Form  the  equation  of  the  fourth  degree  with 
rational  coefficients,  one  of  whose  roots  is  ■^+  V— 3. 

Here  we  must  have  y/2-\-\/^-S,   y^— V— 3  as  one  pair  of 

roots,  and  —  ^2+  \/^,  —  ^2  —  v^--3  as  another  pair. 

Corresponding  to  the  first  pair  we  have  the  quadratic  factor 
x2— 2v^x+5,  and  corresponding  to  the  second  pair  we  have  the 
quadratic  factor 

x«+2V2x+5. 

Thus  the  required  equation  is 

(x2+2V2x+5)(x2-2v2x+6)=0, 
or  (x2+5)2-8x2=0, 

or  x*+2x2+25=0. 

EXAMPLES  L.  c. 

Solve  the  equations : 

1,  3x*-10x»+4x2-x-6=0,  one  root  being    "^-  ~^. 

2.  x*-36x2+72x-36=0,  one  root  being  3-  ^3. 

3,  x*+4x8+6x2+2x-2=0,  one  root  being  -1+  V^. 

4.  x*+4x8+6x2+4x+5=0,  one  root  bemg  v^. 


Transformation  of  Equations. 

550.  The  discussion  of  an  equation  is  sometimes  simplified 
by  transforming  it  into  another  equation  whose  roots  bear  some 
assijjned  relation  to  those  of  the  one  proposed.  Such  transfor- 
mations are  especially  useful  in  the  solution  of  cubic  equations. 
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551.  To  transform  an  equation  into  another  whose  roots  are 
those  of  the  original  equation  with  their  signs  changed, 

Let/(a:)=0  be  the  equation. 

Put  —ytoTx;  then  the  equation /(—y)=0  is  satisfied  by 
every  root  of/(a:)=:0  with  its  sign  changed;  thus  the  required 
equation  is  /( — y)  =  0. 

If  the  given  equation  is 

a^+;)iar«-i+P2ar»-2+ +Pn-ix+Pn=0, 

then  it  is  evident  that  the  required  equation  will  be 

y'-PiT-^+Piir-^- 4-(-l)--^i>«-iy+(-l)"PH=0; 

therefore  the  transformed  equation  is  obtained  from  the  original 
equation  by  changing  the  sign  of  every  alternate  term  beginning 
with  the  second. 

Note.  If  any  term  of  the  given  equation  is  missing  it  must  be 
supplied  with  zero  as  a  coefficient. 

Example.  Transform  the  equation  ic*— ITa;^— 20x— 6=0  into 
another  which  shall  have  the  same  roots  numerically  with  contrary 
signs.    We  may  write  the  equation  thus : 

x4+0x8-.17a;2_20a;-6=0. 
By  the  rule,  we  have 

a4-0x8-17a;H20a;-6=0, 
or  jB*-17a;2+20a;-6=0. 

552.  To  transform  an  equation  into  another  whose  roots  are 
equal  to  those  of  the  original  equation  multiplied  by  a  given  factor. 

Let  f(x)=0  be  the  equation,  and  let  ^  denote  the  given 
quantity.     Put   y  =  qx,  so  that  when    x    has    any   particular 

value,  y  is  q  times  as  large;  then  a:=-  and  the  required  equa- 
tion is  ^ 

(i)'--.(f)"-'4ir'- ....(i)+,.=o. 

Multiplying  by  ^,  we  have 

f' +Piqy''~^  +i'a9  V~' + +Pn-i  q'^'^y  +Pn<r = O- 

Therefore  the  transformed  equation  is  obtained  from  the  origi- 
nal equation  by  multiplying  the  second  term  by  the  given  factor, 
the  third  term  by  the  square  of  this  factor,  and  so  on. 
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553.  The  chief  use  of  this  transformation  is  to  clear  an 
equation  of  fractional  coefficients. 

Example.    Remove  fractional  coefficients  from  the  equation 

2         8^16 
Put  «=-  and  multiply  each  term  by  g« ;  thus 

By  putting  g=4  all  the  terms  become  integral,  and  on  dividing 
by  2,  we  obtain 

y8»3y2_y  +  6=0. 

554.  To  transform  an  equation  into  another  whose  roots  exceed 
those  of  the  original  equation  by  a  given  quantity. 

Let /(a:)  =0  be  the  equation,  and  let  h  be  the  given  quantity. 

Assume  y =ar+ A,  so  that  for  any  particular  value  of  x,  the  value 

.  of  y  is  greater  by  h ;  thus  x=y—h,  and  the  required  equation  is 

/(y-*)=o. 

Similarly  if  the  roots  are  to  be  less  by  A,  we  assume  y=x-A, 
from  which  we  obtain  a;=yH-A,  and  the  required  equation  is 
/(y+A)=0. 

555.  If  n  is  small,  this  method  of  transformation  is  effected 
with  but  little  trouble.  For  equations  of  a  higher  degree  the 
following  method  is  to  be  preferred : 

Let        f(x)=pQX^+p^ai^-^+p^x^-^+  ...  -{-pn-ix+Pn] 

put  x=y-\-hy  and  suppose  that /(a:)  then  becomes 

Now  y=x—h'j  hence  we  have  the  identity 

Po^+Pl^~^+P2^'^+  ...  -^Pn-lX-hPn 

=  ^o(^-A)«+^i(x-A)«-i+  ...  -{■qn-i(x-h)+qn; 

therefore  qn  is  the  remainder  found  by  dividing  f(^x)  by  re— A; 
also  the  quotient  arising  from  the  division  is 

^o(x-A)«-i  +  5i(a:-A)«-24-  ...  +^„-i. 

Similarly  qn-i  is  the  remainder  found  bv  dividing  the  last 
expression  by  x—h,  and  the  quotient  arising  from  the  division  is 

5o(a;-A)«-H9i(a:-A)»-8+  ...  -h  ^n-ai 
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and  so  on.  Thus  q^y  On-j,  qn-h ...  may  be  readilj  foiind  by 
Synthetic  Division.  Tne  last  quotient  is  ^q,  and  is  obviously 
equal  to  p^. 

Hence  to  obtain  the  transformed  equation, 

Divide  f(x)  Jy  x±h  according  as  the  roots  are  to  be  greater  or 
less  by  h  than  those  of  the  original  equation  and  the  remainder  will 
be  the  last  term  of  the  required  equation.  Divide  the  quotient  thus 
found  by  x±h.,  and  the  remainder  will  be  the  coefficient  of  the  last 
term  but  one  of  the  required  equation  ;  and  so  on. 

Example,  Find  the  equation  whose  roots  exceed  by  2  the  roots 
of  the  equation 

4x*+32xH83x«+76a;+21=0. 

The  required  equation  will  be  obtained  by  substituting  x— 2  for 
X  in  the  proposed  equation ;  hence  in  Homer's  process  we  employ 
x+2  as  divisor,  and  the  calculation  is  performed  as  follows : 

76        21    [+2 

6        19' 

|0 


82 

83 

24 

36 

16 

3 

8   1 

1-13 

|0 

Thus  the  transformed  equation  is 

4a*-13x2+9=0,  or  (4x2-9)*(a;2-l)=0. 

Q  Q 

The  roots  of  this  equation  are  +  -,    —  -,    +1,    —  1 ;  hence  the 

2  2 

roots  of  the  given  equation  are 


/". 


1         '^         1         3 
-2'       2'    -^'    -^' 


566.     To  transform  a  complete  equation  into  another  which  wants 
an  assigned  tenn. 

The  chief  use  of  the  substitution  in  the  preceding  article  is 
to  remove  some  assigned  term  from  an  equation. 
Let  the  given  equation  be 

Pq^^-Pi^~^+P2^-^-\-  ...  +;?n-ia?+i>n=0; 
then  if  y= a:— A,  we  obtain  the  new  equation 


t 
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which,  when  arranged  in  descending  powers  of  y,  becomes 

+  }^^^gi>i)oAH(n-l)i>,A+;),  Jy»-H  ...  =0. 

K  the  term  to  be  removed  is  the  second,  we  put  np^h  4-/>i=0, 
so  that  *=  —  El.\  if  the  term  to  "be  removed  is  the  third  we  put 

and  so  obtain  a  quadratic  to  find  h\  and  similarly  we  may 
remove  any  other  assigned  term. 

Sometimes  it  will  be  more  convenieut  to  proceed  as  in  the 
following  example. 

Example.    Remove  the  second  term  from  the  equation 

p3?+qx^+rx+s=0. 

Let  a,  /3,  7  be  the  roots,  so  that  a+/3+7=  — -•    Then  if  we 

increase  each  of  the  roots  by  -^,  in  the  transformed  equation  the 

3p 

sum  of  the  roots  will  be  equal  to  —  ^  +  ^ :  that  is,  the  coefficient  of 

P    P 
the  second  term  will  be  zero. 

Hence  the  required  transformation  will  be  effected  by  substitat- 

ing  X  —  ^  for  X  in  the  given  equation. 
3p 

As  the  second  term  must  frequently  be  removed,  the  student 
should  carefully  notice  that  Uie  transformation  is  effected  by  sub- 
stituting X  minus  the  coefficient  of  the  second  term  divided  by  the 
degree  of  the  equation,  for  z  in  the  given  equation. 

557.  To  transform  an  equation  into  another  whose  roots  are  the 
reciprocals  of  the  roots  of  the  proposed  equation. 

Let  y(a:)=0  be  the  proposed  equation;  put  y  =  -,  so  that 
X  =  -;  then  the  required  equation  is  /(- j  =0. 

One  of  the  chief  uses  of  this  transformation  is  to  obtain  the 
values  of  expressions  which  involve  symmetrical  functions  of 
negative  powers  of  the  roots. 
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Example,    Jta,h,c  are  the  roots  of  the  equation 
aj8  — pa;* + gx — r = 0, 

find  the  value  of  JL+i+1. 

a*    62    c2 

Write  -  for  as,  multiply  by  y^,  and  change  all  the  signs ;  then 
the  resulting  equation 

1   1   1. 
a  b   c 


has  for  its  roots 


hence  *si=2,  S-l=£; 

a     r       ab     r 

...  sl  =  2!:i2pr. 
558.    If  an  equation  is  unaltered  by  changing  x  into  -,  it  is 

X 

called  a  reciprocal  equation. 
K  the  given  equation  is 

a*H-;?ia:»-l+i?2^~^+ +Pn-2X^+Pn-lX+Pn  =  0, 

the  equation  obtained  by  writing  -  for  x,  and  clearing  of  frac- 

X 

tions  is 

Pn3i^+Pn-l^~^+Pn-%^~^+  .••  ^p^X^+PiX  +  l^O, 

If  these  two  equations  are  the  same,  we  must  have 

Pi  =  V^»  P2  =^^  -.Pn-2=^,  ^«-l  =?'  P-  =  h 
Pn  Pn  Pn  Pn  Pn 

from  the  last  result  we  have  Pn=±h  and  thus  we  have  two 
classes  of  reciprocal  equations. 

(i)  If  j9«=l,  then 

Pl=Pn-ly  P2=Pn-2,  P3=Pn-3j '» 


that  is,  the  coefficients  of  terms  equidistant  from  the  beginning 
and  end  are  equal. 

(ii)  If  j9„=:  —  1,  then 


i'l=  -Pn-h  P2=  -Pn-2f  Ps=  -Pn-Bf  • 


*  2-  standB  tor  the  sum  of  aU  the  terms  of  which  -  is  the  type. 
a  d 
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hence  if  the  equation  is  of  2m  dimensions  /)„=  —/>,»,  or  />«=0. 
In  this  case  the  coefficients  of  terms  equidistant  from  the  oegin- 
ning  and  end  are  equal  in  magnitude  and  opposite  in  sign,  and 
if  the  equation  is  of  an  even  degree  the  middle  term  is  wanting. 

559.    Suppose  thatyi^x) =0  is  a  reciprocal  equation. 

If  /(a;)=0  is  of  the  first  class  and  of  an  odd  degree  it  has  a 
root  —  1 ;  so  that  f{x)  is  divisible  by  x+l.  If  ^(ar)  is  the  quo- 
tient, then  ^(x)  =0  is  a  reciprocal  equation  of  the  first  class  and 
of  an  even  degree. 

If  y(a:)=0  is  of  the  second  class  and  of  an  odd  degree,  it  has 
a  root  4-1 ;  in  this  case  f(x)  is  divisible  by  a:— 1,  and  as  before 
^(x)  =0  is  a  reciprocal  equation  of  the  first  class  and  of  an  even 
degree. 

If  f(x)  =0  is  of  the  second  class  and  of  an  even  degree,  it 
has  a  root  + 1  and  a  root  —  1 ;  in  this  case  f{x)  is  divisiole  by 
a:^— 1,  and  as  before  ^ (a:)  =0  is  a  reciprocal  equation  of  the  first 
class  of  an  even  degree. 

Hence  any  reciprocal  equation  is  of  an  even  degree  with  its  last 
term  positive,  or  can  he  reduced  to  this  form;  which  may  therefore 
be  considered  as  the  standard  form  of  reciprocal  equations. 

660.  A  reciprocal  equation  of  the  standard  form  can  be  reduced 
to  an  equation  of  half  its  dimensions. 

Let  the  equation  be 
aa;*"+5ar2*-i+ca:*»-2+  ...  -{-kof^  ...  -f-cx'+Jar+a+O; 
dividing  by  a:*  and  rearranging  the  terms,  we  have 

Now        .^»+^^=(..+l)(a:+l)-(a.->+^.); 

hence  writing  z  for  x+-,  and  giving  to  j9  in  succession  the 
values  1,  2,  3 ...  we  obtain 

X* 

0^^  +  1  =  2(22-2)  -2  =  2«-32  ; 
X^ 

0:4  +  1  =  2(28-32)- (22_2)=2*-4«H25 
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and  so  on;  and  generally  a:«H —  is  of  m  dimensions  in  2,  and 
therefore  the  equation  in  ^  is  of  m  dimensions. 

661.     To  find  the  equation  whose  roots  are  the  squared  of  those 
of  a  proposed  equation. 

Let  /(a;)  =  0  be  the  given  equation;  putting  y=a;*,  we  have 
ar=  v'y ;  hence  the  required  equation  is/('x/y)  =0. 

Example,    Find  the  equation  whose  roots  are  the  squares  of 
those  of  the  equation 

7?+PlX^+P2X+Ps=0, 

Putting  x=  Vy>  and  transposing,  we  have 

(y+i?2)vy=-(i>iy+i>8); 
whence  (yH2p2y+P2^)y=Pl^yH^PlP^y^\■Pi^i 

or  y8+  (2p2-i)i2)yH  (Pi^-2pipz)y^pi^=0. 


EXAMPLES  L.  d. 

1,  Transform  the  equation  x^— 5a:*+9a:8— 9aj*+6x~l=0  into 
another  which  shall  have  the  same  roots  with  contrary  signs. 

2,  Transform  the  equation  2x8— 4x3+ 7a;— 3=0  into  another 
whose  roots  shall  be  those  of  the  first  multiplied  by  3. 

3,  Transform  the  equation  x^— 7x— 6=0  into  another  whose 

o 
roots  shall  be  those  of  the  first  multiplied  by  — -. 

4,  Transform  the  equation  x^— 4x2+-x— i=0  into  another 

4      9 
with  integral  coefficients,  and  unity  for  the  coefficient  of  the  first 
term. 

6 .    Transform  the  equation  3x* — Sx^ + x^ — x + 1 = 0  in  to  another 
the  coefficient  of  whose  first  term  is  unity. 

6.  Transform  the  equation  x*+10x8+39x2+76x+65=0  into 
another  whose  roots  shall  be  greater  by  4. 

7.  Transform    the    equation    x*— 12x8 +17x2- 9x+ 7=0    into 
another  whose  roots  shall  be  less  by  3. 

8.  Diminish  by  1  the  roots  of  the  equation 

2x*-13x2+10x-19=0. 
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9.  Find  the  equation  whose  roots  are  greater  by  4  than  the 
corresponding  roots  of  s^-\-16xfi+72x^+6ix-12Q=0. 

10.  Solve  the  equation  Sa:*- 22x3+ 48a; -82=0,  the  roots  of 
which  are  in  harmonica!  progression. 

11.  ^e  roots  of  as*— ll«2+36x  —36=0  are  in  harmonical  pro- 
gression ;  find  them. 

Remove  the  second  term  from  the  equations : 

12.  x»-6a;«+10x-8=0. 

13.  x*+4x«+2x»-4x-2=0. 

14.  Transform  the  equation  x^— ?--.=0  into  one  whose  roots 

Q  4    4 

exceed  by  -  the  corresponding  roots  of  the  given  equation. 
2 

15.  Diminish  by  3  the  roots  of  the  equation 

x5-4x*+3x2-4x+6=0. 

16.  Find  the  equation  each  of  whose  roots  is  greater  by  unity 
than  a  root  of  the  equation  x«— Sx^+Ox— 3=0. 

17.  Find  the  equation  whose  roots  are  the  squares  of  the  roots 
of  x*+x»+2xa+x+l=0. 

18.  Form  the  equation  whose  roots  are  the  cubes  of  the  roots 
t)t  x8+3xH2=0. 

If  a,  6,  c  are  the  roots  of  x'+gx+r=0,  form  the  equation  whose 
roots  are 

19.  kar^,  kb-\  kc'K  20.    &^c2,  cV,  a^b^, 

21.    — V^  -75-»  —5—  22.    6c+-»  ca-{--t  a6+- 

a^       b^        c^  a  b  c 

Solve  the  equations : 

23.  2x*+x8-6xHx+2=0. 

24.  x*-10x8+26xa-10x+l=0. 
26.    x6-5x*+9x«-9x2+5x-l=0. 

26,    4xP-24x6+57x*-73xH57x2-24x+4=0. 


Descartes'  Rule  of  Sigks. 

562.  When  each  term  of  a  series  has  one  of  the  signs  + 
and  —  before  it,  a  continuation  or  permanefice  occurs  when  the 
signs  of  two  successive  terms  are  the  same:  and  a  change  or 
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variation  occurs  when  the  signs  of  two  successive  terms  are 
opposite, 

Descartes'  Rule. 

663.  In  any  equationf  the  number  of  positive  roots  cannot  exceed 
the  number  of  variations  of  sign^  and  in  any  complete  equation  the 
number  of  negative  roots  cannot  exceed  the  number  of  permanences 
of  sign. 

Suppose  that  the  signs  of  the  terms  in  a  multinomial  are 
+  + f- 1 h—  ;  we  shall  show  that  if  this  multi- 
nomial is  multiplied  by  a  binomial  whose  signs  are  +  — ,  there 
will  be  at  least  one  more  change  of  sign  in  the  product  than  in 
the  ori^nal  multinomial. 

Writing  down  only  the  signs  of  the  terms  in  the  multiplica- 
tion, we  have 

+  +  --  + +  -  +  - 

+  - 

+  +  --  + +  -  +  - 

+  ±  -  T  +  -  T  T  +  -  +  - + 

a  double  sign,  spoken  of  as  an  ambiguity^  being  placed  wherever 
there  is  a  doubt  as  to  whether  the  sign  of  a  term  is  positive  or 
negative. 

Examining  the  product  we  see  that 

(i)  an  ambiguity  replaces  each  continuation  of  sign  in  the 
original  multinomial ; 

(ii)  the  signs  before  and  after  an  ambiguity  or  set  of  am- 
biguities are  unlike ; 

(iii)     a  change  of  sign  is  introduced  at  the  end. 

Let  us  take  the  most  unfavorable  case  and  suppose  that  all 
the  ambiguities  are  replaced  by  continuations ;  from  (ii)  we  see 
that  the  number  of  changes  of  sign  will  be  the  same  whether 
we  take  the  upper  or  the  lower  signs ;  let  us  take  the  upper ; 
thus  the  number  of  changes  of  sign  cannot  be  less  than  in 

+  +  --  + +  -  +  -+, 

and  this  series  of  si^s  is  the  same  as  in  the  original  multi- 
nomial with  an  additional  change  of  sign  at  the  end. 

If  then  we  suppose  the  factors  corresponding  to  the  negative 
and  imaginary  roots  to  be  already  multiplied  together,  each  fac- 
tor a:— a  corresponding  to  a  positive  root  introduces  at  least  one 
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change  of  sign ;  therefore  no  equation  can  have  more  positive 
roots  than  it  has  changes  of  sign. 

To  prove  the  second  part  of  Descartes'  Rule,  let  us  suppose 
the  equation  complete  and  substitute  —y  for  x\  then  the  per- 
manences of  sign  in  the  original  equation  become  variations  of 
sign  in  the  transformed  equation.  Now  the  transformed  equa- 
tion cannot  have  more  positive  roots  than  it  has  variations  of 
sign,  hence  the  original  equation  cannot  have  more  negative  roots 
than  it  has  permanences  of  sign. 

Whether  the  equation  /(a;)  =  0  be  complete  or  incomplete  its 
roots  are  equal  to  those  oi  f{—x)  but  opposite  to  them  in  sign ; 
therefore  the  negative  roots  of  f{x)  =0  are  the  positive  roots  of 
/(  —  a:)  =0 ;  but  the  number  of  these  positive  roots  cannot  exceed 
the  number  of  variations  of  sign  in  /(—a?) ;  that  is,  the  number 
of  negative  roots  of/(a:)=0  cannot  exceed  the  number  of  varia- 
tions of  sign  in  f(—x). 

We  may  therefore  enunciate  the  Rule  of  Signs  as  follows : 

An  equation  f(x)=0  cannot  have  more  positive  roots  than  there 
are  variations  of  sign  in  f  (x),  and  cannot  have  more  negative  roots 
than  there  are  variations  of  sign  in  f(— x). 

Example.    Consider  the  equation  x^+6x^—afi-{-7x-\-2=0. 
Here  there  are  two  changes  of  sign,  therefore  there  are  at  most 

two  positive  roots. 

Again /(—a;)  =  —x9  4- 5a;® + a;®— 7x4-2,  and  here  there  are  three 

changes  of  sign,  therefore  the  given  equation  has  at  most  three 

negative  roots,  and  therefore  it  must  have  at  least  four  imaginary 

roots. 

564.  It  is  very  evident  that  the  following  results  are  in- 
cluded in  the  preceding  article. 

(i)  If  the  coefficients  are  all  positive,  the  equation  has  no 
positive  root;  thus  the  equation  ar^+x^-f  2a:-f  1=0  cannot  have 
a  positive  root. 

(ii)  If  the  coefficients  of  the  even  powers  of  x  are  all  of  one 
sign,  and  the  coefficients  of  the  odd  powers  are  all  of  the  con- 
trary sign,  the  equation  has  no  negative  root ;  thus  the  equation 

xT+x^-2x^-{-afi-dx^+7x-6=0 

cannot  have  a  negative  root. 

EXAMPLES  I.  e. 

Find  the  nature  of  the  roots  of  the  following  equations : 

1.  x*+2a;8-13x2-14x+24=0. 

2.  x*-10x8+36x2-60x-f-24=0. 


THEORY  OF   EQUATIONS.  437 

3.  3ik4+12xH5x-4=0. 

4,  Show  that  the  equation  2x'^ — ik* + 4x3 — 6 =0  has  at  least  four 
imaginary  roots. 

5.  What  may  be  inferred  respecting  the  roots  of  the  equation 
ajio-4x64.aj4_2a;-3=0  ? 

6,  Find  the  least  possible  number  of  imaginary  roots  of  the 
equation  x^sfi-\-X^-^x^-{-l=0. 

Derived  Functions. 

565.  To  find  the  value  o/f(x-fh),  wTien  f(x)  is  a  rational 
integral  function  ofx. 

Let    /(x)=;?o^"+Pia;»-Hj02a:'»-2+ +pn-iX']-pn',  then 

/(a;+^)=i>o(^  +  ^)«+jE?i(a:  +  A)«-i+jt?2(a;  +  A)»-2+ 

Expanding  each  term  and  arranging  the  result  in  ascending 
powers  of  ^,  we  have 

PffC^+PlX!^-^+P^''-^-{-  ...  +Pn-lX+Pn 

+  A{npoa:»-i  +  (n  -  l)p^X^-^  +  (n  -  2)p^^-^  +  . . .  -{-pn-i] 
+  ^{n(n-l)p^^-H(n-lXn-2)p^x^-^-{-  ...  +2p„_2} 

+ 

+  ^{n(n-lXn-2),.0Ap,}. 
This  result  is  usually  written  in  the  form 

and  the  functions  /'(a?),  f"(x),  /'"(x), ...  are  called  the  first, 
second,  third, . . .  derived  functions  oif(x). 

Examining  the  coefficients  of  h,  r^...  we  see  that  to  obtain 

f'(x)  from  f (x)  we  multiply  each  term  in  f  (x)  by  the  index  of  x  in 
that  term  and  then  diminish  the  index  by  unity. 
Similatrly  we  obtain /''(a;)>/'"(a^)>  ••• 

Equal  Roots. 

566.  If  the  equation  f(x)=0  has  r  roots  equal  to  a,  then  the 
equation  f'(x)  =0  will  have  r  — 1  roots  equal  to  a. 
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Let  <^(x)  be  the  quotient  when  J\x)  is  divided  by  (x— a)*", 
theny(a:)  =  (a;-a)''<^(a:). 

Write  x+A  in  the  place  of  x\  thus 

/(a;+A)  =  (a;-a  +  ^)'^(x+A); 

In  this  identity,  by  equating  the  coefficients  of  A,  we  have 
fix)  =r(x--ay-^if>(x)  +  (x-ay<l>'(x). 

Thus  f(x)  contains  the  factor  x—a  repeated  r— 1  times; 
that  is,  the  equation /'(ar)  =0  has  r— 1  roots  equal  to  a. 

Similarly  we  may  show  that  if  the  equation  f(x)=0  has  s 
roots  equal  to  b,  the  equation  f(x)  =0  has  5—1  roots  equal  to  b ; 
and  so  on. 

From  the  foregoing  proof  we  see  that  if  f(x)  contaiAS  a  fac- 
tor (x—ay,  thenfix)  contains  a  factor  {x—ay~^;  and  thus 
f(x)  and  f'{x)  have  a  common  factor  (x—ay-\  Therefore  if 
f(x)  and /'(a:)  have  no  common  factor,  no  factor  in /(a:)  will  be 
repeated;  hence  the  equation  f(x)=0  has  or  has  not  equal  roots, 
according  as  f(x)  and  f'(x)  ^^^  or  have  not  a  common  factor 
involving  z. 

567.  It  follows  that  in  order  to  obtain  the  equal  roots  of 
the  equation /(a:)  =0,  we  must  first  find  the  highest  common  factor 
of  f(x)  and  f  (^)>  <^^  ^^^  placing  it  equal  to  zero,  solve  the 
resulting  equation. 

Example,  Solve  the  equation  x*— llx*+44x*— 76x+48=0, 
which  has  equal  roots. 

Here   "  /(aj)=a^-lla^+44a;2-76a;+48, 

f(x)  =4x8-33x24-88x-76 ; 

and  by  the  ordinary  rule  we  find  that  the  highest  common  factor  of 
f(x)  and /(a)  is  a— 2  ;  hence  (a;— 2) *  is  a  factor  of /(x)  ;  and 

/(a)  =  (x-2)2(a2_7a;+12) 

=  (x-2)2(a;-3)(x-4); 

thus  the  roots  are  2,  2,  3,  4. 
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Location  op  the  Roots. 

568.  If  the  variable  x  changes  continuously  from  a  io  b  the 
function  f  (x)  will  change  continuously  from  f(a)  to  f  (b). 

Let  c  and  c+A  be  aoy  two  values  of  x  lying  between  a  and 
h.    We  have 

/(c+ A)  -/(O = A/Cc) + g/"(c) + ... + gAO ; 

[2  [n 

and  by  taking  A  small  enough  the  difference  between /(c4- A) 
and /(c)  can  be  made  as  small  as  we  please ;  hence  to  a  small 
change  in  the  variable  x' there  corresponds  a  small  change  in  the 
function  y^x),  and  therefore  as  x  changes  gradually  from  a  to  6, 
the  function /(x)  changes  gradually  from /(a)  XofQi)* 

569.  It  is  important  to  notice  that  we  have  not  proved  that 
f(x)  always  increases  from /(a)  to /(ft),  or  decreases  from  /(a) 
to /(ft),  but  that  it  passes  from  one  value  to  the  other  without 
any  sudden  change;  sometimes  it  may  be  increasing  and  at 
other  times  it  may  be  decreasing. 

570.  If  f(a)  and  f(b)  are  of  contrary  signs  then  one  root  of 
the  equation  f  (x)  =0  must  lie  between  a  and  b. 

As  X  changes  gradually  from  a  to  ft,  the  function /(a;)  changes 
gradually  from  ^a)  to  /[ft),  and  therefore  must  pass  through 
all  intermediate  values ;  but  since  /(a)  and  /(ft)  have  contrary 
signs  the  value  zero  must  lie  between  them;  that  is, /(a:)  =0  for 
some  value  of  x  between  a  and  ft. 

It  does  not  follow  that /(a;) =0  has  only  one  root  between  a 
and  ft ;  neither  does  it  follow  that  if /(a)  and /[ft)  have  the  same 
sign /[a?)  =0  has  no  root  between  a  and  ft. 

571.  Every  equation  of  an  odd  degree  has  at  least  one  real 
root  whose  sign  is  opposite  to  that  of  its  last  term. 

In  the  function /(a:)  substitute  for  x  the  values  +oo ,  0,  —  ao 
successively,  then 

/(+oo)=+oo,    /(0)=pn,    /C-oo)=-ao. 

Upn  is  positive,  then  /(a:)=0  has  a  root  lying  between  0  and 
—00 ,  and  if  pn  is  negative  /[x)=0  has  a  root  lying  between  0 
and  4-00. 
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572.  Every  equation  which  is  of  an  even  degree  and  has  its 
last  term  negative  has  at  least  two  i^eal  roots,  one  positive  and  one 
negative. 

For  in  this  case 

.but  p^  is  negative;  hence /(x)=0  has  a  root  lying  between  0 
and  +00 ,  and  a  root  lying  between  0  and  -co  . 

573.  If  the  expressions  f(a)  and  f  (b)  have  contrary  signs,  an 
odd  number  of  roots  of  f  (x)  =  0  will  lie  between  a  and  b ;  and  if 
f  (a)  and  f  (b)  have  the  same  sign,  either  no  root  or  an  even  number 
of  roots  will  lie  between  sl  andh. 

Suppose  that  a  is  greater  than  b,  and  that  a,  p,  y,  ...  k 
represent  all  the  roots  of  y(a?)=0  which  lie  between  a  and  b. 
Let  <l}(x)  be  the  quotient  when  f(x)  is  divided  by  the  product 
(x—a)(x—P)(x—y)  ...  (x—k)  ;  then 

f(x)  =  (x^aX^-PKx-y),„{x-K)<l>(xy 

Hence        /(«)  =  («— a) (a— )8) (a— y)  ...  (a"-ic)<^(a). 

y(6)  =  (& -a)(& -i8)(6 -y)  ...  (6 -k)<^(6). 

Now  ^(a)  and  ^(6)  must  be  of  the  same  sign,  for  otherwise 
a  root  of  the  equation  <^(a;)=0,  and  therefore  of  f(x)  —  Of  would 
lie  between  a  and  b  [Art.  570],  which  is  contrary  to  the  hypoth- 
esis. Hence  if  f{a)  and  f(b)  have  contrary  signs,  the  ex- 
pressions 

lb^aXb-P)(b-y),..(b-4 

must  have  contrary  signs.  Also  the  factors  in  the  j&rst  expres- 
sion are  all  positive,  and  the  factors  in  the  second  are  all  nega- 
tive; hence  the  number  of  factors  must  be  odd,  that  is  the 
number  of  roots  a,  )8,  y, ...  k  must  be  odd. 

Similarly  if /(a)  and/(6)  have  the  same  sign  the  number  of 
factors  must  be  even.  In  this  case  the  given  condition  is  satis- 
fied if  a,  )8,  y, ...  K  are  all  greater  than  a,  or  less  than  &;  thus  it 
does  not  necessarily  follow  that /(a;)  =0  has  a  root  between  a. 
SLudb, 

EXAMPLES  L.  f . 

1 ,  Find  the  successive  derived  functions  of  2x* — aj^ — 2x^ + 5a; — 1. 
Solve  the  following  equations  which  have  equal  roots : 

2.  a;*-9a:2+4a+12=0.  3.    a*-6a^4-12a;2-lQa;+3=0. 
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4.  x8-13xH67x8-171x24.216a;-108=0. 

5,  a6_jK84.4a;2_3a;+2=0.        6.    8x*+4a;8-18a:24-llx-2=0. 

7,  Show  that  the  equation  lOx^—nx^-\-x+Q=0  has  a  root 
between  0  and  —1. 

8,  Show  that  the  equation  x*-5x8+3a;2+36x-70=0  has  a 
root  between  2  and  3  and  one  between  —2  and  —3. 

9,  Show  that  the  equation  x*— 12x2+ 12x- 3=0  has  a  root 
between  —3  and  —4  and  another  between  2  and  3. 

10.    Show  that  x54-6x*-20x2-19x-2=0  has  a  root  between 
2  and  3,  and  a  root  between  —4  and  —5. 


Sturm's  Theorem  and  Method. 

574.  In  1829,  Sturm,  a  Swiss  mathematician,  discovered  a 
method  of  determining  completely  the  number  and  situation 
of  the  real  roots  of  an  equation. 

575.  Iiety(x)  be  an  equation  from  which  the  equal  roots 
have  been  removed,  ai^d  \etf^(x)  be  the  first  derived  function. 
-kT —    j-_ij_    jv..\  !.__  ^  •„x  __j  J — j._  ^j^g  remainder  toith  its 

■Jx)  and  continue  the 
,  .  .  C.F.of/(x}and/^(x), 

except  that  the  sign  of  every  remainder  is  changed  before  it  is 
used  as  a  divisor,  until  a  remainder  is  obtained  independent 
of  X ;  the  sign  of  this  remainder  must  also  be  changed. 

The  expressions  /(x),  /i(x),  /2(^)»  •••  fni^)  ^^®  called 
Sturm*8  Functions, 

Let  Qp  Q2»  •••  Qn-iy  denote  the  successive  quotients  obtained; 
then  the  steps  in  the  operation  may  be  represented  as  follows  : 

/iW    =Q2  /2W    -/sW, 


From  these  equalities  we  obtain  the  following : 

(1)  Two  consecutive  functions  cannot  vanish  for  the  same  value 
ofx. 

For  if  they  could,  all  the  succeeding  functions  would  vanish 
including /^(x),  which  is  impossible  as  it  is  independent  of  x. 
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(2)   When  any  function  except  the  first  vanishes  for  a  particular 
value  of  X,  the  two  adjacent  functions  have  opposite  signs. 
Thus  in  f^(x)  =  Qfs(x)  -f^(x)  if  f^{x)  =0  we  have 

We  may  now  state  Sturm's  Theorem. 

If  in  Sturm's  Functions  toe  substitute  for  x  any  particular  value 
a  and  note  the  number  of  variations  of  sign ;  then  assign  to  x  a 
greater  value  b  and  again  note  the  number  of  variations  of  sign ; 
the  number  of  variations  lost  is  equal  to  the  number  of  real  roots  of 
f  (x)  which  lie  between  a  and  b. 

(1)  Let  c  be  a  value  of  x  which  makes  some  function  except 
the  first  vanish :  for  example  /.(a:)  so  that  f{c)  =0.  Now  when 
x=c,fr^i{x)  and  fr+i(x)  have  contrary  signs  and  thus  just  be- 
fore x=c  and  also  just  after  x=c  the  three  functions  fr-i(x), 
fr(x),f r+i(x),  have  one  permanence  of  sign  and  one  variation  of 
sign,  hence  no  change  occurs  in  the  num&r  of  variations  when  x 
passes  through  a  value  which  makes  a  function  except/(a:)  vanish. . 

(2)  Let  c  be  a  root  of  the  equation  /(a:) =0  so  that  /(c) =0. 
Let  A  be  any  positive  quantity. 

Now  /(c+ A)  =/(c)  +  A/,(c)  + 1/,(60...  [Art.  665.] 

and  as  c  is  a  root  of  the  equation  f(x)  =0,/(c)=0,  hence 

y(c+*)=*/i(«)+|/,(c)... 

If  A  be  taken  very  small  we  may  disregard  the  terms  con- 
taining its  higher  powers  and  obtain 

/(c+A)=A/,(c), 

and  as  A  is  a  positive  quantity, /(c4- A)  SLndf(c)  have  the  same 
sign.  That  is,  the  function  just  after  x  passes  a  root  has  the 
same  sign  as/^(x)  at  a  root. 

In  a  like  manner  we  may  show  that  /(c— A)  =  —  A/i(c)  or 
that  the  function  just  before  x  passes  a  root  nas  a  sign  opposite 
to  fi(x)  at  a  root.  Thus  as  x  increases,  Sturm's  Functions  lose 
one  variation  of  sign  only  when  x  passes  through  a  root  of  the 
equation  ^(x)  =0. 

There  is  at  no  time  a  gain  in  the  number  of  variations  of 
sign,  hence  the  theorem  is  established. 

576.  In  determining  the  whole  number  of  real  roots  of  an 
equation  f(x)  =0  we  first  substitute  —  oo  and  then  +oo  for  x  in 
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Sturm's  Functions :  the  difference  in  the  number  of  variations 
of  sign  in  the  two  cases  gives  the  whole  number  of  real  roots. 

By  substituting  —  oo  and  0  for  x  we  may  determine  the 
number  of  negative  real  roots,  and  the  substitution  of  +«>  and 
0  for  X  gives  the  number  of  positive  real  roots. 

577.  When  +00  or  —00  is  substituted  for  ar,  the  sign  of 
any  function  will  be  that  of  the  highest  power  of  x  in  that 
function. 

578.  Example.  Determine  the  number  and  situation  of  the 
real  roots  of  a8+3x2_9x~4=0. 

Here/i(a;)  =:3a;24.6a;-9. 

Now  any  positive  factor  may  be  introduced  or  removed  in  find- 
ing/2 (a?) »  /3(a5)»  etc.,  for  the  sign  of  the  result  is  not  affected  by  so 
doing ;  hence  multiplying  the  original  equation  by  3,  we  have 

3x2+6x-9)3x8+9a;2~27x~12(x+l 

3x2-18x-12 
3x2+  6x-  9 


3)-24x-  8 
-  8x~  1 

8x+l)24x2+48x-72(3x4-5 
24x2+  3x 
9)45x~72 


/a(a;)=8x+l. 


6x- 


40X-64 

40x+  5 

-69 


We  therefore  have 

/(x)=x8+3x2-9x-4, 
/i(x)=3x2+6x-9, 
/2(x)=8x+l, 
/8(a;)=69. 

A^)  /iW  f2(x) 

When  x=— 00  we  have      —  +  — 

When  x= +00  we  have      +  +  + 

When  x=0      we  have      _  —  + 


•.  /8(«)=69. 


/3W 

+    3  variations. 
+    no  variations. 
+     1  variation. 


Hence  the  immber  of  real  roots  is  3,  of  which  one  is  positive 
and  two  are  negative. 
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To  determine  the  situation  of  these  roots  we  substitute  different 
numbers,  commencing  at  0  and  working  in  each  direction,  thus: 

/W  /iW  MX)  Mx) 


0!=— «          — 

+ 

— 

+ 

3  variations. 

a;=-5 

+ 

— 

+ 

3  variations. 

a;=— 4        + 

+ 

— 

+ 

2  variations. 

a;=-3        + 

± 

— 

+ 

2  variations. 

x=-2        + 

— 

— 

+ 

2  variations. 

x=-l        + 

— 

— 

+ 

2  variations. 

x=0 

— 

+ 

+ 

1  variation. 

x=l 

± 

+ 

+ 

1  variation. 

x=2 

+ 

+ 

+ 

1  variation. 

x=S            + 

+ 

+ 

+ 

no  variation. 

a;=ao           4- 

+ 

+ 

+ 

no  variation. 

one  root  lies  between 

—4  and  —5 ; 

a  second  lies  between 

0  and  —  1,  and  the  third  lies  between  2  and  3. 

EXAMPLES  L.  g. 

Determine  the  number  and  situation  of  the  real  roots  of  : 
1.    a;8-4«2_6a;+8=0.  2.    2a:*-lla2+8x-16=0. 

3,    a;8-7a;+7=0.  4.    a;*-4x8+6x2-l2x+2=0. 

5.    a^-4a^+a;2+6a5+2=0.  6.    a;*~a;Ha-l=0. 

7,    »3_0a.24. 23a;- 16=0.  8.    «^+a:*-2x2+2aj-l=0. 


Graphical  Representation  of  Functions. 

Co-ordinates. 

679.  Two  lines  drawn  at  right  angles  to  each  other  as  in  Fig.  1 
form  a  simple  system  of  lines  of 
reference.  Their  intersection, 
0,  is  called  the  origin.  Distances 
from  0  along  XX^  are  called 
abscissas;  distances  from  XX' 
on  a  line  parallel  to  YV  are 
called  ordinates. 


Fio.  1, 


X'r- 


I 
I 

P 


n2C 


-& 


P' 


r' 


580.  Abscissas  measured  to 
the  right  of  the  origin  are  con- 
sidered positive,  and  to  the  left, 
negative.  Ordinates  measured 
above  XX'  are  considered  posi- 
tive, and  when  taken  beloiw  XX' 
are  negative* 
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581.  The  abscissa  and  ordinate  of  a  pojnt  are  called  the 
co-ordinates  of  that  point,  and  the  lines  XX'  and  YY'  are  called 
Co-ordinate  Axes,  Axis  of  Xy  and  Axis  of  F,  or  Axis,  of  Abscis- 
sas, and  Axis  of  Ordinates. 

582.  Any  point  in  the  plane  can  now  be  ^iven  by  means  of 
these  co-ordinates:  thus  the  point  P  of  the  figure  of  Art.  579  is 
located  by  measuring  off  the  distance  a  to  the  right  of  the  origin 
on  the  axis  of  abscissas  and  then  taking  a  distance  6  ,Tertically 
upwards. 

Since  a  and  b  can  be  either  positive  or  negative,  a !  point  P' 
is  found  by  taking  a  positive  and  b  negative,  P"  is  ifound  by 
taking  a  negative  and  b  negative,  and  P'"  is  found  by  taking  a 
negative  and  b  positive. 

Abscissas  and  ordinates  are  generally  represented  by  x  and 
y  respectively.  Thus  for  the  point  P,  x^a,  and  y=b]  for  P', 
x=ay  and  y=  —6,  etc. 

583.  Instead  of  writing  "  the  point  whose  co-ordinates  are 
5  and  3,"  a  more  concise  form  is  used:,  thus  the  point  (5,  3) 
means  that  the  point  will  be  found  by  taking  an  abscissa  of  5 
units  and  an  ordinate  of  3. 

Locate  the  points 

(3,-2);  (5,8);  (-4,4);  (-8,-3). 


Graph  OF  a  Function. 

584.  Let  f(x)  be  any 
rational  integral  function 
of  X,  and  let  us  place  it 
equal  to  y.  If  we  give  a 
series  of  numerical  values 
to  X  we  can  obtain  corre- 
sponding values  for  y. 
Now  laying  off  the  values 
of  a:  as  abscissas  and  the  i^j. 
corresponding  values  of  y 
as  ordinates,  we  have  a 
series  of  points  which  lie 
upon  a  line  called  the 
graph  of  the  given  func- 
tion. 

Example  1.  Construct 
the  graph  of  2a;— 1. 

Let  2x—l=y.  Giving 
to  z  successive  values,  we 


Fio.  2. 
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Fze.  8. 


Fw.  4. 


obtain   the  corresponding 
values  of  y  as  follows : 

a;=-2,  y=-5. 

a;=-l,  y=~3. 

x=0,     y=-l. 

aj=l,     y=l. 

a;=2,      y=3. 

a;=3,  y=5. 
Locating  these  points  as 
explained  in  Art.  682  and 
drawing  a  line  through 
them,  we  have  in  this  case 
the  straight  line  AB,  Fig.  2, 
as  the  graph  required. 

,    Example  2.    Plot   the 
equation  a;2_2a;— 4. 

Putting  y=a;2-2a;-4, 
we  obtain  the  following 
values: 

a;=-2,  y=4. 

aj=-l,  y=-l. 

a;=0,     y=~4. 

aj=l,      y=— 6- 

a;=2,      y=-4. 

a;=3,     y=-l. 

a;=4,      y=4. 
The  points  lie  on  the 
line  ABC,  Fig.  3,  which  is 
the   graph   of    the    given 
equation. 

Example  3.  Construct 
the  graph  of  aj8— 2a;. 

Assummg  y  =  «»  -  2a;, 
we  have 

a;=~2,  y=-4: 
a;=~l,  y=l. 
a;=0,      y=rO. 
a;=l,     y=-l. 
a;=2,      y=:4. 
The  Une  ABCD,  Fig.  4, 
is  the  required  graph. 

By  taking  other  values 
between  those  assumed,  we 
may  locate  the  curve  with 
greater  precision. 
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585.  In  giving  values  to  x  it  is  evident  that  the  substitu- 
tion of  a  root  gives  y=0,  that  is  the  ordinate,  or  distance  from 
the  Axis  of  Aoscissas,  is  0;  hence  where  the  graph  cuts  the 
Axis  of  X  we  have  the  location  of  a  real  root,  and  the  graph 
will  cross  the  Axis  of  X  as  many  times  as  the  equation  has  real 
and  unequal  roots.  K  the  roots  of  the  equation  be  imaginary, 
the  curve  will  not  touch  the  Axis  of  X. 

EXAMPLES  L.  h. 

Construct  the  graphs  of  the  following  functions  : 
1.  2x-3.     2.  a;2+2x4-l.      8.    sc^-S.  4.  x^-\-x-l. 

5.  y?-2,      6.  o'-Sx+S.      7.  a;4_3a;2+3.     8.  a^+3x2+5aj-12. 

Solution  op  Higher  Numerical  Equations. 
Commensurable  Roots. 

586.  A  root  which  is  either  an  integer  or  a  fraction  is  said 
to  be  commensurable. 

By  Art.  553  we  can  transform  an  equation  with  fractional 
coefficients  into  another  which  has  all  of  its  coefficients  integers, 
that  of  the  first  term  being  unity :  hence  we  need  consider  only 
equations  of  this  form.  Such  equations  cannot  have  for  a  root 
a  rational  fraction  in  its  lowest  terms  [Art.  546],  therefore  we 
have  only  to  find  the  integral  roots.  By  Art.  541  the  last  terra 
oif(x)  is  divisible  by  every  integral  root,  therefore  to  find  the 
commensurable  roots  of  /(x)  it  is  only  necessary  to  find  the 
integral  divisors  of  the  last  term  and  determine  by  trial  which  of  them 
are  roots. 

587.  K  the  divisors  are  small  numbers  we  may  readily 
ascertain  by  actual  substitution  whether  they  are  roots.  In 
other  cases  we  may  use  the  method  of  Arts.  533  and  537  or  the 
Method  of  Divisors,  sometimes  called  Newton* s  Method. 

Suppose  a  to  be  an  integral  root  of  the  equation 

a;'»4-J0ia;»-^+i>2a?'*"^+ +;>n-ia;+i?«=0. 

By  substitution  we  have 

a*»4-;?ia»-i4-i?2«"~^+ +;)n-ia+;?«=0. 

Transposing  and  dividing  throughout  by  a,  we  obtain 

^  =  -i?»-i- -p^a^-^-p^a^-^-a^-S 
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in  which  it  is  evident  that  —  must  be  an  integer.    Denoting  — 
by  Q  and  transposing  —  p»-i, 

Dividing  again  by  a  gives 

Again,  as  before,  the  first  member  of  the  equation  must  be 
an  integer.  Denoting  it  by  Q^  and  proceeding  as  before,  we 
must  after  n  divisions  obtain  a  result 

Qn-i+Pi^     I 
a  ' 

Hence  if  a  represents  one  of  the  integral  divisors  of  the 
last  term  we  have  the  following  rule : 

Divide  the  last  term  by  a  and  add  the  coefficient  ofx  to  the  quotient. 
Divide  this  sum  by  a,  and  if  the  quotient  is  an  integer  culd  to  it 

the  coefficient  ofx^. 

Proceed  in  this  manner,  and  if  k  is  a  root  of  the  equation  each 

quotient  will  be  an  integer  and  the  last  quotient  will  5e  —  1. 

The  advantage  of  Newton's  Method  is  that  the  obtaining  of 
a  fractional  quotient  at  any  point  of  the  division  shows  at  once 
that  the  divisor  is  not  a  root  of  the  equation. 

Example..  Find  the  integral  roots  of  «*+4ac8— aj^— 16x— 12=0. 
By  Descartes'  Rule  the  equation  cannot  have  more  than  one  posi- 
tive root,  nor  more  than  tliree  negative  roots. 

The  integral  divisors  of  -12  are  ±1,  ±2,  ±3,  ±4,  ±6.  Sub- 
stitution shows  that  —1  is  a  root,  and  that  +1  is  not  a  root. 

To  ascertain  if  2  is  a  root,  arrange  the  work  as  follows : 
l-f-4-  1-16-12  |2 
_1_6-11-  6 
-2-12-22 
Hence  2  is  a  root. 

[Explanation.  The  first  line  contains  the  coefficients  of  the 
original  equation,  and  the  divisor  2.  Dividing  the  last  term,  —12, 
by  2  gives  a  quotient  —6 ;  adding  —16,  the  coefficient  of  «,  gives 
—22.  Dividing  —22  by  2  gives  — 11 ;  adding  —1,  the  coefficient 
of  a;2,  gives  —12.  Dividing  —12  by  2  gives  —6;  adding  -f-4,  the 
coefficient  of  x^,  gives  —2,  which  divided  by  2  gives  a  finsd  quotient 
of  —1,  hence  2  is  a  root.] 
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Since  the  equation  can  have  no  more  than  one  positive  root,  we 
will  only  make  trial  of  the  remaining  negative  divisors,  thus : 

I4.4-I-I6-I2  1^  1+4-1-16-12  1^-4 

+  2  4-  3 

-14  -13 

Hence  —6  is  not  a  root.  Hence  —4  is  not  a  root. 

1+4-1-16-12  [-3  1+4-1-16-12  |-2 

-1^1+4+  4  -1-2+5+  6 

+3+3-12  +2+4-10 

Hence  —3  is  a  root.  Hence  —2  is  a  root 


EXAMPLES  L.  i. 

Solve  the  following  equations,  which  have  one  or  more  inte- 
gral roots ; 

1.    x«-9a;2+26x-24=0.  2.  a^-x-2a;2+2=0. 

3.    2a^+5x2-lla;+4=0.  4.  4x8- 16x2 +31x- 14=0. 

6.  x8-2x2-29x+30=0.  6.  x8-8x2+6x+14=0. 

7.  x*-2x8-7x2+8x+12=0.         8.  x*-4x8-14x2+36x+46=0. 
9.     x*-3x2-42x-40=0.              10.  x*-10x2-20x-16=0. 

11,    x*+8x8+9x2-8x-10=0.       12.  x*+2x8-7x2-8x+12=0. 

13.     x*-3x2-6x-2=0.  14.  x*-2x8-12x2+10x+3=0. 

16.  6x*-x8-17x2+16x-4=0.     16.  x*-2x8-13x2+14x+24=0. 

17.  x*+4x8-22x2-4x+21=0.     18.  x* + 2x8  -  7x2 -8x+ 12=0. 
19.    x*-6x2-16x+21=0.              20.  x*+4x8-x2-16x-12=0. 

21.  2x*-x8-29x2+34x+24=0. 

22.  x5-3x*-6x8+15x2+4x-12=0. 


}$.. 


Cardan's  Method  for  the  Solution  of  Cubic  Equations. 

588.    The  general  type  of  a  cubic  equation  is 
x8+Px2+Qa:+iJ=0, 
but  as  explained  in  Art.  556  this  equation  can  be  reduced  to  the 
simpler  form  x8 + ^x + r = 0, 

which  we  shaU  take  as  the  standard  form  of  a  cubic  equation. 


sf 
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689 .     To  solve  the  equation  x^-i-qx+r=0. 
Let  x=y+z;  then 

and  the  given  equation  becomes 

y»+2«+(3y2+9)x+r=0. 

At  present  y,  z  are  any  two  quantities  subject  to  the  con- 
dition that  their  sum  is  equal  to  one  of  the  roots  of  the  given 
equation ;  if  we  further  suppase  that  they  satisfy  the  equation 
3^2+5=0,  they  are  completely  determinate.    We  thus  obtain 

y«+2»=-r (1), 

^=-2!? (2)' 

Solving  this  equation, 


hence  y«-_^=__r,  or  y«+ry»=2!. 


^  2      ^4      27  ^  ^' 

Substituting  in  (1),       ^=-^-Vj+^ W- 

We  obtain  the  value  of  x  from  the  relation  x=y+z;  thus 

■'H-^}**{-i-^f <^'- 

The  above  solution  is  generally  known  as  Cardan's  Solution, 
as  it  was  first  published  by  him  in  the  Ars  Magna,  in  1545. 
Cardan  obtained  the  solution  from  Tartaglia ;  but  the  solution 
of  the  cubic  seems  to  have  been  due  originally  to  Scipio  Ferreo, 
about  1505. 

In  this  solution  we  assume  x=y+z,  and  from  (2)  find 
z=  — 2.J  hence  to  solve  a  cubic  equation  of  the  form  x'+qx+r=0 

3y 

toe  substitute  J—  ^  for  x. 

3y 
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Example.    Solve  the  equation  oi^—16x=126. 

I*^t  y-  (^ir^\  or  y  +  -  for  x,  then 
V  3y  y  y 

yS+Wy+  Z5  + 1^  _  I5y~  Z5  =  126, 

or  y8+ 1^=126, 

y8 

whence  y« — 126y8  _.  _  126. 

.-.  y«=125, 

.-.  y=6. 

But  x=y+^=6. 

y 

Dividing  the  given  equation  ic*—16x— 126=0  by  x— 6,  we  obtain 
the  depressed  equation 

xaH-6x+21=0, 

the  roots  of  which  are  -3H-2V^,  and  -3-2 V^. 

Thus  the  roots  of  x8-16x=126  are  6,  -3+2V^,  and  -3 
-2V-3. 

EXAMPLES  L.  k. 

Solve  the  following  equations : 

1.    x8-18x=36.  2.  x8+72x- 1720=0. 

3.    x3+63x-316=0.  4.  x8+21x+342=0. 

5.    28x»-9x2+l=0.  6.  x8-15x2-33x+847=0. 

7.    2x8H-3x2+3x+l=0.  8.  x8-6x2+3x-18=0. 

9.    8x8-36x+27=0.  10.  x8-15x-4=0. 

Incommensurable  Roots. 

590.  The  incommensurable  roots  of  an  equation  cannot  be 
found  exactly.  If,  however,  a  sufficient  number  of  the  initial 
figures  of  the  root  have  been  found  to  distinguish  it  from  the 
other  roots  we  may  carry  the  approximation  to  the  exact  value 
to  any  required  degree  of  accuracy  by  a  method  first  published 
in  1819  by  W.  G.  Homer. 
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Horner's  Method  of  Approximation. 
591.    Let  it  be  required  to  solve  the  equation 

aJ»-3a;a-2x+5=0 (1) 

By  Sturm's  Theorem  there  are  3  real  roots  and  one  of  them 
lies  between  1  and  2 ;  we  will  find  its  value  to  four  places  of 
decimals,  which  will  sufficiently  illustrate  the  method. 

Diminishing  the  roots  of  the  equation  by  1  [Arte.  554,  555], 
we  have 


-3 

-2 

+  5 

1 
-2 

-2 
-4 

-4 

1 

1 
-1 

-1 
-5 

1 

0 

The  transformed  equation  is 

y«-5y  +  l=0 (2). 

P^quation  (1)  has  a  root  between  1  and  2.  The  roots  of  equation 
(2)  are  each  less  by  1  than  those  of  equation  (1);  hence  equation 

(2)  has  a  root  between  0  and  1.  This  root  being  less  than  unity 
the  higher  powers  of  y  are  each  less  than  y.  Neglecting  them, 
we  obtain  an  appropriate  value  of  y  from 

-5y  +  l=0,  ory=2* 

Diminishing  the  roots  of  (2),  the  first  ti'ansformed  equation, 
by  '2,  we  have 

1         dbO         -5  4-1  h2_ 

j2        ^  -992 

•2         -4-96  -008 

j2         'OS 

•4         -4-88 
j2 
•6 
The  transformed  equation  is 

28  +  •6z2-4-88z  +  -008 (3). 

Equation  (2)  has  a  root  between  -2  and  -3  ;  the  roots  of  equation 

(3)  are  less  by  -2  than  those  of  equation  (2) ;  hence  equation 
(3)  has  a  root  between  0  and  -1.  Neglecting  the  higher  powers 
pf  z,  we  have 

-4-882 +-008=0,  or  «=-001. 
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Dimiuishing  the  roots  of  (3),  the  second  transformed  equa- 
tion, by  -001,  we  have 

1          +.6            -4-88                +-008                1-001 
•001  -000601         --004879399     


•601         -4-879399  -003120601 

•001  -000602 


•602         -4-878797 
-001 
-603 
The  transformed  equation  is 

i;8+  -603i;2- 4-878797*7  + -003120601 (4). 

Equation  (3)  has  a  root  between  -001  and  '002;  the  roots  of 
equation  (4)  are  less  than  those  of  equation  (3)  by  •OOl ;  there- 
fore equation  (4)  has  a  root  between  0  and  -001.    Solving 

-  4-878797i;  +  -003120601 = 0, 

we  have  u  =  -0006.  Diminishing  the  roots  of  (4),  the  third 
transformed  equation,  by  -0006,  we  find  this  to  oe  the  correct 
figure  for  the  fourth  decimal  place ;  hence  the  value  of  a:  to  four 
places  of  decimals  is  1-2016. 

Denoting  the  coefficients  of  successive  transformed  equations 
by  (A),  (B),  (C),  etc.,  the  work  is  more  compactly  arranged  thus : 


•    -3 

1 
-2 

1 
-1 

1 

(A) 

-2 
-2 
-4 
-1 
-5 
•04 

+  5                  11-2016 
-4                 

(A)  1 

-  -992 

(B)  -008 

-  -004879399 

(A)     0 
•2 

-4^96 
•08 

-(C)       -003120601. 

•2 

(B) 

-4-88 
-000601 

•4 
•2 

-4-879399 
•000602 

(B)  -6 
•001 
•601 
•001 
•602 
•001 

(C)  -603 

(C) 

-4-878797 

454  ALGEBRA. 

We  may  now  state  the  rule  for  finding  the  approximate 
value  of  a  positive  incommensurable  root  by  Horner's  Method. 

Find  the  integral  part  of  the  root  by  Sturm*s  Theorem  or  method 
of  Art.  573. 

Transform  the  equation  into  another,  each  of  whose  roots  shall 
be  less  by  the  integral  part  of  the  root. 

If  in  this  transformed  equation  the  coefficient  of  the  first  power 
of  the  unknown  quantity  and  the  last  term  have  the  same  sign, 
another  figure  of  the  root  should  be  found  by  the  method  used  to  find 
the  integral  part  of  the  root.  If,  however,  the  signs  of  these  tenns 
are  unlike,  divide  the  latter  by  the  former,  and  the  first  figure  of  the 
quotient  will  be,  approximately,  the  next  figure  of  the  root. 

Transform  the  last  equation  into  another  whose  roots  shall  be  less 
by  this  approximate  figure  of  the  root  found  by  division,  and  proceed 
as  before  to  find  another  figure  of  the  root. 

592.  It  sometimes  happens  that  the  division  of  the  last 
term  of  the  first  transformed  equation  by  the  coefficient  of  x  in 
that  equation  gives  a  quotient  greater  than  unity.  In  that 
case,  as  where  the  signs  of  these  terms  are  alike,  we  obtain 
another  figure  of  the  root  by  the  method  used  to  obtain  the 
integral  part  of  the  root. 

593.  If  in  any  transformed  equation  after  the  first  the  signs  of 
the  last  two  terms  are  the  same,  the  figure  of  the  root  used  in  making 
the  transformation  is  too  large  and  must  be  diminished  until  these 
terms  have  unlike  signs. 

594.  If  in  any  transformed  equation  the  coefficient  of  the 
first  power  of  the  unknown  quantity  is  zero,  we  may  obtain  the 
next  figure  of  the  root  by  using  the  coefficient  of  the  second  power 
of  the  unknown  quantity  as  a  divisor  and  taking  the  square  root  of 
the  result. 

595.  Negative  incommensurable  roots  may  be  found  by  trans- 
forming the  equation  into  one  whose  roots  shall  be  positive 
[Art.  551],  and  finding  the  corresponding  root.  This  result 
with  its  sign  changed  will  be  the  root  required. 

596.  By  Horner's  Method  we  can  find  approximately  any 
root  of  any  number;  for  placing  ^a  equal  to  x  we  have  for 
solution  the  equation  x!^  =  a,  or  a:**  — a=0. 
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EXAHPLES  L.  1. 

Compute  the  root  which  is  situated  between  the  giveji  limits 
in  the  following  equations : 

1,  x^-\-  10a2+6x- 120=0 ;  root  between  2  and  3. 

2,  aj8— 2a;-5=0 ;  root  between  2  and  3. 

3,  x*-2x«+21x-23=0  ;  root  between  1  and  2. 

4,  x8+ a -1000=0  ;  root  between  9  and  10. 

5,  a;8+x2+x- 100=0  ;  root  between  4  and  5. 

6,  2x8+3a;2_4x-10=0 ;  root  between  1  and  2. 

7,  «» -  46x2  -  36x + 1 8 = 0 ;  root  between  0  and  1. 

8,  x8+x— 3=0;  root  between  1  and 2. 

9,  x8+2x-20=0;  root  between  2  and  3. 

10.  x8+10x2+8x-120=0 ;  root  between  2  and  3. 

11.  3x8H-5x-40=0  ;  root  between  2  and  3. 

12.  x»-12x2+12x-3=0 ;  root  between  -3  and  -4. 

13 .  x5  -  4x* + 7x8  -  863 = 0 ;  root  between  4  and  5. 

Find  the  real  roots  of  the  following  equations : 

14.  x8-3x-l=0.  15.    x8-22x-24=0. 

16.     x4-8x8+12xa+4x-8=0.         17.    x*+x8+x2+3x-100=0. 

Find  to  four  decimals,  by  Horner's  Method,  the  value  of  the 
following : 

18.    ^1.  19.    ^13.  20.    {/6.  21.    V' 


inSOEUiAKEOnS    EXAMPLES. 


1.  Simplify    6- {6 -'<a+6)-[6-(6-a-6)]+2a}. 

2.  Find  the  sum  of 

a+6-2(c+cQ,  6+c-3(c?+a)and  c  +  fl?-4(a+5), 

12  1 

3.  Multiply  ^^+^2f  by  a?-gy. 

4.  If  ^=6,  y=4,  «=3,  find  the  value  of  il2x  +  Zy-\-z. 

5.  Find  the  square  of  2  -  3a? + ^p^^ 

.     Solve + -=2. 

X-\       07-6 

7.  Find  the  H.C.F.  of  a^  -  2o  -  4  and  a^  -  a^  -  4. 

8.  Simphfy^3^^  +  ^--^-^-^. 

9.  Solve  |a;+|=13l 

10.  Two  digits,  which  form  a  number,  change  places  when  18 

is  added  to  the  number,  and  the  sum  of  the  two  numbers 
thus  formed  is  44 :  find  the  digits. 

11.  If  a=l,  6=  -2,  c=3,  d=  -4,  find  the  value  of 

10a -(c+ 6)2      ' 

12.  Subtract  -sfi+y^-z^  from  the  sum  of 

3^+4y'»     iy^+^^^    ^^  3^^ "4** 

13.  Write  down  the  cube  oi  x  +  8y . 

14.  Simplify  5±^3X^,xy. 

15.  Solve?(2a7-V)-|(.r-0)  =  ^^+4. 

16.  Find  the  H.  C.  F.  and  L.  C.  M.  of 

a^+a^+^x-A  and  a?3+ac8-4. 

^^  23 
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17.  Find  the  square  root  of  4a* + 9  (1  -  2a) + Za^  (7  -  4a). 
no       o.  1  -^  +  ^      ^  ^ 

18.  Solve  y^—2~  "*"  3  | 

^""    2    ^3J 

19.  Simplify  (^^^-^-.^-^. 

20.  When  1  is  added  to  the  numerator  and  denominator  of  a 

certain  fraction  the  result  is  equal  to  - ;  and  when  1  is 

subtracted  from  its  numerator  and  denominator  the  result 
is  equal  to  2  :  find  the  fraction. 

21.  Show  that  the  sum  of  12a + 66  -  c,  -  7a  -  6 + o  and  a + 6  +  Gc, 

is  six  times  the  sum  of  25a  + 136  -  8c,  —  13a  — 136  -  c,  and 
-lla+6  +  lOc. 

3  1 

22.  Divide  ^  —  an/ -{■ -r^^^  by  x  —  -ry, 

23.  Add  together  18 1^  -  i  (|^+  ^)l , 

24.  Find  the  factors  of 

(1)  10^+79j7-8.         (2)  729^-/. 

__      „  .      2a'-1  ,  5^  +  3     -     407-118 

25.  Solve-^+— ^-=3-— -3— . 

26.  Find  the  value  of 

(5a-36)(a-6)-6{3a-c(4a-6)-62(a+c)}, 

whena=0,  6=-l,  c=^. 

27.  FindthelLCF.  of 

7;r3- 10072-7:^+10  and  2^73  - 072 -2or+l. 

28     Simplify  ^-'^^^+^-^^'-^^-^-^^+^^' 

29.  Solve  3a6o7+  y=  96| 

4a6o7+3y=176J  ' 

30.  Find  the  two  times  between  7  and  8  o^clock  when  the  hands 

of  a  watch  are  separated  by  15  minutes. 


%L     If  «**!,  6=— 2,  ^=s3y  </=— 4,  findtheTilaec^ 

02L     MtiltiiJ/  the  prodoci  of  -  jr*  _    ^^j^^nd    j^+jr  bj  jr» — ^. 
33«    Simplify  by  removiDg  brackets 


46. 


34«     Find  tha  temaiDder  when  5i;r^-7Jc'+3LE'— 4r+8  is  divided 

by^r-^ 

3».    Solve  £:ill+y=i8^ 

4 

37.  Find  the  square  root  of  Aafi-  12iF*+2a»»+9^-42r+49. 

38.  Bolvo  -OOeor-  '491  +  '7234?=  -  -005. 

39.  Find  the  L.  C.  M.  of  a^  +^,  3a?* + 2^  -y«  and  a?*  -  a^-{-xy^. 
40#    A  bill  of  912.50  is  paid  with  quarters  and  half-dollars,  and 

twice  the  number  of  half-dollars  exceeds  three  times 
that  of  the  quarters  by  10 ;  how  many  of  each  are  used? 

41.  Simplify 

(a  +  6  4-  0)3- (a  -  6  +  c)3+(a+  h  -  c)2-(  -a+6  +  c)2. 

42.  Find  the  remainder  when  a*-  Za^h  +  2a*62  -  6*  is  di\dded 

by  a^-ab+2h^, 

43.  If  a=0,  6  =  1,  c=  -2,  rf=3,  find  the  value  of 

(3a6(j  -  26cff)  i/a^bc-c^bd  +  S. 

44.  Find  an  expression  which  will  divide  both  4a^+3jff— 10  and 

4jfi + *laf  -  3^  - 1 5  without  remainder. 

ab         I  _l 

45.  Simplify  g^,^,  x  ■— - 

1*  — 


Find  the  cube  root  of  8a?3  -  2a?V  +  ^  ~  ^  • 


47.    Solve  9a?  +  8y=43a.3^| 

8j;  +  9y-42r^J 


23—2 
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48.  Simplify  ^-^-^^-^^-2^(^-3^. 

49.  Find  the  L.C.  M.  of  8^  +  38:^2+59^+30 

and  6:F3-18a;2_  13^+30. 

50.  A  boy  spent  half  of  his  money  in  one  shop,  one-third  of  the 

remainder  in  a  second,  and  one-fifth  of  what  he  had  left 
in  a  third.  He  had  20  cents  at  last ;  how  much  had  he 
at  first? 

51.  Find  the  remainder  when  ^'^  — 10a7<^+8^--7a;^+3a7-ll  is 

divided  by  ^  -  5a; +4. 

52.  Simplify  4 |a-|^6-~)|{i(2a-6)+2(6-c)}. 

25  3 

53.  If  a=~»  ^^^>  ^^J>  prove  that 

3^4 

54.  Fmd  the  L.O.M.  of  ^  -  7^  + 12,  3^«  -  Gr  -  9,  and  2a^-(jx-  8. 

55.  Find  the  sum  of  the  squares  of  aa7+6y,  hx-ay^  ay-{-hx, 

hy  —  ax\  and  express  the  result  in  factors. 

rn        CI    1         X       y       Zx  —  bZ       Z        Iv       _ 

56.  Solve  g  +  ^ -^ 8  +  i^=l- 

„     „.      ...   o'+6'      a+b      1  fa-6         1   ) 

57.  Simplify  ^j-^--,-^,- 2  {^q^---::j|. 

58.  Solve  a;-(3^-^)  =  i(2:r+67)+|(l+f). 

59.  Add  together  the  following  fractions : 

2  -Ax  a^  -^ 


a^  +  xy+y^^    x^-y^^    y^{x-y)^^    a^-y^' 

60.  A  man  agreed  to  work  for  30  days,  on  condition  that  for 

every  day's  work  he  should  receive  $2.50,  and  that  for 
every  day's  absence  from  work  he  should  forfeit  $1.50 ; 
at  the  end  of  the  time  he  received  $51 :  how  many  days 
did  he  work  ? 

61.  Divide -^  +  27 —-Aa/^+-^ j-by  g+S-^r. 

62.  Find  the  value  of 

when  x==  -  ^  and  y «* 2. 
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fio      a-       rr     10^-11  lO.r-1  ^2-2a?+6 

63.  Simplify  3^--^ -3^^-^-^^  +  -^^^ 

64.  Find  the  cube  root  of  ^^-?^^+??^^-L'a;3. 

^_      „  .      4:f-17  .  IOf-IS     &F-30  ,  6a7-4 

65.  Solve  -^-^+-^^-3-=.^^-^  +  -— J-. 

66.  Find  the  factors  of 

(1)  a^+6x^  +  a:+b.         (2)  ^-2x^-323^2. 

67.  Solve  \  (^+2/) + 2^= 21 

69.  Find  the  square  root  of  -  (36  -  2c  -  2ay  {2  (a + c)  -  36} . 

70.  The  united  ages  of  a  man  and  his  wife  are  six  times  th  e  united 

ages  of  their  children.  Two  years  ago  their  united  ages 
were  ten  times  the  united  ages  of  their  children,  and  six 
years  hence  their  united  ages  will  be  three  times  the 
united  ages  of  the  children.  How  many  children  have 
they? 

71.  Find  the  sum  of     ^-3a^-|y^     2^2-13^3  +  ^2^ 

o  o 

^y--^y^+yS  and  2xy  -  gy3. 

72.  From  {(a ^■h){a-x)-{a- h) (b - ai)}  subtract  (a + 6)2 - 26a?. 

73.  If  a=5,  6=4,  c=3,  find  the  value  of 

/y6a6c+(6  +  c)^+(c+a)3  +  (a+6)3-(a+6+c)3. 

74.  Find  the  factors  of 

(1)  3^+6:r2_i89:p.         (2)  a2+2a6  +  62+a+6. 

75.  Solve  p^=22/\ 

{p+q)x-{q-p)y=^r  ]' 

76.  SimpHfy 


2^+^+1'     4(^-§) 
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-_     Q  .       -^-7  .         1  2^-15 

^-     ^^^^"^TT-^  2(^+7)  =^2^::6- 

78.  Keduce      .  _ = —  to  its  lowest  terms. 

79.  Add  together  the  fractions : 

and 


2j^»-4:p+2'    2^+4^+2'  l-a^' 

80.  A  number  consists  of  three  digits,  the  right-hand  one  being 

zero.  If  the  left-hand  and  middle  digits  be  interchanged 
the  nimiber  is  diminished  by  180 ;  if  the  left-hand  digit 
be  halved,  and  the  middle  and  right-hand  digit  be  inter- 
changed, the  number  is  diminished  by  336:  find  the 
number. 

81.  Divide  l-5a;+-^p=- ar3-^rTrr-^--7r^  by  l-a?-r-5^^. 

ID  2s25  ^  15 

82.  If  p=l,  q^^a  ,  find  the  value  of 


2p+q-{p-(q--p)} 

83.  Multiply  :^-5^+|+9  by  ^-07+3. 

84.  Find  the  L. CM.  of 

(a26-2a62)2^  2a^-Zab-2h'^,  and  2(2a2+a6)«. 

85.  Solve  ?^^  =  J^  +  ?^^ 

^+1       4^+4     3^+1 

86. '  Reduce  -^-^ — _  o  .  ..,. ttt  to  its  lowest  terms. 

87.    Find  the  square  root  of 

4a*  +  9  (a^  +  ^Wl2o(a2+l)  +  18. 

^-     S^l^«  2^+1  =  ^+^ 

89.    Multiply 

Zx+Ay+  ii^L  by  10^-3y-ila. 
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90.  A  bag  contained  ten  dollars  in  dimes  and  quarters ;  after 

17  dimes  and  6  quarters  were  taken  out,  three  times 
as  many  quarters  as  dimes  were  left :  find  the  number 
of  each  coin. 

91.  Find  the  value  of 

5(a-6)-2{3o-(a+6)}+7{(a-26)-(5a-26)}, 

when  a=  -  3  &• 

92.  Divide  3a;*-5^+7a^»-llar-13  by  3a;-2. 

93.  Find  the  L. CM.  of 

15(jpH^),  Hp'-pq+f)^  ^(j^+pqW)  and  ^{p^-q^, 

94.  Resolve  into  factors  : 

(1)  a' -8616.  (2)   -^+2a7-l+;r*. 

95.  Solve  £±^=41:^,. 

96.  Simplify 

.    35a2W-4963f  ,y^ -7^+81/^-127/ 

^  '   65o66c-91a^6^c2'  ^^         2y2_2y-60 

97.  Solve  7a7-9y+4?«lG 

x+y     x+y+z 


98. 


3  2 

2a;-3^  +  4?-5=0 

a      2y 
Simplify  1-^1  ^  f^r^/--g  X ^. 

^    y+1 

99.  Find  the  square  root  of 

4qg  -  12a6  -  66c  +  4ac  +  96^  +  c^ 
4a2  +  9c2-12ac  * 

100.  The  express  leaves  New  York  at  3  p.m.   and  reaches 

Albany  at  6  ;  the  ordinary  train  leaves  Albany  at  1.30 
p.m.  and  arrives  at  New'  York  at  6.  K  both  trains 
travel  uniformly,  find  the  time  when  they  will  meet. 

101.  Solve  (1)  •6a:  +  -75x--16=a;~-583x+5. 

^  ^  x^-5x-\-Q    x-2    3-x 


102. 
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Simplify  (1)  ^2q:^+^  +  a2_a^+^2  +  a4+a2^2+^- 


(2)  {l+xy-- 


|2-4- 


1+- 


1-5?  +  :: 


l+X  +  X^ 

103.  Fiud  the  square  root  of 

a.+^_6(««+^)+16(a«+|,)-20; 

also  the  cube  root  of  the  result, 

104.  Divide  1-2^  by  l  +  Sx  to  4  terms. 

105.  I  bought  a  horse  and  carriage  for  11450 ;  I  sold  the  horse 

at  a  gain  of  5  per  cent.,  and  the  carriage  at  a  gain  of  20 
per  cent.,  niaking  on  the  whole  a  gain  of  10  per  cent. 
Find  the  original  cost  of  the  horse. 

106.  Find  the  divisor  when  {Aa^+*Iab+bb")^  is  the  dividend, 

8  (a +26)2  thQ  quotient^  and  b^  (9a +116)*  the  remainder. 

107.  Solve    (1)    507  (a; -3)  =  2  (a? -7). 

1  3  2 

^^^  (:r-l)(^-2)'*"^"^2"*"J^- 

108.  If    a;=a-hb+-;-. — -;. ,  and  y=— 7—  + j-> 

4(a+6)'  ^        4        a  +  6 

prove  that    {x  -  of  -  (y  -  h)^ = h^- 

109.  Find  the  square  root  of 

^^^+-25 r--5+^- 

110.  Solve        ^+^        •        ^-^  ^ 


111.     Subtract      ,^"^^,^  from       '^'^"^ 


^2+^-12             a72-x-12' 
and  divide  the  diflference  by  1  +  -^^ ,-{; 

112.  .  Find  the  H.C.F.  and  L.C.M.  of 
24;»+(6a-106)^-30a6  and  3r2-(9a+156)d;  +  45a6. 

113.  Solve    (1)  ^ca^^ahx  +  Zahd^Acdx. 

fa\       J^    __9  5  _    ^     _    8a?-l 
^^'    2(a?  +  3)     ^^"a^a^g      4(;P-3)* 
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114.  K  a=l,  6=2,  c=3,  d=^4y  find  the  value  of    , 

115.  I  rode  one-third  of  a  journey  at  10  miles  an  hour,  one-third. 

more  at  9,  and  the  rest  at  8  miles  an  hoiu*;  if  I  had 
ridden  half  the  journey  at  10.  and  the  other  half  at 
8  miles  per  hour,  I  should  have  been  half  a  minute  longer 
on  the  way :  what  distance  did  I  ridel 

116.  The  pBoduct  of  two  factors  is  (3.r+2v)3-(2a7+3y)3,  and 

one  of  the  factors  is  ^  -y ;  find  the  other  factor. 

117.  If  a  +  6= 1,  prove  that  (a^  -  62)2=a3  +  b^-db. 

118.  Resolve  into  factors : 

(1)   ^+y5+3ay(^+y).       (2)    w8-n3-m(m2-n2)  +  n(m-w)3. 

119.  Solve       (1)    :r3-y8=28\        (2)    a^-6^4-lly2=9) 

^+43^+y^=7  J  '  ^-3y=l/- 

120.  Find  the  square  root  of 

(a_6)4_2(a2  +  62)(a-6)2+2(a*  +  6*). 

121.  Simplify  the  fractions 

(1) 


1 

(2) 

(-^  ('-!)• 

a'-l      - 

1 

122.  Find  the  H.C.F.  of 

a%  +  b^c  -  abc  -  ab^  and  ax^ +ab'-a^-  bx^. 

123.  A  village  had  two-thirds  of  its  voters  Republicans :  in  an 

election  25  refused  to  vote,  and  60  went  over  to  the 
Democrats;  the  voters  were  now  equal.  How  many 
voters  were  there  altogether? 

124.  Solve    (1)    -^^+(a-6)=^. 

125.  Si^plif,        a)(l.3^d^,(,_^||=^. 

126.  Divide 

ar*+(a-l)jp3-(2o-M)^+(a24-4a-5)^+3a+6 
by  ;r2- 3^+0+2. 
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127.  Resolvd  into  factors : 

4 
(1)    a;2+5-py_24y2+a?-3y.  (2)    ^--. 

128.  Find  the  square  root  of  2>^-3g  to  three  terms, 

129.  Solve     (1)    _^-_^  =  _^-— 3. 

(2)    aa?+l=6y+l=ay  +  6a?. 

130.  Find  the  H.C.F.  of  Za^+{Aa-^h)x-2ah+a^  and 

^  +  (2a  -  6)^  -  (2a6  -  a^)  a?  -  0*6. 

131.  Simplify 

132.  At  a  cricket  match  the  contractor  provided  dinner  for  27 

persons,  and  fixed  the  price  so  as  to  gain  12}  per  cent, 
upon  his  outlay.  Six  of  the  cricketers  being  absent, 
the  remaining  21  paid  the  fixed  price  for  their  dinner, 
and  the  contractor  lost  $3 :  what  was  the  charge  for 
the  dinner  ? 

133.  Prove  that  a?(?<+2)+- +  ^  is  equal  to  a,  if 

IM.    Find  the  cube  root  of 

*»-12*»+64*-112+— -^  +  4. 

135.  FindtheRCF.  andL.O,M.  of 

a;S+2a3r»+a*a?+2a»  and  a^-^cuxi^^'a^x-^K 

136.  Simplify 

m    45+a     a-46     a»-35g 
^^     36+a"*'a-.36"^a2-962- 

137.  Resolve  Aa^  {x^+ 18a62)  _  {Z2a^+Qh^a^)  into  four  factors. 

138.  Solve   (1)  6V3^-l  =  V75a?-29. 

(2)    ^=70,      -^=84,      ^  =  140. 
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130.     Show  that  the  difference  between 

+ ^  + and  +    — i  + 

x-a     x  —  o     x—c  x—a     x-o     x—c 

is  the  same  whatever  value  x  may  have. 
IIS  lis 

140.  Multiply   ^+2y»+a^  by  ^-23^-3^. 

141.  Walking  4^  miles  an  hour,  I  start  1^  hours  after  a  friend 

whose  j)ace  is  3  miles  an  hour :  how  long  shall  I  be  in 
overtaking  him? 
142i     Express  in  the  simplest  form 

(1)    (8'»+45)xl6"^.  (2)    r  •^'^3^}"^'^'' 

33*  X  9 

143.  Find  the  square  root  of 

£+2+3-2, A- 2.  A. 

144.  Simplify 

^^    Xx-l     x+\)'afi+\'         x^  +  a^  +  l 

^  '    \a2-2ay+y2  '    »-yJ      \o^+y^    '      a^  —  a7/+y^   y 

145.  Find  the  value  of 

(1)     V8+V50-Vi8  +  V48.         (2)     V35  +  14^6. 

HM^     a  1         /i\     ^-^     ^-^       2(a-5) 

146.  Solve     (1) r  =  —  7 — 7^  • 

*  ^  ^    x-a     x-b     x-{a+b) 

(2)  2x  +  St/^li\ 

4a7a+9a7y+V=ll  J  • 

147.  Show  that 

{a+hf-c^     (6+c)3-a3     (c4.a)3_y 
{a+b)-c         b+c-a  c+a-b 

is  equal  to     2(a+b+c)^+a^+b^+<^. 
11        11 

148.  Divide  a—x-h  4a^.7^  —  4a'a;" 

1        111 
by  a^+2aV-^. 

149.  Find  the  square  root  of 

(a-l)*+2(a*  +  l)-2(a2+l)(a-l)«. 
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150.  How  much  are  pears  a  gross  when  12  more  for  a  dollar 

lowers  the  price  five  cents  a  dozen  ? 

151.  Show  that  if  a  number  of  two  digits  is  six  times  the  sum 

of  its  digits,  the  number  formed  by  interchanging  the 
digits  is  five  times  their  sum. 

152.  Find  the  value  of 

1^ 1 1 

(a-6)(6-c)     (6-c)(a-c)     ((j-a)(6-a)' 

153.  Multiply 

3+5a? T-— = by  5-2^-i jr — ^ . 

4+7x  ^  3-407 

154.  If  ^--  =  1,  prove  that  ^72+  — =3,  and  a;3___-.4, 

155.  Solve      (1)    g  +  ^  =  i(.;+6). 


(2)     ai;8-3y2«23] 
2^-3/=  3J 


} 

(1)     lfV20-3./6-yi.         (2)^/^U^- 

^  y"'\^/     J 


166.    Simplify 


1 


157.  Find  the  H.  C.  F.  of  (p^  - 1)  ^+ (3jp  -  1)  ^  -p  {p  - 1)  and 

jD  (jE?+ 1)  ^- (/>2_2jt?  -  l)^-(jo- 1). 

158.  Beduce  to  its  simplest  form 


159.  Find  the  square  root  of 

(1)     l-22*+i+42»».  (2)    9»»~2.C'»+4» 

160.  A  clock  gains  4  minutes  a  day.    What  time  should  it 

indicate  at  6  o'clock  in  the  morning,  in  order  that  it 
may  be  right  at  7.15  r.M.  on  the  same  day? 

161.  If  ^=2+V2,  find  the  value  of  ^+4. 

Or 
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162.  Solve  

163.  Simplify 

^_.    ,  ^  1  ^ 

(6-a)((j-a)^(c-6)(a-6)^(a-c)(6-cy 

164.  Find  the  product  of  i^/5,  -^2,  ^80,  4^5,  and  divide 

8-4 V5 ,      3V5-7 
V5  +  1    ^^    5+V7  • 

165.  Resolve  ^afiy^  -  576^^  -  4a^ + 256a;*  into  six  factors. 

166.  Simplify 

m  (^+g)'     .       ■a?(a?+2a) 

^^  (^+a)(^-a)  •  (^-a2)(^+a)2- 

,  .  ?^1  ^ r3(m-7i)j? ^  f4  (r- «) ^     rg-j»g    1  "l 

^^  m+n  '  \^i  (r+s)    *  \  21^»    '  4(77i2-n2)jJ' 

167.  Simplify      (1)    (a'*P)^«  ^  ^^^. 

(2)  ^14-^132. 

168.  FindtheH.C.F.  andKCM.  of 

2ar*+a;a-l,  2&ir*  +  5^-;r-l,  25a;*- 10^  +  1. 

169.  Solve        (1)    a+4?+V2ar+^=6. 

(2)    a?+9|+-i-==8. 

7^8 

170.  The  price  of  photographs  is  raised  $3  per  dozen,  and 

customers  consequently  receive  ten  less  than  before 
for  1^5 :  what  were  the  prices  charged  ? 

171.  If  (a  +  -^  =3,  prove  that  a^+-^=0. 

y  fit/  Q> 

172.  Find  the  value  of 

a;+2a  ,  x-2a  ,     4a6  ,  _  a6 
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173.  Reduce  to  fractions  in  their  lowest  terms 

m   A  1 1  ,  A  .  /  ^+y+^ i_\.^ 

/„x    A       56    ,     42  \  /-  ,    56  42  \ 

174.  Express  as  a  whole  number 

(27)' +  (16)5-—,-  +  -^,. 
(8)-5      (4)-« 

175.  Simplify 

17C.    Solve 

n\   ^"^^     x-ba _x+6a     j?+5a 

(2)        3^+a^+3y2=8i  ) 
8a;«-3a;y+8y2=i7|J  * 

177.  Fmd  the  square  root  of    ^2m+2am^+^2n   ' 

178.  SimpUfy 

^  a  •  I         3  V3- 

179.  A  boat's  crew  can  row  8  miles  an  hour  in  still  water :  what 

is  the  speed  of  a  river's  current  if  it  take  them  2  homa 
and  40  minutes  to  row  8  miles  up  and  8  miles  down? 

180.  If  a = a;2  _  y 2,  b  =y2  ^gjf.^  c—z^-xy^  prove  that 

181.  Find  a  quantity  such  that  when  it  is  subtracted  from  each 

of  the  quantities  a,  6,  c,  the  remainders  are  in  continued 
proportion. 

182.  Simplify 
(1)   U^y L_\x^--^ 


a^-y^* 


^'    Cj?3-7;p+2'^ap3-^-2        4r3-l    ' 
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183.  Find  the  sixth  root  of 

•729  -  2916^72  +  4860^  -  4320a;«+ 2160^-8  -  57&f10+64a'", 

184.  SimpHfy 

1  1 

(2)     4^16+4^81 -V^^:5l2+yi92- 74^9. 

185.  Solve         (1)      ^- =^. 

6- 


-,4-, 


(2)    ^^2+192=28^) 
^+y=8      ]  ' 

186.  SimpHfy 

6  — c  c  —  a  a  —  b 

187.  Solve  (1)    07-15}+-— ^3=6. 

(2)     2(a7+y-')=3(^"i-y)=4. 

188.  If  ay— ab(a+b)  and  a/^-xy+y^^a^+lfi  prove  that 

(M)(f-l)-«- 

189.  FindtheH.C.F.  of 

(2a2-3a-2):r2+(«2+7«+2)^-a2-2a 
and      (4a2+4a+l)  ^-  (4a2+2a)  x+aK 

190.  Multiply        V2i+V2(2^-l)--7^ 

by  ^  +  V2(2^-1)-V2^. 

191.  Divide      a*62+64c2+c4a2_a26*-62c4„c2a* 

by  «25  +  62^+ c2a  -  ai>2  -  6c2  -  ca^. 

192.  Simplify 

(1)         ^  1  10.-1 


(2) 


2(07+1)        6(07-1)        3(072+07+1)' 

fV^+a     ts/x  —  a\  i\Jx^  —  a^ 

\ijx  —  a     *Jx-\-a)      ^/(x+ay—ax 
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193.  If  p  be  the  difference  between  any  quantity  and  its  re- 

ciprocal, q  the  difference  between  the  square  of  the  same 
quantity  and  the  square  of  its  reciproc^,  show  that 

194.  A  man  started  for  a  walk  when  the  hands  of  his  watch 

were  coincident  between  three  and  four  o'clock.  When 
he  finished,  the  hands  were  again  coincident  between  five 
and  six  o'clock.  What  was  the  time  when  he  started,  and 
how  long  did  he  walk  ? 

195.  If  71  be  an  integer,  show  that  VSn+i^i  jg  always  divisible 

by  8. 

196.  Simplify  )      liS      f(,- 

197.  Find  the  value  of 

m    7+3V5     7-3V5 
^^    7-3V5     7+3V5' 

(2)     ^.        — , when  ^=^2X1  • 

198.  If  a + 6  +  c + c?= 2«,  prove  that 

4(05+0^)3- (a24.62-c2-cP)2=i6(3-a)(3-6)(3-c)(«-cO. 

199.  A  man  buys  a  number  of  articles  for  $5,  and  sells  for 

$5.40  all  but  two  at  5  cents  apiece  more  than  they  cost ; 
how  many  did  he  buy  ? 

200.  Find  the  square  root  of 

201.  If  a; :  a ::  y :  6  ::  2 :  c,  prove  that 

(he  -^ca-^  ahy{x^ + yH  z^)  =  (hz + ca;  +  ayy(a^ +h^-\-  c^) . 

202.  If  a  man  save  $10  more  than  he  did  the  previous  year, 

and  if  he  saved  f 20  the  first  year,  in  how  many  years 
will  his  savings  amount  to  $1700  ? 

203.  Given  that  4  is  a  root  of  the  quadratic  a;^— 5^:4.^=0,  find 

the  value  of  q  and  the  other  root. 
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204.  A  person  having  7  miles  to  walk  increases  his  speed  one 

mile  an  hour  after  the  first  mile,  and  finds  that  he  is 
half  an  hour  less  on  the  road  than  he  would  have  been 
had  he  not  altered  his  rate.    How  long  did  he  take  ? 

205.  If  (a+6+c)  jr=(-a+6+c)y=(a-6+c)2=(a  +  6-c)«;, 

showthat  l  +  i+l  =  l. 

y     z      w     X 

206.  Find  a  (Geometrical  Progression  of  which  the  sum  of  the 

first  two  terms  is  2§,  and  the  sum  to  infinity  4J. 

207.  Simplify  )     ^(^ )      7„. 

('-i)('-r 

206.    A  man  has  a  stable  containing  10  stalls;  in  how  many 
ways  could  he  stable  6  horses  ? 

209.  In  boring  a  well  400  feet  deep  the  cost  is  27  cents  for  the 

first  foot  and  an  additional  cent  for  each  subsequent 
foot :  what  is  the  cost  of  boring  the  last  foot,  and  also 
of  boring  the  entire  well? 

210.  If  a,  /3  are  the  roots  of  a^+px+q=^0^  shew  that  />,  q  are 

the  roots  of  the  equation 

^+(a+3-a/3)^-a/3(a+/3)=0. 

211.  Extract  the  square  root  of  7-30>/^. 

212.  If aa -  = :  determine  the  ratios  x  \y  iz, 

213.  If  a,  &,  c  are  in  H.  p.  show  that 

/"?  4.  ?  _  ?\ /?  a.  ^  -  ?^  a.1 -.?5 

214.  Find  the  number  of  permutations  which  can  be  made 

from  all  the  letters  of  the  words 

(1)  ConsequenoeSy    (2)  Acamania, 
H.A.  24 
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215.  Expand  by  the  Binomial  Theorem  (2a -ar)*;    and  find 

the  numerically  greatest   term    in  the  expansion  uf 

(1+x)*,  if  :«?=-,  and  w=7. 

216.  When  ^=^ ,  find  the  value  of 

1+247        ,        1-247 


l  +  Vr+2^     l-Vl-24:* 

217.  Simplify  (-j3^(^33j  +  ( jr^y^jr^)  +  («— „7(jr^  • 

218.  Solve  the  equations  : 

(1)  (^- 54?+ 2)2 =.^2 -547+22. 

(2)  (^  +  ^)V4(.^+^)  =  12. 

219.  Prove  that 

(y-«)'+(^-y)3+3(47-y)(47-r)(y-r)  =  (47-^)3 

220.  Out  of  16  consonants  and  5  vowels,  how  many  words  can 

be  formed  each  containing  4  consonants  ana  2  vowels  ? 

221.  If  h  —  a  is  a  harmonic  mean  between  c-a  and  d-a^  shew 

that  c?— c  is  a  harmonic  mean  between  a  —  c  and  6  -  c. 

222.  In  how  many  ways  may  2  red  balls,  3  black,  1  white, 

2  blue  be  selected  from  4  red,  6  black,  2  white  and 
6  blue ;  and  in  how  many  ways  may  they  be  arranged  ? 

223.  The  sum  of  a  certain  number  of  terms  of  an  arithmetical 

series  is  36,  and  the  first  and  last  of  these  terms  are  1 
and  11  respectively :  find  the  number  of  terms,  and  the 
common  diflterence  of  the  series. 

224.  Expand  by  the  Binomial  Theorem 

3 

(1)     (2-~Y;     (2)     ^l-|47yto5terms. 

225.  Solve  x^-xy^xz^^^. 
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226.    Simplify   ^^  x  I5_V?1  ^  ^Vu    ^^  ^^^  ^^^  ^^^^  ^^ 
•^    3V27       4\/l5     7V48 

,  giyen  that  ^b = 2-236. 


3V5-6 


227.  B7  the  Binomial  Theorem  find  the  cube  root  of  126  to 

six  places  of  decimals. 

228.  There  are  9  books  of  which  4  are  Greek,  3  are  Latin,  and 

2  are  English ;  in  how  many  ways  could  a  selection  bo 
made  so  as  to  include  at  least  one  of  each  language  ? 

229.  Simplify 
V45^-  \Jma^+  »Jbc^ 


(1) 


a-x 


230.  Form  the  quadratic  equation  whose  roots  are  6±iJ6, 

If  the  roots  of  a^—px+q=0  are  two  consecutive  integers 
prove  that  ^  -  4<7  - 1 = 0. 

231.  Solve  x8+l=810^Hy) ;  a:Ha;=9(y«+l).  '  ^_,i 

232.  Find  logj^  128,  log^  ^128,  loga  i  ;  and  having  given 

log  2  =  -3010300  and  log  3  =  -4771213, 
find  the  logarithm  of  -00001728. 

233.  A  and  B  start  from  the  same  point,  B  five  days  after  A  ; 

A  travels  1  mile  the  first  day,  2  miles  the  second, 
3  miles  the  third  and  so  on ;  B  travels  12  miles  a  day. 
When  will  they  be  together?  Explain  the  double 
answer, 

234.  Solve  the  equations  : 

(1)  2«=8»+i,     9>'=3*-9; 

(2)  a«=y2«,  2'=2x4*,  ^+y+i^=16. 

235.  The  sum  of  the  first  10  terms  of  an  arithmetical  series  is 

to  the  sum  of  the  first  5  terms  as  13  is  to  4.  Find  the 
ratio  of  the  first  term  to  the  common  diflTerence. 
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236.  Find  the  greatest  term  in  the  expansion  of  (1  —  ^p)  *  when 

12 

237.  Five  gentlemen  and  one  lady  wish  to  enter  an  omnibus  in 

which  there  are  only  three  vacant  places  ;  in  how  many 
ways  can  these  places  be  occupied  (1)  when  there  is  no 
restriction,  (2)  when  one  of  the  places  is  to  be  occupied 
by  the  lady  1 

238.  Given  log  2 ='301030,  log  3 =-477121,  and  log  7 =-846098, 

(49\s 
216/   • 
Find  a:  from  the  equation  IS^-** = (54  J2)^^. 


239.  If  P  and  Q  vary  respectively  as  y*  and  ^  when  z  is  con- 

stant, and  as  z^  and  a?  when  y  is  constant,  and  if 
a:=F+Q,  find  the  equation  between  x^y,z\  it  being 
known  that  when  y=2!=64,  ^—12;    and  that  when 

yr=:42!«al6,    07  =  2. 

240.  Simplify 

,      133  ,„ ,      13     ,     143    -      77 
log— +21ogy-log— +logj^. 

241.  If  the  number  of  permutations  of  n  things  4  at  a  time  is 

to  the  number  of  combinations  of  2/1  things  3  at  a 
time  as  22  to  3,  find  n. 

242.  If  -  +  -  =  o» H  ft 7—^  >  prove  that  2h  is  either  the  arith- 

metic  mean  between  2a  and  2c,  or  the  harmonic  mean 
between  a  and  c. 

243.  If  *(7r  denote  the  number  of  combinations  of  n  things 

taken  r  together,  prove  that 

244.  Find  (1)  the  characteristic  of  log  64  to  base  3 ; 

(2)  logio  (-0126)3 ;  (3)  the  number  of  digits  in  3*5. 
Given  logio?= -30103,  logio3=-47712. 
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246.     Write  down  the  (r + 1)*^  term  of  (2ax^—x^)if  and  express 
it  in  its  simplest  form. 

246.  At  a  meeting  of  a  Debating  Society  there  were  9  speakers ; 

5  spoke  for  the  affirmative,  and  4  for  the  negative.  In 
how  many  ways  could  the  speeches  have  been  made,  if 
a  member  of  the  affirmative  always  spoke  first,  and 
the  speeches  were  alternately  for  the  affirmative  and 
the  negative  ? 

247.  Form  the  quadratic  equation  whose  roots  are 

, 2ab 

a+J+vo^+Fand , 

248.  A  point  moves  with  a  speed  which  is  different  in  differ- 

ent miles,  but  invariable  in  the  same  mile,  and  its 
speed  in  any  mile  varies  inversely  as  the  number  of 
miles  travelled  before  it  commences  this  mile.  If  the 
second  mile  be  described  in  2  hours,  find  the  time 
taken  to  describe  the  n^  mile. 

249.  Solve  the  equations : 

(1)  x\b-c)'^ax(c-a)+a\a-b)=0, 

(2)  (x^-px'^p^)(qx+pq'^p^)  =:qx^+py+p\ 

250.  Prove  by  the  Binomial  Theorem  that 

1,3,  8. 5,    3. 5. 7,-  j*^        /Q 

^+4  +  0  +  4702+ «'^"»/=V8. 

251.  A  and  B  run  a  mile  race.    In  the  first  heat  A  gives  B  a 

start  of  11  yards  and  beats  him  by  57  seconds ;  in  the 
second  heat  A  gives  B  a  start  of  81  seconds  and  is 
beaten  by  88  yards:  in  what  time  could  each  run  a 
mile? 

252.  A  train,  an  hour  after  starting,  meets  with  an  accident 

which  detains  it  an  hour,  after  which  it  proceeds  at 
three-fifths  of  its  former  rate  and  arrives  3  hours  after 
time :  but  had  the  accident  happened  50  miles  farther 
on  the  line,  it  would  have  arrived  IJ  hrs.  sooner:  find 
the  length  of  the  journey. 

253.  Expand  for  4  terms  by  the  method  of  Undetermined 

2 

Coefficients -. 

3a;2-2a;8 
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264.  A  body  of  men  were  formed  into  a  hollow  square,  three 
deep,  when  it  was  observed,  that  with  the  addition  of 
25  to  their  number  a  solid  square  might  be  formed, 
of  which  the  number  of  men  in  each  side  would  be 
greater  by  22  than  the  square  root  of  the  number  of 
men  in  each  side  of  the  hollow  square :  required  the 
number  of  men. 

255.  Expand  into  a  series  Va^+i*. 

256.  Solve  the  equation  V2x-1  +  V3a:-2  =  V4a:-3+  V5a;-4. 

257.  Separate    '^^^t^^^"^^    into  partial  fractions. 

(a;+3)(a;2-l) 

258 .  Solve  the  equation  x*—5x^—6x—5=0, 

259.  Find  the  generating  function  of 

l  +  5a:+7a;2+17a;8+31xH  ... 

Qt- «.2 4 

260.  Separate  — — into  partial  fractions. 

iX  "p  xj iX  ~~ X ~~~ ^  ) 

261.  Solve  the  equation  x* + 3a;2  =  16x  +  60. 

»TZ>0 

262.  Express  ---  as  a  continued  fraction  and  find  the  fourth 

convergent. 

263.  What  is  the  sum  of  n  terms  of  the  series  1,  8,  27,  64, ...  ? 

264.  The  sum  of  6  terms  of  the  series  l-xV  —  l—x^-^  ...  is 

equal  to  65  times  the  sum  to  infinity  :  find  x. 

265.  Convert  2^5  into  a  continued  fraction. 

266.  Find  limits  of  the  error  when  -—  is  taken  for  \/23. 

XaL 

267.  Sum  to  infinity  the  series 

3_a:-2x2-16a;8-28x*-676x5+  


268.  Find  value  of  -L  J_  Ji.  J_  1  +  J_ 

3+  2+  1+  3+  2      1  + 

269.  Solve,  by  Cardan's  Method,  the  equation 

a:8_  30a: +133=0. 

270.  Solve  the  equation  a;^— 13x2+ 15a: +189=0,  having  given 

that  one  root  exceeds  another  root  by  2. 
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271 .  Solve  the  equation  ar* — 4x2 + 8a: + 35 = q,  having  given  that 

one  root  is  2  +  V— 3. 

272.  Sum  to  infinity  the  series 

4-9ar+16a;3-25x»+36x*-49a:»+ 

273.  Solve  the  equation  ar*-12a:«+ 47x3 -72a: +36=0. 


274.  Solve  the  equation 

275.  Solve  the  equation  2x6+x*+x+2  =  12x« + 12xS, 


4x  6x+2 
6x+2  9x+3 
8x+l      12x 


8x+l 

12x 

16x+2 
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Author  of  "  Trigonometry  for  Beginners"  "  Elementaiy  Trigonometry"  etc. 

Edited  md  Arrmyed  for  Amerlean  Schools 

By   CHARLOTTE    AN6AS    SCOTT,   D.SC, 

Heeui  of  Math,  Dept.,  Bryn  Mawr  College^  Pa, 

lemo.    Cloth.    75  cents. 

"  Evidently  the  work  of  a  thoroughly  eood  teacher.  The  elementary  truth,  that 
arithmetic  is  common  sense,  is  the  principle  which  pervades  the  whole  book,  and  no 
process,  however  simple,  is  deemed  unworthy  of  clear  explanation.  Where  it  seems 
advantageous,  a  rule  is  given  after  the  explanation.  .  .  .  Mr.  Lock's  admirable 
'  Trigonometiy '  and  the  present  work  are,  to  our  mind,  models  of  what  mathematical 
school  books  should  be."  —  The  Literary  World. 


FOR   MORE   ADVANCED   CLASSES. 

ARITHMETIC. 

By  CHARLES  SMITH,  H.A., 

Author  of  "  Elementary  Algebra"  "A  Treatise  on  Algebra,** 

AND 

CHARLES   L.  HARRINGTON,  M.A., 

Head  Master  of  Dr.  y.  Sach's  School  for  Boys,  New  York. 
1 6mo.    Cloth.    OO  cents. 

A  thorough  and  comprehensive  High  School  Arithmetic,  containing  many  good 
examples  and  clear,  well-arranged  explanations. 

There  are  chapters  on  Stocks  and  Bonds,  and  on  Exchange,  which  are  of  more 
than  ordinary  value,  and  there  is  also  a  useful  collection  of  miscellaneous  examples. 
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66  FIFTH  AVENUE,   NEW  YORK. 


INTRODUCTORY  MODERN  GEOMETRY 

OF  THE 

POINT,  RAY,  AND  CIRCLE. 

By  WILLIAM  B.  SMITH,  Ph.D., 

Profasor  of  Mathematics  in  the  TuUtne  University  of  New  Orleans ,  La. 
Cloth.    $1.10. 


"  To  the  many  of  my  fellow-teachers  in  America  who  have  questioned  me  in 
regard  to  the  Non-Euclidean  Geometry,  I  wonld  now  wish  to  say  publicly  that 
Dr.  Smithes  conception  of  that  profound  advance  in  pure  science  is  entirely  sound. 
.  .  .  Br.  Smith  has  given  us  a  Dook  of  which  our  country  can  be  proud.  I  think  it 
the  duty  of  every  teacher  of  geometry  to  examine  it  carefully."  — i^rom  Prof 
George  Bruor  Halstxd,  Ph.  D.  (Johns  Hopkins),  Professor  of  Mathematics, 
University  of  Texas. 

"  I  cannot  see  any  cogent  reason  for  not  introducing  the  methods  of  Modem 
Geometry  in  text-books  intended  for  first  years  of  a  college  course.  How  useAil 
and  instructive  these  methods  are,  is  clearly  brought  to  view  in  Dr.  Smith's  admi- 
rable treatise.  This  treatise  is  in  the  right  direction,  and  is  one  step  in  advancing  a 
doctrine  which  is  destined  to  reconstruct  in  great  measure  the  whole  edifice  of  ■ 
Geometry.  I  shall  make  provision  for  it  in  the  advanced  class  in  this  school  next 
term."— JJVom  PrindpalJoBN  M,  Colaw,  A.M.,  Monterey,  Va. 


MODERN  PLANE  GEOMETRY. 

Being  the  Proofs  of  the  Theorems  in  the  Syllabus  of  Modern 

Plane  Geometry  issued  by  the  Association  for  the 

Improvement  of  Geometrical  Teaching. 

By  G.  RICHARDSON,  M.A.,  and  A.  S.  RAMSAY,  M.A. 

Cloth.    $1.00, 


"  Intended  to  be  an  Introduction  to  the  subject  of  Modem  Plane  Geometry  and 
to  the  more  advanced  books  of  Cremona  and  others.  It  has  a  twofold  object :  to 
serve,  in  the  first  place,  as  a  seauel  to  Euclid  .  .  . ;  and,  secondly,  as  a  systematic 
means  of  procedure  fVom  Euclidean  Geometry  to  the  higher  descriptive  GeomeUy 
of  Conies  and  of  imaginary  points." 


MACMILLAN  &  CO., 
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TEXT-BOOK  OF  EUCLBD'S  ELEMENTS. 

Inclading  Alternative  Proofs,  together  with  Additional 
Theorems  and  Exercises,  classified  and  arranged 

By  H.  S.  HALL  and  F.  H.  STEVENS. 
Books  I.-YL  and  XI.    $1.10. 

AUo  sold  separately  as  follows  : 

Book  1 30  cents.  I  Books  in.-VI.    ...    75  cents. 

Books  I.  and  n.  .    .      50  cents.    Books  V.,  VI.,  and  XI.    70  cents. 
Books  I.-IY.    ...       75  cents.    Book  XI 80  cents. 


"The  chief  peculiarity  of  Messrs.  Hall  and  Stevens'  edition  is  the  extent  and 
yarlety  of  the  aaditions.  After  each  important  proposition  a  large  number  of  exer- 
cises are  given,  and  at  the  end  of  each  Dook  additional  exercises,  theorems,  notes, 
etc.,  etc.,  well  selected,  often  ingenious  and  Interesting.  .  .  .  There  are  a  great 
■  number  of  minute  details  about  the  construction  of  this  edition  and  its  mechanical 
execution  which  we  have  no  space  to  mention,  but  all  showing  the  care,  the  patience, 
and  the  labor  which  have  been  bestowed  upon  it.  .On  the  whole,  we  think  it  the 
most  usable  edition  of  Euclid  that  has  yet  appeared."  —  The  Nation, 


THE  ELEMENTS  OF  SOLID  GEOMETRY. 

By  ROBERT  BALDWIN  HAYWARD,  M.A.,  F.R.S., 

Senior  Mathematical  Master  in  Harrow  School; 

Late  President  of  the  Association  for  the  Improvement  of 

Oeometricat  Teaching, 

1 6mo.    Cloth.    75  cents. 


"  A  modification  and  extension  of  the  first  twenty-one  propositions  of  the  eleventh 
book  of  Euclid,  developed  out  of  a  SyUabus  of  Solid  Geometry  submitted  by  the 
author  to  a  Committee  of  the  Association  for  the  Improvement  of  Geometrical 
Teaching,  and  reported  upon  by  that  Committee  with  a  considerable  degree  of 
ftivor." 
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ELEMENTS 


SYNTHETIC  SOLID  GEOMETRY. 

By  NATHAN  F.  DUPUIS,  M.A.,  F.R.S.C., 

Professor  of  Pure  Mathematics  in  the  University  of  Queen*s  College, 
Kingston,  Canada. 

16mo.    pp.239.    $1.60. 


FEOM  THE  AUTHOR'S  PEEFACE. 

"  I  have  been  induced  to  present  the  work  to  the  public,  partly  by  receivinff 
from  a  number  of  Educationists  inquiries  as  to  what  work  on  Solid  Geometry  I 
would  recommend  as  a  sequel  to  my  Plane  Geometry,  and  partly  from  the  high 
estimate  that  I  have  formed  of  the  value  of  the  study  of  synthetic  solid  geometry 
as  a  means  of  mental  discipline.  .  .  . 

'*  In  this  work  the  subject  is  carried  somewhat  farther  than  is  cnstomarv  in 
those  works  in  which  the  subject  of  solid  geometry  is  appended  to  that  of  plane 
geometry,  but  the  extensions  thus  made  are  fairly  within  the  scope  of  an  elemen- 
tary work  and  are  highly  interesting  and  important  in  themselves  as  forming  valu- 
able aids  to  the  right  understanding  of  the  more  transcendental  methods." 


Introductory  to  the  Above. 


ELEMENTARY  SYNTHETIC  GEOMETRY 

OF  THE 

Point,  Line,  and  Circle  in  the  Plane* 

16mo.    $1.10. 

"  To  this  valuable  work  we  previously  directed  special  attention.  The  whole  In- 
tention of  the  work  has  been  to  prepare  the  student  to  take  up  successAilly  the 
modern  works  on  analvtical  geometry.  It  is  safe  to  say  that  a  student  will  learn 
more  of  the  science  from  this  book  in  one  year  than  he  can  learn  from  the  old- 
fashioned  translations  of  a  certain  ancient  Greek  treatise  in  two  vears.  Every 
mathematical  master  should  study  this  book  in  ordo**  to  learn  the  logical  method 
of  presenting  the  subject  to  beginners."  —  Canada  EducationcU  Joumati 
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klfsfp    fn  HUing  orders  for  the  American  Edition  of  Smith's  Ele- 
...........1  mentary  A/gebra,  the  Briefer  Edition  will  be  sent  wherever 

the  Complete  Edition  is  not  distinctly  ordered,  A  pamphlet  con- 
taining the  answers  will  be  supplied  free,  but  only  upon  the  written 
order  of  the  teacher  for  whose  classes  they  are  required. 


AMERICAN  EDITION  OF 


Charles  Smith's  Elementar;  Algebra. 


FOR  THE  USE  OF 


PREPARATORY  SCHOOLS,  HIGH  SCHOOLS, 
ACADEMIES,  SEMINARIES,  Etc. 

BY 

IRVING  STRINGHAM,  PH.D., 

Professor  of  Mathematics,  and  Dean  of  the  College  Facultibs 
IN  THE  University  of  California. 


BRIEFER  EDITION  (408  pages) $1.10 

This  edition  is  the  same  as  Chapters  L-XX^L  of  the 
COMPLETE  EDITION  (584  pages) $1.30 


''  I  have  always  liked  Charles  Smith's  Alge- 
bra, and  the  new  edition  contains  a  good  many 
improvements,  and  seems  to  me  an  excellent 
work.  The  use  of  the  book  in  schools  prepar- 
ing for  Harvard  College  would  be  satisfactory  to 
our  Mathematical  Department.  I  have  already 
privately  recommended  it  to  teachers  who  have 
consulted  me.'' 

—Prof,  W.  E.  BYERLY,  Harvard  College, 
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A  TREATISE  ON  ALGEBRA. 

By  CHARLES  SMITH,  M.A. 

Cloth.     $1.90. 


No  stronger  commendation  of  this  work  Is  needed  than  the  tact  that  it  is  the  text 
nsed  in  a  large  number,  if  not  in  the  majority,  of  the  leading  colleges  of  the  oountay, 
among  which  may  be  mentioned  Harvard  University,  Cornell  University,  University 
of  Ohio,  of  Pennsylvania,  of  Michigan,  of  Wisconsin,  of  Kansas,  of  California,  of 
Missouri,  Stanford  University,  etc.,  etc. 

"Those  acquainted  with  Mr.  Smithes  text-books  on  conic  sections  and  solid 
geometry  will  form  a  high  expectation  of  this  work,  and  we  do  not  think  they  will 
be  disappointed.  Its  style  Is  clear  and  neat,  it  gives  alternative  proofs  of  most  of 
the  fundamental  theorems,  and  abounds  in  practical  hints,  among  which  we  may 
notice  those  on  the  resolution  of  expressions  into  factors  and  the  recognition  of  a 
series  as  a  binominal  expansion.^'  —  Oxford  Review. 


HIGHER  ALGEBRA  FOR  SCHOOLS. 

By  H.  S.  HALL,  B.A.,  and  S.  R.  KNIGHT,  B.A. 


Cloth.    $i.eo. 


"  The  *  Elementary  Algebra,*  by  the  same  authors,  which  has  already  reached  a 
sixth  edition,  is  a  work  of  such  exceptional  merit  that  those  acquainted  with  it  will 
form  high  expectations  of  the  sequel  to  it  now  issued.  Nor  will  they  be  disappointed. 
Of  the  authors'  *  Higher  Algebra,*  as  of  their  *  Elementary  Algebra,'  we  un- 
hesitatingly assert  that  it  is  by  far  the  best  work  of  the  kind  with  which  we  are 
acquainted.    It  supplies  a  want  much  felt  by  teachers."  —  The  Athenodum, 
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ELEMENTARY  TRIGONOMETRY 


H.  S.  HALL,  B.A.,  and  S.  R.  KNIGHT,  B.A. 

Auikcrs  of  **  Algebra  for  Beginners^*  ^*  Elementary  Algebra  for  Schools"  etc. 
Cloth.    $1.10. 

"  I  consider  the  work  as  a  remarkably  clean  and  clear  presentation  of  the  principles 
of  Plane  Trigonometry.  For  the  beginner,  it  is  a  book  that  will  lead  him  step  by  step 
to  grasp  its  subject  matter  in  a  most  satisfactory  manner."  —  E.  Miller,  University 
of  Kansas, 

"  The  book  is  an  excellent  one.  The  treatment  of  the  fundamental  relations  of 
angles  and  their  functions  is  clear  and  easy,  the  arrangement  of  the  topics  such  as 
cannot  but  commend  itself  to  the  experienced  teacher.  It  is,  more  than  any  other 
work  on  the  subject  that  I  just  now  recall,  one  which  should,  I  think,  give  pleasuze 
to  the  student." — John  J.  Schobinger,  The  Harvard  School, 


WORKS  BY  RBV.  J.  B.  LOCK. 

TRIGONOMETRY  FOR  BEGINNERS. 

AS  FAR  AS  THE  SOLUTION  OF  TRIANGLES. 
1 6mo.    75  cents. 

*'A  very  concise  and  complete  little  treatise  on  this  somewhat  difficult  subject  for 
bovs;  not  too  childishly  simple  in  its  explanations;  an  incentive  to  thinking,  not  a 
substitute  for  it.  The  schoolboy  \&  encouraged,  not  insulted.  The  illustrations  are 
clear.  Abundant  examples  are  given  at  every  stage,  with  answers  at  the  end  of  the 
book,  the  general  correctness  of  which  we  have  taken  pains  to  prove.  The  definitions 
are  good,  the  arrangement  of  the  work  clear  and  easy,  the  book  itself  well  printed." 
—  Journal  of  Education, 


ELEMENTARY  TRIGONOMETRY. 

6th  edition.     (In  this  edition  the  chapter  on  Logarithms  has  been  carefully  revised.) 

16mo.    $1.10. 

"  The  work  contains  a  very  large  collection  of  good  (and  not  too  hard)  examples. 
Mr.  Lock  is  to  be  congratulated,  when  so  many  Trigonometries  are  in  the  field,  on 
having  produced  so  good  a  book ;  for  he  has  not  merely  availed  himself  of  the  labors 
of  his  predecessors,  but  by  the  treatment  of  a  well-worn  subject  has  invested  the 
study  of  it  with  interest."  —  Nature, 
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